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One-dimensional Ising-like ferromagnetic model with a pair spin-
spin interaction decaying as (dist)~1~* is considered. For this model
the step-by-step integration procedure in the spirit of I. R.Yukhnovskii
[1} is developed. Its main feature is the absence of any approximations.

The concept of self-similarity [1] appearing at the critical point is one
of the most productive idea in modern theories of critical phenomena. In
the approach of I.R.Yukhnovskii [1] based on the collective variables method
this idea was embodied in the scheme of step-by-step integration in the space
of collective variables corresponding to the waves of a spin density in the
three-dimensional Ising model. The significant feature of this scheme is the
application of a number of approximations. They result in a substitution
of the initial symmetry of considered model (the translational symmetry)
by a new one. This is a symmetry of self-similarity. Mathematically it
can be described as a substitution of the initial translationally invariant
model by its hierarchical version [3,4]. The latter possesses all properties
of known Dyson’s hierarchical model [5], and that’s why admits more ad-
vanced nathematically strict consideration. The other results of mentioned
approximations consist in the fact that due to them a very considerable
description on the physical level of strictness was made [1]. Unfortunate-
ly the mathematical evaluation of errors appearing in this scheme has not
been performed and seems to be unpossible. Therefore having in mind the
successes gained-on the physical level from the one hand, and the vague sit-
uation with the direct control of errors, from the other one, we are going to
return to the very beginning of the I.R.Yukhnovskii’s scheme and elaborate
a mathematically strict version of step-by-step integration procedure. The
first attempt in this direction is presented below.

We start from the formal Hamiltonian of considered model given by the
formula

H= —-% Z J (s, Yos04, (1)
s,8'c”Z

where Z is a set of integer numbers, {o; | s € Z} are one - dimentional
random variables (spins) whose initial (free) probability distributions are
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identical and deﬁned‘by the measure dx(o;). The latter is supposed to
belong to the Simon-Griffiths class [6]. The potential J(s,s’) is chosen as

J(s,8)=J(s,8)=|s—d +1|7 1A s#£4 (2)
and J(s,s) = 0. For given nonnegative integer m let |
Zp = {=2™,~2™ +1,..,,~1,0,1,..., 2™ — 1} (3)
be a specially chosen subset of Z. We also introduce
A = {2,275 4+ 1,...,2"s + 2" — 1} (4)

with s € Z and nonnegative integer n. For introduced sets we have

Em = U Ag"); 0<n<m (5)
SEEm—n
AN = | A®; o<k<n (6)
SI,EA(,"—") ‘

Every Z,, we will consider as an additive group, therefore for every couple
of elements of =, s + s’ means a group addition. For such a couple let

pm(s,8") = min{] s — &' ;2" — | s — 5" |}; (7)

therewith p,, = 0,1,...,2™. In order to define the Hamiltonian on the group
=, we introduce

Im(5,8") = Jm(pm(s,')); ‘
In(0)=0; Jn(@)=Q+p)7, p=1,2,..,2"-1; (8)
Tm(2™) = 27m(1+), |

and than
1
H, = -3 E (8,800 9

5,8'€Zm

The essence of our approach is placed in the following representation of H,:

Hp=-

N =

Y (s e(aPe(a®)  (10)
k=0

8,8’ €8 m—k
where 0(A) =3 ",cp 0, and for s’ > 5,0 =0,1; ' =0, 1;

I(k.)(m | 25 + @, 25’ + a') =



76 Yu. V. Kozitsky

( b(k)(ml| 2s'+ o —2s—a) - b(k)(m | 25" — 25+ 1)+
+a®)(m | 25" — 25 + 1); for &' — s < 2m—k-1
B (m | 27k | & — o |) = B9 (m | 27H)
= 9 + a(k)(m|2m"k); for ' — s = 2m;k‘1 (11)
b(k)(n\zIQm‘*'i"c -2 —d +2s+a)-

— bR |tk _ 9 4 25 4 1)+

[ +aB)(m|2mti=F _ 94" £ 254 1)  for 8’ — s > 2m—k-1
and '

I®)(mls, s) = 0

I®) (m|s, s) = I(lf)(mis,s’); ) (12)
1% (m|2s,25 + 1) = F)(1).

Here we have used the following notations

8M(mlp) = Tm(2p + 25 — 1) = 3" aO(ml2ktp + 2F1 — 1), (13)
) :

for p=1,2,...,2™-1, and
_ k-1
b (mj2m*) = J,(2™) - 3 aO(mf2mh). (14)
1=0

In the expressions (11)-(14) the functions a)(m|p) can be chosen arbi-
trarily. We may use this opportunity to let the functions b*)(m|p) and

I®)(m|p) possess the scaling properties of the function J,,(p). We put for
p=12,...2mk1

®)(mlp) = 65(1 - 6)(2¥(p + 1)~ (15)

and
| a®(m|2m*) = 65(1 - §)27m (1Y), (16)
where é is certain positive parameter to be chosen. Here we remark that

the choice §=1 corresponds to the vanishing of all (). In what follows we
obtain

) (mlp) = 8% 2K (4 1)1 | (17)
for p=1,2,...,2m= %1 and
6B (m|2m=ky = ghg—m(1+)), (18)

Hereafter the expressions (11)-(14) yield 7
I®)(mls, s") = 27®% [(m — k|s, ") ‘ (19)
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with
O=1+A-logé (20)

and 3,8’ € E,—k. In order to describe the function I(n|s, s’) we introduce
the following notation: ‘

Io(n|s,s').= I(n|2s+a, 25 +a), (21)

where s,s' € Z,_1, and @,a’=0,1. Thereby we have for 0 < pr-1(8,8') <
< 2" 1 '

Lua(nls,s) = 2pnr(s,8) + 1717 - §(20n-1(s,8") +2)717 (22)
aﬁd for p-1(s,8) =2""1:
. La(nls,s') = (1 = §)27 201+, (23)
for0< 8’ —s < 27 1: | |
Ioi(nls, 8") = (1 = 6)(2pn-1(s, ') + 2)717%; (24)

for 8 — s = 2"1: ,
Ini(nls,s') = (1- 6)2'"(1+’\); ~(25)

and for s’ —s > 2""1;
Ioi(n|s,s') = (2pn-1(8,8")) 717 = 6(2pn-1(s,8") + 2)" 172 (26)
For the ca,sé & < s we put |
Ioi(n]s, ") = Iio(n|s, s) (27)
and for 0 < &' — s < 271
To(nls, ') = (20n-1(,8)) 1> = 6(2pn1(s,8) +2)717%; . (28)

for o' — s = 271 , ’
1 3 = ’ .
Ig(n|s S) I01(n|s S) (29)

and for s’ — s > 271;
ho(nls, ) = (1 = 8)2pn-1(s, ) +2)7. (30)

Similarly we put
Lio(nls, &) = Ip1(nl]s', s) (31)

for the case s’ < s. It should be remarked that the functions I,,:(n|s, s')
are translationally invariant on =,_, that is

Toor(n]s,8') = Luw(n|s + 1,8 + 1) (32)

for all t € E,_1, where s + t means the group addition.
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Now let us consider the following function:

Gr(2) = / exp{ Z 23'2'_%kef7(Agk))+

REn+m SEEn+m—k

k k o |
+§-Z > 1<'>(n+m|s,s')a(Ag’>)a(A§€))} I dxos), (33)

1=0 3,8'€Z 4t - S€EEn4m

where 3 > 0 is the inverse temperature and z = {z,|s € Z,4m—k}. In what

follows the function , : : _
Fi(2) = Gi(2)/Gr(0) (34)
is a generating function of a normed total spin of block A(¥):

1
-kG/2 k)y _
2 /O'(A( ))_W Z O,

whereas the function G(z) corresponds to the partially integrated partition
function appearing in the framework of I.Yukhnovskii method mentioned
above. Indeed, in (33) the potential of the model described by the Hamil-
tonian (9), (10) is taken into account only partially because of the fact that
the corresponding sum is restricted by the value of k instead of n + m as in
(10). The block stucture of the term describing the spin-spin interaction in
(33) yields the sequence of G(z) to be done recursively. In order to do this
we remark that these functions can be continued on C=n+m-* as entire ones.
It is caused by the corresponding properties of the measure dx(o) (see [4]
for further details). Moreover, for every function we can define the action
of the operator

exp‘ {% > A(s, s')DsD,/} Gi(2), (35)

3,8 €Enqym—k

. where D, = 0/0z; and A(s,s') > 0 are arbitrary. The result of this action
is that the function (35) possesses all analytical properties of Gi(z). Having
this in mind we obtain: :

Gi(z) = exp {g Z 2kO 1(k) (4 mls,s')DSDs/} X

573'65n+m—k

X / exp{ Z ‘23-2_%@’“0(A£k))+ . (36)

REn-f-m seEn+m~k

k-1
D> f“’(n+mls,s')a<A£’>)a<A§i’)}>< II dx).

1=0 5,5'€Z 4 mq

3€£n+m

The property (6) yields

oAM= 5= o(alk-1). : (37)
' sy EA(;) :
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For 51 € Zppm—k+1 We put
Zy =2 if s1€ Aﬁl_’ (38) .
and having in mind the correspondence (37) we obtain:
> a2 Mo(A) = 35,2730 97 H-09G (A (k1)) (30)
5€8 0t m—k $1€8 0 mak41 V :

The latter yields in (36):

Gr(z) = exp {g— E 2918 (n + m)s, s')Dst/} X

S,SIEEn+m_k

X / exp { Z 232'%9-2—71(’““1)@0(Af_1)+

REntm S€Entm—k+1

k-1
+ g—z > 1Ym+ m|s,s')a(A£1))a(A§f))} II dx(as) =

(=0 3vsle~:~n+m——l SEEn-Q-m

= exp {g Y I(n4m— ks, s’)Dst/} Gi-1 (2273°); (40)

3,S’€5n+m—k

with

Go(2) = /exp{ Z 250 +§ Z I(O)(n+m|s,s')asas,} X

RE;H-m SEEn+m svsl€5n+m

X H dx(os). ‘ (41)

SEEn+m

Here the scaling property (19) and the definition (33) have been taken into
account. By putting in (40) k = n we obtain the recursion for the sequence
Gn(z) we have mentioned above:

Gn<z)=exp{-§- > f(mls,s')Dstl}Gn_l (223°),  (s2)

8,8'€E=Zm

where the variables 7 and z are connected by the relation (38). This relation .
corresponds to the ”transition on a new lattice”: the fundamental element
of I.Yukhnovsky’s scheme [1] (see also [3,4]). In order to avoid the problem
of infinite volume divergencies we may substitute G,(z) by the properly
normed function F,(z) given by (34). Thus we obtain

Fn(z) = (];n) exp {g Z I(mlsvsl)Dst'} Foq (22—%6) ’

Zn 8,8'€=m

(43)

2=0"

Z(™) = exp {g Z I(m|s,s')Dst/} F._1 (22_%6)

5,8'€5m
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The functions F,_; and Fj, in (43) depend on different number of variables:
the former possesses them in the number |Ep41] = 2|Z,,|. From the other
hand, in order to proceed enlarging 7 in (43) we must enlarge m. Proceeding
this enlarging we may achieve the thermodynamic limit (m — o) as well
as the limit of the sequence {F,(z)}. The latter must be a function of
an infinite number of variables that require the appropriate mathematical
methods to be applied [7]. This is supposed to be done in our next paper.

The research described in this publication was made possible in part by
Grant N UCN 000 from the International Science Foundation.
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IHTETPYBAHHSA CTATUCTUYHOI CYMMU BE3
HABJIM>KEHL. OTHOBUMIPHUYN ®EPOMATHETHK
3 DAJIEKOCSAXHVM IIOTEHIIIAJIOM B3A€EMOII

1Q.B. Ko3unbkun

Po3riAgaeThCcA OfHOBUMIPHA MOJIeNIb ¢ epOMAarHeTHKa i13lHriBCh-
KOIo THIy 3 [TApPHOIO B3a6MOI6IO CIIH-CIIH, MO CIIafaé 32 3aKOHOM
(dist)~=*. ITma uiei Mogei po3BUHYTO [IPOLERYPY TIOKPOUHOTO iH-
terpysatna 8 nyci L. P.JOxnoscbkoro. IT ocnobna ocobauBich To-
JIirae y TOMY, IO BOHA MPOBOAMTLCA Ge3 KOMHUX HabnMXKeHb.



