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A MODELLING STUDY OF THE CONFORMATIONAL
MOTIONS OF TETRAMYDROFURANE IN VARIOUS
‘ ENVIRONMENTS

Model potentials for tetrahydrofurane (THE), including inter- and intramolecular con-
tributions and suitable for Molecular Dynamics (MD) computer simulation studies, are con-
structed from literature data. In one instance the CH,-gronips are treated in the united atom
approximation (ome force center per group) while a second model includes all intramotecular
degrees of freedom. The intramolecular motions are studied mainly by MD simulations of iso-
lated T%—Il;l_xix;:t‘)lecules, THF molecules entrapped in clathrate hydrates, and of agueous solu-
tions o . , ) :

1. Introduction

Molecular Dynamics (MD) computer simulations are a very powerful
tool for the study of condensed phases. Accurate and reliable microscopic in-
teraction potentials are an essential prerequisite for such studies. For small
molecules it is sometimes possible to neglect the intramolecular motions and
the deformations of the molecular geometry due to the environment of the
molecule, For larger molecules, however, these features can no longer be ig-

nored nor neglected. They may even

— ¢ . play a crucial role for the structural
a QC and dynamical properties of the con-
c/,F e densed phase [1, 2]. :

The propertiels of cyclic molecules
. ) . in liquids and solids provide, among’
?}g{FI The two basis conformations of others, a good example for the impor-
tance of molecular flexibility. Tetra-
hydrofurane is such a molecule; many conformations of the ring are either
directly. thermally accessible, or small perturbations of the intramolecular
potential due to intermolecular interactions in the solid or liquid may render
them accessible. There is spectroscopic evidence [3] that the equilibrium
geometry of THF is nonplanar. Two such geometries can be distingushed for
the THF ring: the envelope (E) form and the twisted (T) form. They are
sketched in Fig. 1.

. © W. Meler, P. A. Bopp, 1993
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In this communication inter- and intramolecular interaction potentials
for THF are presented. They are based on the combination of literature data.
Two levels of approximation are used: In one instance the CH,; groups are
treated in the united atom approximation, while all intramolecular degrees
of freedom are taken into account in the second instance. It is also attempted
to keep the mathematical expressions for the potentials simple enough for
the multiple evaluation during the simulation. The potentials are explored by
normal coordinate analysis and by MD computer simulations. The motions.
involving changes in the intramolecular conformations are studied here for
THF in various environments. The classical approximation should provide
a realistic description of these motion since the masses involved are large.

2. The interaction potentials

In both cases, the total potential energy is assumed to be the sum of pu-
rely intermolecular and purely intramolecular terms: :

Vtot == Vimer + Vintra

i. e. without interaction term. The intermolecular potentials bétween THF-
molecules, as well as between THF and other molecules, are sums of site-site
pair potentials. Al sites coincide with atom positions in order to avoid the
kinematic (or other) assumptions required for other types of sites if the mo-
lecular geometry is allowed to vary in the simulation. The intramolecular po-
tentials are expressed in internal [4] and puckering [5] coordinates and thus
comprise up to fivehody terms.

Intermolecular Potentials. Only the THF—THF and the THF—H;0 in-
teractions will be considered here. The way in which they are expressed allows.
to construct site-site intermo-
lecular potentials with other Table ll.9 Antermolecular potential parameters
molecules easily. The intermo-  %aa (in 107" 3, gg, (in A) and partial charges
lecular THF—THF i/nteraction (in fractions of the elementary charge) for ‘THF,

potential consists ¢f Coulomb from references [6—8)
and Lennard — Jones (12—6) ) e o
site-site pair-potentials site o Ta o fa
999 —
Vinter = Z el TR o 0,01256 3,067 —0,5
s 4n€0rt~ a
oy i CH3 0,00794 3,983 0,25
[ Oqp \I2 C 0,00179 4,45 0,25
+ 4€op [{—— )| — H 0,00132 2.2 0.0
f” :
Ogp |6 Opo 0,01637 3,405 —0,6596
- r_‘.]._) 1K Huo 0,00132 2,2 ~0,3208

where the sum is over the sites i — A

and j of types @ and B on two united-atom

molecules. The partial charges are located on the oxygen atom and on the
adjacent methylene groups, or carbon atoms in the case of the model inclu-
ding the hydrogens. The resulting dipole moment of the molecule in the C,,
configuration is 1,95D, compared to an experimental value of 1,63D [9]. The
partial charges and the Lennard — Jones Parameters o4, and €, are obtai-
ned from literature sources and are listed in Table 1 together with the other -
parameters. The simulations of THF solutions reported below are performed
with the BJH model for water [10]. In order to determine the Lennard —
~ Jones parameters for the THF-water interaction by means of combination
rules, the non-Coulombic parts of the water-water intermolecular interactions
of this model are reparametrized in terms of such potentials with force cen-
ters on the oxygen and hydrogen atoms. The resulting parameters are also
given in Table 1. The Lennard— Jones parameters for the THF-water intera-
ctions are then obtained by applying Kong’s [13] combination rule:

€aptll, = (Eau0/2) 1 u (1 + (16 05p/Cantil)!/14)",
eaﬁcgﬂ = ‘(eaao'goceﬂﬂagﬁ)llz
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except for the parameters for the interaction between a united atom CH,

group and an oxygen, which are set 0,0996 - 107'°J and 3,495 A [6].
Intramolecular Potential of THF. The intramolecular potent1a1 for THF
is adapted from the work of Eyster [14] and Jorgensen [7]. The 3N —6 (N =5
for the potential with united atom CH,-groups, N = 13 taking into account
the hydrogens) internal dégrees of freedom of the "THF molecule are divided in-
to 3N — 8 coordinates describing the motions of a ring and 2 coordinates
describing deformations of the ring leading to conformational changes. Conse-
quently, the potential energy is formulated in terms of stretching and bending

internal coordinates p [4] and
Table 2. Equlibrium values (in A and degrees) of two «puckering coordina-

of the coordinates, diagonal (upper rows) and
off-diagonal or coupling (lower rows) force constants tes» g and @ [5] as a sum ol

f;; for THF mith united-atom CH, groups. two terms,. i. e. without inte-

Stretchlng force constants and stretch-stretch coupling ractions between the two:
constants are in mdyne/A stretch-bend coupling

THE
constants are in mdyne, and bending and Vintra = 5 E fiipip; +
bend-bend constants are in mdyne/A. Couplings Li .
are between adjacent anglés and bonds only g 4+ Vpucker (g, D).

0-—C c—C ~ZCOC  ,0CC  «CCC The first term in the equation
: is a usual bilinear form in

1.43 1,54 Lo 109,01 1054  terms of internal displacement

; coordinates. Since in the simu-
o-=¢ lation the displ t

5 4953 ation the displacements are

0,2956 0,101 0,8752  0,4197 not infinitesimally small, and

furthermore the internal coor-

Cc—C 4,2697 dinates are not orthogonal to

0,101 0,3656 0,417 each other, an effective coup-

ling occurs between the coordi-

£€0C 1,3081 nates. The equilibrium distan-

0,0285
_ : ces and the force constants f;;
£0CC 01,1633 for the in-plane internal coor-

j 0,1139 dinates are taken from ref.
- [14] and. are collected in Tab-
£CCC 1,0079  les 2 and 3 for the two models.

0,1139 With reference to the planar
ring, the first term will be cal-
led the «in plane potential», and the second term the «out of plane» or «pucke-
ring» potential.

The varlables in Viucker are defined in the following way: ¢ = (3 +

4 2B+ 24 + 2 + 2)'? with 2; the distance of a ring atom from the reference
plane of the molecule. This reference plane must fulfill the following require-
ment: It must be invariant against internal motions of the molecule as well
as against translations and rotations. This is achieved if the following equa-
tions are met [5]: »

5
Y ua=0 ¥ zcos@)=0,
: =1
Elz- sin(a;) =0, a;=2n(i — 1)/N

The geometrical ceriter of the ring P is the point r, where Z R, = Owithr;

the positions of the ring atoms and R; = r; — r,. Two vectors R’ and R”
are defined:

5 5
=3 Risin(@), B =Y Rcos ),
= i=
R’ and R" span the reference x — y plane with normal vector zy: zy =

,I;r—%,— and the z; finally are z; = R; # zy.
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Table 3. Additional constants for THF with hydrogens treated explicitely.
Units as in Table 2

C—Ha C_Hb‘ LHﬂCH‘z LHbCHb zHaCO LHaCC ‘} szCC
1,09 1,00 1094 109,4 109,55 109,55 110,45
C—H, 4,6440
—0,0652
—Hp 4,5709
—0,0182
ZH,CH, 0,5017
#HyCH, 0,550
2 H,CO 0,7810
—0,0824 0,0363
£ZHaCC ‘ 0,7346 " .
/ . —0,0881 —0,0664
0,0314°
~H,cC ‘ f 0,656
b —0,021"
0,012%
—0,443'
0,0175°
C—0
0,3842
C=C
0,4288 0,328"
0,0703°
~C0C ‘
0,0844
~0CC .
—0,031 0,0158
~CCC
—0,31 —0,31"
) —0,052°

b with C—C bond defining angle, ¢ angles between C—H bonds in cis positions at two adjacent carbon
atoms and C—C bond;

7 angles at neighboring carbon atoms: ¢ wish C—C bond not included in angle: 5§ two angles at the
same carbon atom;

51 two angles al the same carbon atom wnth common C—C bond;

S3 two angles at the same carbon atom with common Hb—C bond;

t angles between C—H bonds in trans positlons at two adjacent carbon atoms and C—C bond.

These'z; fulfill the equations above. The relation between the puckering coor-

dinate ¢ and the z; is given by: 2; = g, cos (ma;) or 2; = q,, sin (ma;), where

m=0,1, 2, ... is an integer. Not all values of m are suitable for the pur-

pose, of descnbmg the conformational motions; m = 1 describes, for instance,

a rotation of the entire molecule. The value m = 2 leads to: z; =g, cos (2%;),

i=192, .., 5andz = gq,sin 2a,;), i =1, 2, ..., 5 which, introducing the

variable CD can be combined to: 2; = g, COS (Qa, + D), i=1, 2, 5.

In order to determine ¢ = ¢, and @ from the Cartesian coordmates of the

5

ring atoms, an additional normalization condition is introduced: 3} 23 =
i=1
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= ¢* and, with ¢ > 0, @ can be obtained for instance from:
1 ‘

2} 2 u
@ = arccos ((?) * )

The equations for m = 2 describe the two basic conformations of the
ring, namely the envelope and the twist form. A pseudorotation by the angle

Fig. 2. Sketch of the conformations of THF as a function of @

® transforms the one into the other. Fig. 2 shows the molecular conformations
as a function of ® (for a given value of 4.) Voucker (g, @) is taken as a series:
Voucker (9, @) = Voo + A5 g + B s gt + (C+g® + D xq¢* x cos 20) with
coefficients from reference [7): . ,
Voo = 0,24248 - 107° J, A = —3,11616 . 1070 A~ B — 10,5954 x
< 10755 AT, € = 0,38005 - 1070 A% D — —1,9978 . 10~%) A—+

The resulting potentjal V ke (g, @) is shown in F ig. 3. The global'mini-
ma are at gmi, = 0,383 A, ® = 90°, 270°, efc., i. e. where the molecule is in
its twisted form. This is in agreement with spectroscopic evidence [3]. Con-
formers with @ = 36°, 72°, 108°, 144°, 216°, 252°, 288° and 324° correspond to
E-forms with. methylene groups in the apex, with higher energies, while @-
values of:0° and 180° lead to the envelope forms with the oxygen in the apex.
The energy of this conformer is (at' ¢ = gmin) 277 cm=! above the minimum
energy. This value is higher than the experimental estimate (50 cm—! and
< 170 cm™! from infrared work, 57 cm—! from microwave work, see refs, [3,
11} for more details), butilower than the value from ab-initio calculations with
4--31G basis (465 cm—! [5]) and in reasonahle agreement with the barrier he-
ight obtained more recently with a 6—31G basis (259 cm=) [12]). The planar
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conformation is 1221 em—' above the minimum energy, in good agreement
with the experimental estimate [3, 11]. ‘ ‘

Other Interaction Potentials. The water molecules are assumed to be
flexible, and the BJH model [10] is used to describe both the intermolecular
water-water interactions and the intramolecular water potential. The other
guest molecules in the clathrates simulations, N, and H,S, are modelled accor-
dingly, details will be reported elsewhere [2, 16].

3. Simulations

The MD simulations are carried out in the NVE ensemble. The forces are
computed from the analytical derivatives of the potentials in all cases, and
since all molecules are flexible, integration is carried out in Cartesian coordi-
nates. The long range electrostatic interactions are treated by Ewald-summa-
tion (see e. g. ref. [15]). More details about the simulations as well as further
results can be found elsewhere (2] and.in a forthcoming publication [16]. Only
the conformational metions of the THF molecules in various environments
will be discussed here.

4. Resulls and discussion

Normal mode frequencies of planar THF have been reported by Eyster
[14]. Table 4 gives these frequencies together with the ones obtained with the
present model in the united-atom approximation, and the ones from the MD-
simulations obtained from the positions of the peak maxima in the Fourier
cosine fransforms of the autocorrelation functions of the particle velocities in
the center of mass frame of the molecule. The influence of the united atom ap-
proximation is seen by comparing lines A and B in Table 4. It is small, except
for the lowest frequency, where a coupling to a wagging type motion of the
hydrogens is probably responsible for the difference of 40 cm!. Lines C to
£, compared to line B, show the influence of the puckering motion and of the
environment on these modes. Only small shifts, both to the red and to the
blue, are seen for the high frequency modes. These shifts do not depend on
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Table 4. Vibrational frequencies of THF in em™ !, from normal coordinate analyses
and from MD- simulations. The error margin for cases C to F ‘is estimated to be about
+5 em™ . The attributions are from ref. [14], MD resuits are attributed on the

. basis of the frequencies

C—O ring . l C—C C—O ring

as. str str. as. str' | sy. str. ‘ breath. . bend bend
A 1196 1093 958 954 904 960 604
B 1198 1121 969 954 906 652 563
c 1185 1106 979 960 927 635 604
D 1184 1107 977 967 932 637 565
E 1186 1105 980 963 934 638 653
F 1184 1105 982 963 - 930 638 553

A: normal modes, from ref [14] fom a Cy, molecule. B: this work, normal mode analysis with united
atoms and the force {ield form Table 2. C: from the Fourfer transform of the autocorrelation function of
the particle velocities, solution of THF in water, 293 K, D: same as C for THF in a. clathrate cage at
242 K. E: same as D, 138 K. F: same as D, 73 K.

11..-||‘x;|ux;n.|ull1

] b i

‘ n- AHA'\ Mar A Aa b h i AmA A AT i

v VVVUVV"’VTWV"Y’VV“VVW'VH a1
] ] b
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T =TT T Ty

] c |
] “AAAAHALM““ALJ."MJ..A_AA 0,/_:
0— Vvvuvquwvvaw v A

PP T

¢ 05 7 5 tos S0 W00 /500 viem |

Fig. 4. Autocorrelation functions C.. (f) (left) and their Fouricr cosine transforms C.. )

{right). All- atom THF in a clathrate cage at 264 K (a); united-atom THF in a clathrate cagq(a at
2 K (b); and united atorn THF in aqueous solution at 293 K (¢)
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Fig. 5. Same as Fig. 4 for ¢¢¢ (#) and C(.N.D (v)

the type of environment . (liquid .or clathrate) and also do not depend on
temperature. The two low frequency bending modes, on the other hand, have
shifts of up to sevepal 10 cm—!, which depend on the environment of the
molecule. : :
In analogy with the technique employed for the «in-plane» motions, the
puckering motions are analyzed in terms of the normalized -autocorrelation

functions of the time derivatives of the puckering coordinates, g and” @:
Coo® = (q: (0 # 01 (T + D)0/(q: (V) %4 (Dier

Cop (0 = (D, (V) + D, (v + )i/ (D; (1) # D, (T))1.x,

g and @ are computed numerically. from the simulation data. Fig. 4 and 5
shows these functions together with their Fourier cosine transforms (spectral
der;)slitie;) for three cases. The frequencies of the peak maxima are reported in
Table 5. '

The g—qg-correlation can be interpreted as describing essentially the os-
cillatory motions of the molecule at fixed conformer, while the ®—®-corre-
lation can be seen as the librational motions of the pseudorotation that trans-
forms one ¢onformer into another one, see Fig. 2. The correlations for both
types of motions decay within, about 1 ps-in the environments studied here,
except for the fast motions of the hydrogens that couple with the puckering in
the all — atom approximation (curves a in Figs. 4 and 5).
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‘"Table 5. Fre'quencies of the peak maxima in the spect'ral densities of C. . and (,'&,q.),
q

in.cm™1. The error margin is estimated to be +5 em™!

C.. . .
qq CC(D‘D
clath, all atom 264 K 293 1113 140 1039
clath. all atom 64 K 294 1117 136 1034
clath. - un. atom 242 K 399 934 99 —
122
clath. un. atom 138 K 402 934 llg —
. 13
clath. un. atom - 73 K 503 932 138 —_
solut. un. atom + 293 K 393 1928 119 —

This influence of the hydrogens on the puckering motion is obvious from
Table 5 and the Figures. The lower frequency obtained from C,; is lowered by
about 100 em—! and the higher frequency is increased by almost 200 em—' if
the hydrogens are treated explicitely. In this case, the spectral density
shows intensity also at other frequencies, indicating complex couplings betwe-
en the hydrogen motions and the puckering. This is also seen from the O—D-
correlation. In the united-atom approximation, the only coupling of the pu-

* ckering is with the ring breathing motion at 932 cm—!. From the relative in-

(@) prg)
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Fig. 6. Distribution of the puckering coordinates ¢ and @, in arbitrary units, from the simu-
lations of THF in a clathrate at:
242K b—190K; ¢ —138 K; d =73 K
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Fig. 7. Distribution of the intramolecular potential energies, in arbitrary units, separately
for pucker and inplane interactions, from the simulations of THF in a clathrate at:
G—22K; b—190 Ki c— 138 K; d — 73 K
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tensity of the peaks, it seems that this coupling is _reduced by the solvation of

the molecule in aqueous solution. In this case, a shoulder appears in Cpe (V)
around 550 cm~!, which could be due to the librational motions of the water.

From normal coordinate analyses out-of-plane modes at 214 cm—! and
277 cm~! are reported for the Cy, molecule [14]. These values are lower than

the ones found here for the main peak in the transform of the g—g-correlation,

but higher than the one from the d—d-correlation. Values similar to the
ones reported here are also found in MD-simulations of isolated THF molecu-
les with the present intramolecular potential [2]: 120 em~' and 400 em—!.
The widths of the bands are much smallef in this case than the ones inFig. 4
and 5. These frequencies are thus only slightly shifted by the environment,
which essentially leads to a broadening of the peaks.

The distribution of the puckering coordinates is seen in Fig. 6. This mir-
rors both the thermal motions of the molecule ant its deformations under the
influence of its neighborhood. The distributions show the expected behaviour
as a function of temperature.Note that p (®) is nonzero over the entire range:
of @, even at the lowest temperature studied, showing that interconversiomn
between the conformers takes place. The g-distribution shows that, as expected
from the potential, this interconversion does not occur through the planar
conformation (g = 0).

- Fig. 7 finally shows distributions of the in-plane and pucker potential
energy of THF at various temperatures. Here also, the behaviour as a function
of temperature is broadly as expected. Features in P (Vpucker) indicate again
that couplings occur in these strongly anharmonic potentials. The distributions
both in Fig. 6 and 7 also indicate that the potentials are sufficiently sampled
by the MD-simulations and one should thus expect the frequencies and spec-
tral densities reported above to be reliable.

9. Summary and conclusions

A united-atom and all-atom flexible model for THF is developed from
literatures data. They are used in MD-simulations of THF in clathrate hydra-
tes and in aqueous solution at various temperatures as well as in normal
coordinate analyses. The intramolecular vibrational frequencies of THF,
which are analyzed here, display frequency shifts, compared to the normal,
mode frequencies of the isolated molecule, of up to a few 10 cm~! in aqueous
solutions and, surprisingly, also in clathrate cages. Frequency shifts of up
to 100 cm—! are found for the puckering motions between the united-atom and
the all-atom models. Distributions of the puckering coordinates and of the
intramolecular potential energies confirm the interpretation given from the
analysis of the spectral densities of the intramolecular motions. The confor-
mational motions discussed here have been shown [2] to make important con-
tributions to the decorrelation of the intramolecular proton-proton vectors
mainly responsible for the NMR relaxation rates; measurements of these ra-
tes on THF in clathrate hydrates have been reported recently [17].
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VIUI 532; 537.226; 541.135
: I. A. UPOIHKEBHY ‘ S
AHAJITAYHAN PO3B’I30K CEPETHBOCOEPHYHOI 3ANAYI
AJ BATATOCOPTHOI IOHHO-IUIIOJIBHO
MOJENT :

‘ : : T A
Posrnsnaersed 6araTocopTHa iOHHO-JHNOJAbHA MOACAb 3 AOBULILHMMH DOSMipaMH; BAJEHT-
#OCTAMHE | JMIOJbHUMH MOMEHTAMH YACTHHOK. 3HafifleHO 3araibHul Po3B’s30K piBHsius OpH-'
areitna — llepHike B cepepHbocepuuHoMy HaGiHXKeHHI 3 BHKOPHCTaHHAM (akropH3anifinoi
-Texniku, BrpoBalxeHo! BeprxafimoM i 3acrocoBanol o Hecdepnyuux B3aeMoAiit BiiomoM.

HasBHicTb rycTOro nOJSPHOrO cepeloBHIA, fIKe iHTEHCHBHO B3aeMOJie
3 ioHamH, Bilirpae BH3HAUHY POJb JJif 6ararboX BJIACTHBOCTEH DO3YHHIB eJ1eK-
. tpoJdiriB. ToMy po3BHTOK.y paMKaX ‘CTaTHCTHUHOI Teopii esekTpoJitiB mocJi-
JOBHOTO i0HHO-MOJIEKYJISIPHOTO MiAXOAy, fIKHH 6a3yeTbCs Ha PiBHONpPaBHOMY
BpaXyBaHHi BGiX YaCTHHOK PO34HHY, BilKpHBa€ NPHHIHIIOBO HOBi MOXK/IHBOCTI
JAJisi, POBKPHTTA NPHPOAH i KinbKicHOro onucy fBHN iowHOi coJjbBaranii, gop-
MyBaHHA e(peKTHBHMX MiXKiOHHHX B3a€MoOfi#f y po3uMHaX, yTBODeHHsI iOHHOIO
HOPAAKY Ta iHIIHX eeKTiB, a TaKOXK JAs NOCAiKeHHA Xapakrepy ix sMiHH npu
3MiHi KOHUeHTpalii ioHiB.Ta iHIHX NmapaMerpiB (remnmeparypH, FYCTHHM i no-
JISIPHOCTI - PO3UHHHHKA, XapakKTepy MiXKUACTHHKOBHX B3aaemoaiit) [1—6}.

OcHobpa npobieMa.B 3aJayi .ONHCY i NOCJHIXOBHOFO BpaxyBaHHS pilkol
MOJIEKYAAPHOI ‘MiACHCTeMH BHHHKAE BHaCNiAOK HAafBHOCTI OpieHTalifiHMX cTy-
fleHiB BiabHOCTI y Mosieky. Bpaxysanus opieHrauilinnx 3anexuoctefi y NoTeH-
uiani , MiZKMOIEKYNADHHX .B3aEMOAid 3AIACHIOETBCA 3BHYAHHO 3a JIOMOMOTOIO
PO3KJajly 3a ysarajbHeHuMH cepuyHuMH GyHKUiAMU. ¥ pesyabrarti opienra-
uiiito lsa.ne)KHi ¢byHkuil sobpaxyoThcs B opieHTrauilHO-iHBapiaHTHiN dopMi
17—101. : ‘

Haiinpocriworo Moeniio B paMKax iOHHO-MOJIEK Y/ PHOTO MiAXOAY € iOHHO-
IHIIOJIbHA, WO CKJALaeThes i3 TBepAuX cep, fKi MawTb a6o 3apsih, a6o AUNOJIb-
Hiit 'MomeHT. OcraHHIM YacoMm usl MOZeJb AOC/AiAKYBalachb y paMKax rinep-
JIaHLI0KKGBOrO HabsiHxeHHs, moaudikosanoro piBnsinus Ilyaccona — Boubi-
MaHa, 4 TaKoX cepelHboctepHuHoro HabumkeHHsd. OcoQauBe, Micoe . TyT  3a-
#MaloTh JOC/IJIKeHHSA B paMKaX cepeanbocdepuuroro Habnuxenns [2, 3, 11—15],
sKe He JIHie JOMYCKae AHAJNITHUHHH PO3B’AS0K AJIS PAAY MOAEJBHHX CHCTEM,
aje H MPHBGAHTL JQ NOPIBHAHO NPQCTHX i MOCTATHRO KOPEKTHHX DE3YJbTATiB
npH NOPiBHAHHI 3 GiNbII TOUHHMH TEOPisiMH, 4 TAKOXK DPE3yNbTaTaMu KOMI'I0-
TePHOTO ‘MOJAGJIOBAHHS.
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