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Spin correlation functions (up to the 3-site one) of disordered Ising
model with the nearest neighbour interaction are calculated and in-
vestigated within a two-site cluster approximation for both quenched
and annealed cases. The approach yields the exact résults for the one-
dimensional system. The long-range interaction is taken into account
in the mean field approximation.

1. Introduction

During recent years the statistical theory of disordered spin models is an
object of great interest due to their various properties and applications. In
this paper we will consider an alloy of Ising systems (AIS) that can describe
the processes of (magnetic or ferroelectric) ordering in alloys of magnets,
magnets with nonmagnetic admixtures, solid solutions of ferroelectrics etc.
This model is considered usually in two limiting cases, namely the case
of annealed system (equilibrium type of disorder) and the case of quenched
system (nonequilibrium disorder). There is no common opinion on the ques-
tion, what type of disorder is realized in partially deuterrated ferroelectrics,
e.g. Cs(DyHy_z)2POs, K(DzHy_;)2PO4. This situation requires both an-
nealed and quenched cases to be theoretically studied and compared with
experimental data.

The exact results for both limits are known at the one-dimensional case
[1]. Effect of dilution (noninteracting admixture) on the two- and three-
dimensional Ising model (quenched case) have been studied by Monte-Carlo
method [2,3]. AIS can also be used as a test of approximative methods of
statistical mechanics. It is known that the mean field approximation (MFA)
yields quite satisfactory results for the Ising model. However it is not able
to reproduce some essential properties of AIS [4] (such as percolation in
diluted system and some differences between the properties of annealed and

. quenched systems).

In spite of great attention to AIS and great advance in its investigation
(see review in [5,6]) the problem of calculation of AIS’s correlation functions
(CFs) for the case D > 2 (within some acceptable approximation) is not
solved up to now. In this paper we suggest the solution of this problem
for both quenched and annealed systems generalizing the approach of [7]
on disordered model. The short-range interactions are taken into account
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within the two-site cluster approximation (TCA). In the appendix the long-
range interactions are also taken into consideration within MFA.

2. Formulation of the problem

We shall consider an Ising mixture with the Hamiltonian H({$, X })
—AH({5, X}) = H({S,X}) = H- ({SH+H({X});  B=1/ksT, (2.1)

where

H,({S}) = ZH;S,‘ + %ZKijSiSJ' (2.2)

describes a quasispin subsystem on the sites of a simple lattice (1,7 =
1---N) with the pair exchange interaction K;; in the site dependent field
ki. The set of spin variables {S;} represents a state of the spin subsystem
(8i = £1).

The other part of the Hamiltonian

H({X})=Zm+%z:vﬁ- | (2.3)

includes "nonexchange” pair interaction V;; and field u;. Each site contains
a spin of a certain sort and the sort configuration is described by the set of
variables {X;,} (@ = 1---Q, Q is a number of sorts): X, = 1 if the site ¢
is occupied by the spin of sort o, otherwise X;, = 0. Interactions ki, Kij,
i, Vij depend on the sort configuration '

i = piaXiai  Vij =Y ViaisXiaXijp ;
o af

K; = ZK'iQXia; I(ij = E Ko j6XiaXjp - (24)
o af

It should be noted that parameters of the Hamiltonian contain inverse tem-
perature 3. We suppose the pair interactions to be short-range

. . 1, ifien;
Via,j8 = BVapmij; BKiajg = Kapmij; w5 = { 0. in of)pojsite case
. (2.5)
where m; denotes the set of the nearest neighbours of the site 7 (the first
coordination sphere). In an appendix we will also take into account the
long-range interactions in MFA. ,
The model is considered at the cases of annealed system and of quenched

one. At the first case an equilibrium sort configuration is realized and the
system is described by the density matrix

P({S, X}) =2z exp H ({SaX}) ) Z = SP{S,X} exp H ({Sa X}) (26)
as well as by the generating function

.?-‘({n,u}) =lnZ = -4¢G, (2.7)



Quenched and annealed ising systems . .. 83

where G is the grand thermodynamic potential of the system.

The generating function allows to calculate the correlation functions
(CFs) of the system

<Si1a1 v 'Sinﬂanlﬁl e 'ijﬁz>c. =
_ ) ' 6 6 6
6"/1'1 o1 6Kinan 6:“]& 5 6:“3'1,31

F({r,u}) (2.8)

where S;y = §;X;,, the superscriptv ¢ means cumulant averaging and
((--)) = Spys,xy [p({S, X 1)(-- )] (2.9)
r'I‘he chemical potentials yi, ha\(e to be found from the equations
| (Xia) = Ca (2.10)

where ¢, is a concentration of the sort « spins.

At the case of quenched type of disorder the sort configuration is fixed
and independent of temperature, therefore thermodynamic averaging im-
plies only a trace over spin degrees of freedom

(C-Nu =8pgsy [o=({SHC- s p=({5)) = 27" exp H, ({5}) 5 (2.11)

Z. = Spsy exp(H. ({5)) (2.12)

In order to obtain observable quantities one must perform also an averaging
over sort configurations

((+ Nz =Spixy [{X N )] (2.13)

where the distribution p({X}) is determined by the conditions of system’s
freezing. Our approximation is sensitive to the following moments of this
distribution: '

(Xianﬁ>z = Wafh (_] € 71‘1'); (Xio,>r =Cy = Zwag . (2.14)
g

Free energy of a quenched system is defined as follows

F= - o= B (H{X)eiw  (Fr)r = (InSpysy exp[Ha ({SH])a -
‘ (2.15)

Function (F;), = (F)z({«}) that is the cumulant generating function in
this case:

6 )

() | - o
6"'72'1011 6;:,-”%

o inan <<‘91101 o .Sinan);{>x

(Fe)e ({K}) -
(2.16)
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3. Quenched case

First we carry out a cluster expansion of the generating function (F;).. For
this purpose we write the Hamiltonian H ({§}) in the form

H,({S})y=>_H:+ S Ui, (3.1)
i (i9)
where
H, = &;5;; Ki = Ki+ E rPi; L = ZXia rPia ’ (3'2)
rem; «
Uij = — ;@S — i9;S; + Ki;5:5; . (3.3)

We introduce here the parameters ,@;, which play a role of the effective
field acting on the spin S; from the nearest neighbour at the site r. Summa-
tion 37(;;y in (3.1) spans pairs of the nearest neighbour sites. We can write

function Fj in the form

F,=Y F+hQ. (3.4)

Here we use the notations

F;,=1InZ; Z; = Spg, exp H; ;

Q=(expd Uijdps po=]1lps  pi=2Z"exp(H). (3.5)
(43) d
The first term K; of a cluster expansion [6,8] of In @ has the form
In@ = ln(expz Uijdpo = K1 = Zln(exp Uij)po = —zZF; + ZF}]- ,
(i5) (¢5) i (i7)
(3.6)

where z = _; m;; is a number of the nearest neighbour sites and
F; =InZ;j; Z;j = Sps;s, exp Hij; ‘
Hij = i%;Si+ jRiS; + Ki; 8833 +Ri=FKi—,¢i. (3.7)

So the generating function (F), restricted by the first term of the cluster
expansion is obtained in the form

(Fp)o = =2’ Z(E>z +) (Fij)e (=2-1). (3.8)
s {

i)

Parameters ,@;, are found due to the minimization of the free energy

=0. (3.9)
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Figure 1. Order parameters of pure and dilute systems'on plane square

lattice (z = 4). -

!

It gives the following self-consistency equations for the average value of spin

mid) = ((Sia)H)s

where 7 € m; and

((Sia>p.‘):v

md = (Sia)p)e s

((Sia)p‘e,)r >
exp H;;
Py = TJ' :

Relations (3.10), (3.11) can be written in the form:

Here the notations

m oy 9
(Raln-an)@: - 3'%1

(nl) -
(Fia iy pi)e =

(FM).

10,7

(F'(l)>z = (F'(w)>z .

0 L |
8,{1,&" ('Fl):z = <<Sio{1 L Sian)p.)z ;

0 8 o8 9
aK’ial h ah‘.io"" aK’jbl o 3nml ('Ft])z‘ -

((Sio *+* SicnSipy * Siti) iy )

(3.10)
(3.11)

(3.12)

(3.13)
(3.14)

(3.15)

(3.16)
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are introduced. Below we give the explicit expressions for the quantities
(F)z, (Fij)5 and their derivatives which will be used later:

(F)o =Y ¢aFia;  Fia=In2coshRiq ;

(F;i(c:ll)---an>$ = 6“102 ) 6an—1ancal 'F‘t(;tl) ;
FO = tanhzi;  FP =1-tanh?kin; FO = 22F0FD

[1e] )
(Fijde = 3 wapFinjs;  Fiojp = 102658 Li 5 ;
af '
‘ Lm,jg = COSh(R‘,,‘(, + Rjg) + aap COSh(ina R:jg)' " aap =€

n0 . n0
(Fi(a].)..amj)x = baja; ** *bap_san EwalﬁFt(al,)Jﬁ ;

—2K,p :

FE%), = (sinh(Rio + Rip) + Gap smh(ﬁw = Rjg)) /Lieso

%=1 ()" = (1 + 2o b~ )
FEO = —aF(0) 7). |

1o,j0 = i, 8 40,58
! : !
(F}(:i) Otmjﬁl ﬁl>$ = bayap '6an—1an5ﬁ1ﬁ2 e '6ﬁz-1ﬁlwalﬁ1 F}(:l?jm; i
2 t
(11) R (21) (10) p(11) ‘
.F;a,]ﬁ L2 3 ? 'F;a,jﬂ - 21:110( J,@ ia,j0 (3-17)
7] R 3

The expression (3.11) contains N z() equation for the same number of vari-
ables ,@;,. At the case of uniform field (k;, — K,) parameters ,@;, lose
their site dependence and (3. 112 reduces to Q equations for the ‘same num-
ber of fields and we obtain a well-known result of Bethe approximation and
cluster variation method for average value of spin

sinh(&;, + Kj) + aop sinh(k;, — Kp)

() = ¢ tanh & = 1
Ma’ = Ca taMh Ra Zﬁ:waﬁ cosh(Rl, + &j) + @ap cosh(R{, —Rp)’ (3.18)
o = Ko + 2@q; KL, _na—}-zgoa. (3. 19)

We can obtain CFs of any order with differentiation of (3 10), (3.11) and it
" is an advantage of presented approach.
- Tt follows from (3.13) that

(1) (1y oo
(2) _ OFi )e GRiy _  p(2)y (1)
mux,Jﬁ - 6K; 8 - ak‘l‘)’ 6K1ﬂ - (F‘la’)’)xﬁ'ry 8- (3.20)

Hereafter the summation over sort indices (Greek letters) is not written:
explicitly so the sum over 4 symbol is omitted in (3.20). We have Just used
the notation

(1) 6":101 = 6::6 -(1) _ 67‘{’1& 91
i = bkip ij0a8 Z T‘Pza iB Pia,i8 = 6K’.7ﬁ (3.21)

rem;
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(see a definition of &; (3.2)). It is convenient to write the relation (3.20) in .
the matrix form )
mg) = F@z1

i ij o

(3.22)

where the matrix notation is introduced:

(9) 4y = 2 (B),, = (E  (R) = o 320) -

In order to calculate the quantities rgbt(.z ;g it is necessary to use the relation
(3.14). Differentiating it with respect to x;3 we obtain:

FORY = B D + B &Y (3.24)

Where ~(20) (20) | ~(11) (11)
(F),, = FSG= (F) = (00 (325)
Tl:‘;"l(';) = ,%1(11) - T‘;Z’z(Jl'); (r‘;z(';‘))aﬂ = TQBI(‘;),M - (3.26)

Taking into account (3.26), the equation (3.24) can be rewritten in the
following form:

FEO0 1 B 40— (B EO) R 4 BOORY. o)
Replacing the indices 7 « r in (3.27) we get the second equation
ED 63 + B 60 = FOOR) 4+ (B9 - B@) 7Y, (3.28)

1 Tt

which forms together with (3.27) the set of equations for the duantities
rcfﬁ,(-;), ,fﬁg) Excluding ,(,BS) from this set and expressing the ;&1(31) via mg) |
-(see (3.22)) we have

B = [(E) + B @ + Gy (329)

tj vy

where

) tr

G = (p (p.(“))‘lﬁz(’)-ﬁ’(?-xl))-l. (3.30)

.Later on we sum the relation (3.29) over r € m; and take into account
(3.22), (3.21). It results in the following Ornstein-Zernike-type equation for

the pair CF ’mf.f)

f]iim,('?) =6+ > G’th) , (3.31)
' reT; ' -
where [ , .
Ui=—2(EP) - % Bi. " (3.32)

TET;
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Figure 2. Phase diagrams for dilute system on plane square lattice (z = 4j

at different "nonexchange” interactions Vi1, Viz (Vo2 = 0). Annealed: T -
paraphase, II — spin ordered phase, III - segregated alloy.
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Figure 3. MFA results for the phase diagram of the system. J,5 = 22 Jia,ifs
I = Zj(Iil,jl - 2[,'1,1'2 + Ii2‘j2) (see Appendix).

In the case of uniform field the matrices £ are independent of site indices,

the CF mff) depends on the difference of the sites’ 1, 2 coordinates and we
can solve the equation (3.31) carrying out the Fourier transformation

3 27— F 1 = =i (=) '
mff) = w7 - ) = V.(2r)D /dq e~ T m2)(g) , (3.33)
Ve :

Ve is a volume of the elementary cell, D being the dimension of the lattice
(space). The solution has the form

(ﬁz(z)(lf))_l = =2 (F) 14, (1;-,(20) + I:"(ll))_l +
-1

+ (=(0) - (@) (F@O)(F(“))_IF(”)»F“l)) . (3:34)

where P - |
OEDY e (=), 7(0) = 2. - (3.35)

JE™
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For the hypercubic lattices one has

D
T(§) = 2Zcos((ﬁa) ,
=1

where a is the lattice spacing.

(3.36)

The expression (3.34) in the limit ¢; = 1 yields the TCA result for the

ideal (one-sort) system [7].

Taking ¢ =

0 in (3.34) one gets the earlier

result [4,6]. The known exact formula for the one-dimensional system in
zero external field [1} also follows from (3.34).

We will obtain the expression for the 3-site CF my; ,4 5 differentiating
equation (3.31) which can be written in the form

Ula,lﬁmgzg?gg = 612601[3 + Z Gla,r5m£,25?2ﬁ

(3)

(3.37)

rem

(here free site indices are denoted with numbers and summation over repeat-
ed sort indices is implied). The differentiation with respect to k3, yields

y 2 3 - 2
Ula,lﬁ,megg?glg + Ula,lﬁmgg?gg’g,,y = Z (Gla,r6,3jm£5?2ﬁ + Gla,f6m£:;?2ﬁ,31) y

where the point denotes the derivatives of corresponding quantities:

e

rem
(3.38)
la 16
6U1a,16 —
Skay ’
3y
o §
6G1a,r6 :1
61637 - ’
. 3y
6m(2) la 20
1038 W : (3.39)
(51&73’1
3y

In (3.39) the threepoles are introduced which allows us to write (3.38) in

more convenient form:

W’“” Ve

T2 G]T’I‘ 2
+
7' T R

'(3.40)

3
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It should be noted that equality of site indices in threepoles and matrices
implies also the symmetry with respect to corresponding sort indices, i.e.

16 16

AVEAVARE

Differentiating expressions (3 30) and (3 32) we find

F(2)

F(zo) & ~(n)

+ Tgl EH 1 ( _

Y () e (H09)
- +

F(n) (20)

) 1r 7'1
+ W W . (3.42)

When obtaining the formula (3.42) the identities of the following type are

used: ( (2)) i ‘
§(F . _ 6ﬁv(2) . -
GO N ) [CURE

They can be obtained for any matrix A by means of differentiation of the
identity AA~! = 1.

Now we shall obtain the expressions for the threepoles which have ap-
peared in (3.42)

: @
6EM)s  SED e
by = by~ (PlapsloRisay (3.44)

In the diagram form it can be represented as

i 11 1
FO /o W . (3.45)
H

3
The other threepoles we find in the same way:

*(1) ~(1)

T 1K.3
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1 r 1 r ‘
F _ W + W : (3.47)
(1) (1) |

1 rKi3 T 1K,3

where
B

la

= (F) Yo = ((S1a518514), )z »

4 <

1y
rTo

= 7(221)17% = ((Srasrﬁsl'v)pu)

la

4%4

(Fl(z}y)rﬁ) ((Slasl'vsrﬁ);cur)z ’

1y
1l

(Fl(izg,@'ﬂz = ((51a5:85)5y, )z - ~ (3.48)

43

™

The quantity .k 3 which appears in (3.46) follows from (3 26) (3. 29) and
can be expressed1

A =70 - ol = ~ By - Glrmﬁ?. (3.49)

Usmg (3 45)-(3.46) in (3.42) a.nd ‘taking into account (3.49), (3.22) we get

the expression for the threepole U involving only the quantities calculated
above, i.e. the matrices and threepoles F and the pair CF m(z). The

same procedure is used to calculate the threepole G. Using the obta.med
expressions in (3.40) we get the equation for the 3-site CF

72

re€m | ’ 2
vlmu v’ r2 W r2
5 (2)

177

+ Z , (3.50)

rém

where
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In (3.51)-(3.54) "1.i.” means twin to the previous (in parentheses) item,

i.e. item where the matrix substitution £ < G has been carried out. The
last (in braces) item of (3.51) is an example of t.i. to the previous (in
parentheses) one.
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Figure 4. Temperature dependencies of spin-spin and sort-sort CFs’ § = 0
Fourier-transforms and of specyfic heat (in units of kp) of pure and dilute

(c1 = 0.6) systems on plane square lattice (z = 4).

Assuming uniform field and performing the Fourier transformation

R R R N 113

1 ) 4 1 ey -
= i (F-T) & dé =10 (7 —73) -
Vc(zw)DV/dq’;e | Ve(27r)DV/ e (@.4)

we can obtain from (3.50) the following expression for the 3-site CF - ‘
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(g + §)
W (@, @) = ‘ 2 v + .
(@) + (@) v +
m(B(q) ,
(@ + @) v (3.56)

where the equality which follows from (3.31)

- - ‘ -1
0~ (@ + @) = (mP(G + @) (3.57)
has been taken into account.

4, Anyhealed case

In this case we shall introduce into Hamiltonian additional variation pa-

rameters . The quantity ,%;, plays the role of effective field acting on the
spin of sort « in the site 7 from its neighbour (of any sort) in the site r.
H ({8, X}) takes the form

H({5,X}) = ZH +ZWwv (4.1)

where

Hi=FRiSi+fii; Bi=pit+ Y, %5 b= XiarPia
rEM o

Wij = — J@zst - 195153 + I(ijSiSj - J’lZY, - 11‘&7 + ‘/z] . (4'2)

Further, the technique of the previous section leads to the generating func-
tion beeing (within TCA) of the following form: ‘

F({k,u}) = —= E]: + E]:U , o (4.3)
(33) :
where
Fij = In.Z;; 2, =Sps,s,eV ; (4.4)

Hij = KiSi+ ik;Si+ KijSiS; +
t Rt B+ Vi ‘ (4.5)
i = i — j'%zi = p; + Z i - (4.6)

rEMr#E]
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The conditions

o0F ' oF
ar@ia , arwia ' ( )
lead to ’ ‘
(Sia) = (Sia)p.' = (Sia)p.‘j ’ ' (4'8)
(Xia) = (Xioz>p¢ = <Xi01>P.j ’ (4’9)
where A , '
pi = Z Vexp H;; pij = Zigl exp Hi;; JEm, (4.10)

t.e. again equality of the one-site and intracluster unary CFs is implied.
We note that equations (4.9) like the ones for the chemical potential (2.10)
are not independent due to the identity

Y Xd=1. (4.11)

[

Therefore the number of independent fields ,%;, and 'chemical potentials
liy decreases. We put

ia =0 pig=0. | (4:12) -

In order to shorten following formulae let us intoduce a notation S =
{5,X}, i.e. ‘
S. __{Sia, ifa<Q
@7 ] Xig-q, ifa>Q >

and K = {Hyﬂ}a p= {(Paw},

. ) 5
Mi(1021---inozn = (Silal o .Si‘nan)

F({x}) (4.13)

:‘6&10,1 .”5'%'"&,,
With this new notations (4.8) and (4.9) can be written as
) :

Mi(cx) = <Sia)p|‘ = (Sia>p.'j ’ ‘ (4.14)

The same technique as for quenched case yields a result for a pair CF
in the same form:

(mO@) " = (-2 (F@) 4 (#00 4 Fo) ™y

- ' N " -1 . " -1
+ (=) - (@) (]:(20) (#60) ]_-(20)_]_-(11)> (4.15)
where
1) 62 F e [ (S5 (5X;)e |
M) = = (SiaS,p) = | O ) @
(423 )“ﬁ iy S ((Xisj)c (X:X;)e (.16)

(79) = (S0 (F),, = Susialss (F),, = SuSisl,
(4.17)
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Figure 5. ¢-dependence of the diluted system CFs. ¢; = 0.6, Vo5 = 0.

T/T.=0.5,0.7,0.9,1.

1,1.3,1.7.

In equation (4.15) the sort indices lay in the restricted interval @ = 1---2Q—
1 due to (4.11), (4.12); and the matrices (4.17) have the dimension (29 —
1) x (2 — 1). The exact result [1] for the one-dimensional system (z = 2)

is a partial case of the formula (4.17).
The relation (4.14) is equivalent to

and it yields

Sps, x,Pij

Fn0) )

1

=Py (418)

(4.19)

Therefore (4.15) can be written more simple form

M@ =FO (1= ) (1425 (@)

f= (;(2))‘1 F1)
(4.20)
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An expression for the 3-site CFs also remains the same form as in the
quenched case

m(q + @) W ; (4.21)

MO)(g)
with A, B, C, D given by (3.51)-(3.54) and intracluster CFs

i i ‘
PF c
" Brianiglng, eSSl
ja 38
vv PF
= o = (5;aS;8Sn);,, »
OK;00K; 50K (SiaSis 'y)p,,
k124 an ) .
' T Grianigng,  CieSiSialh,

) Jv "
(14 )
vv °F
= Grndrgony, — (SeSieSil, . (422)
Jv

5. Discussion

The great fluctuations of quantities under discussion make the results of
"effective field” theories (like TCA and MFA) worse. Thus for the present
model a great difference in interactions (e.g., Kog = K614 (sort 1 is dilut-
ed by noninteracting impurties)) is expected to worse the quality of TCA
results whereas great z, when interaction K;, ;s couples many sites, im-
proves these results. Taking into account that TCA gives exact results for
the one-dimensional system (z = 2), the diluted system on plane square
lattice seems to be the most difficult test for TCA, which can discover all
its shortcomings. That is why below we concentrate our attention at this
case.

Now let us consider a numerical investigation of the obtained results. In
the quenched case we assume for simplicity w,ps = coCp (complete chaos:
(XiaXjg)s = (Xia)o(X;p)s). The figures 2, 3 show model’s phase diagrams
of two-sort system for different parameters of the Hamiltonian. Curie tem-
perature T, and temperature of alloy spinodal segregation T, are found from
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the condition M ( ﬁ) (§=0,T) — oo. Apart from a complicated form of the
TCA phase diagrams 2 with respect to those of MFA 3 one can also re-
mark the rule, that great values of the quantities K = Ky; + Kg3 — 2K12,
J = J11 + Jaz — 2Jy5 enhance both segregation and spin ahgnment whereas
great Vi1 + Vo — 2Via, 11 + I3z — 2113 enhance segregation and therefore
enhance spin alignment, if K > 0, J > 0, and supress alignment, if K < 0,
J <.

Temperature dependence of order parameters m, (1) /¢y or I8 1 / ¢q of pure
and dilute systems are shown in the fig. 1. TCA and MFA results are com-
pared. The known exact result for the pure system on the plane square
lattice is also depicted. For quenched system within TCA the quantity

o(l) = m§1)/cl stays less than 1 even at T' = 0 and vanishes at ¢; < ¢, = E%T

(below percolation point). This contradicts to MFA result o)) = 1 at T = 0
for all ¢;. Moreover, within MFA o() and ¢(® = J;;m{?(§)/(c;T) depend
on temperature, concentration and interaction strength only via T/TMF4 .
(TMFA = erJui/fkp): o) = oO(T/TMEA), o) = o(3)(G, T/TMFA). Tn
TCA this takes place for the case wy; = €1 only (all interacting spins con-

stitute one infinite cluster).
One can see in the figure 6 that within TCA pair CF of the quenched

diluted system mll)((j') is not zero at T' = 0 and it yields infinite rise of the

susceptlblhty at zero temperature x(q) =0 % (x(§) ~ mll)((j')/T) whereas
MFA gives x(¢) — 0 similarly to the case of the pure system. The TCA

behavior of x(¢) and o(!) can be attributed to interacting spins out of the
infinite cluster of interacting spins (finite size cluster effect [9]). Indeed, one
can find that susceptibility of the isolated spins, which are always present
in diluted system, diverges at T = 0. Finite size cluster effects are observed
also in other approximations (e.g., X(ﬁ) of the quenched diluted system in
the effective field approximation of Kaneyoshi et.al. [9]21 Figure 5 shows,
that significant differencies between annealed and quenched CFs appear at
- low temperatures.

The ref. {10}, where the pair CF of the pure system in paraphase within
TCA was obtained, reports that x(¢) has a maximum as a function of T
above T, for a fixed ¢ greater than ¢go. We do not find any maximum for
x(§), but instead we notice a maximum of mgi)((f) for all #(q) € [O, 2"7)22_2'_1]
in the pure and diluted systems. It should be noted that MFA does not find

any maximum for mﬁ)((j)
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Figure 6. CFs of the ideal (¢; ='1) and diluted (¢; = 0.6) systems.
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Appendix

Here we calculate the thermodynémic potential and CF's of the system with
long-range interaction. Let the Hamiltonian be

. 1 ) ’
Lgsy = > TiaSia + 2 Y KiajpSiaSip +
i 1,303
. :
+ > viaXia + 5 3 ViajsXiaXjp+ ATH, (A1)

ia,j8

1 1
ALH = 5 D JiaioSiaSia + 5 2 limisXiaXip , (A2)
o, i3 ia,jf
where the interactions Ji ;3, lia,jp are not restricted by the nearest neigh-

bour sites. Consider first the quenched case. Within MFA the (A2) is taken
in the following form

AYHupa = 37 oo "miy)S0 - 52 Tiajo "mig) 'my , (A3)
ia,if io,jf

where Lm,(.clx) = ((Sia)rpr)s is the one-site CF of the system, J;5 ;5 =
(jij) ﬁ"jij = ( (;j I.O ) The generating function “(F,).({I'}) of the
o ij
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system can be expressed through the geherating function (F;);({k}) of the
reference system (2.1). v

L(Fo)o({T}) = (F. >({n} - Z Jiajo Pm{l) ¥ 5}3, (A4)
m,JB
’where .

Kig = Lig + Aia? Aia = ZJux i8 mgﬁ) (A5)
B

Here ), is the mean field caused by the long-range interaction. Taking into
account the relation

6 bKkjg 6 (2) 6
= = 1a, + J ﬁ k m o YR (A6)
éLia Zﬂﬁfia bkip %( " %: S TS
the CF's of the system
L o8 8 ppomy
mual “inQn 61‘,’10‘1 6I‘inan F({F}) (A7)
are found to be v
bm) = m), o (a8)
2
( Dip=my, (%,m + Jhy s mga)m) o (A9)
3 3
Sa),]ﬁ ey = Ea)szhS nﬂmq(m)jﬁ ky T |
+ s me (516,m + Jisnn Pm{3) ,g) X
X (6mc,k'y + Jime,on me,)‘)’k,y) ’ (A10)

where m(), m(2), m(® are CFs of the reference system (2.1) in molecular
field (A5). We note that in (A9), (A10) the sum over repeated sort and site
indices is implied. Fourier transformation (3.33), (3.55) allows us to write
(A9), (A10) in the form:

Lml(@) = m@N(@) (410 + Iys(D) mZ (D) (A11)

Im@) (@,3) = mE@ + &)o@ + @mi (@ + @) +
+ mEa, @) (d0 + Jon(@) Pm®(@)) x
(ber + Ter(@2) EmZ(@) - (A12)

The solutions of equations (A11), (A12) read

La®(q) = (1- m®@J(@) " m®@ (A13)

X
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(1- @ J(@) " (1- F@m®@)”
: (q1,q2) = (q1, @) .
(1 - J(@m®@)

(A

In (A14) the equality

14)

L+ 3@ @ (@) = (1- Ha@ @) (A15)

which follows from (A13) is used.
In the case of annealed system the same scheme leads to similar relations.

1
Pr{ry = F({s} - 3 .ZﬁJia,,-ﬁ LMD EM),  (A16)
i0,]
M) =My, (A17)
where T' = {I', v},
Kiqg = Ficv + ZJia,jﬂ LMJ(;) ) (A18)

iB
and sums over sort indices run within interval 1---2Q. Taking into account
(Xiq) =1 - Y921 (X1,), (A16) can be rewritten in the form

a=1
L v L 3. Lag() Lag(l)
FATH = F({x}) - 5 Y Jiags "M, MGy (A19)
10,50
2 J; 0Y. :
wherel < a,6 < 2Q-1land J;; = ( }) is a matrix of (2Q-1)x(2Q-1)
0

size with (—1) X (Qf 1) submatrix (I}j) 5 = Lo jp—Lia,jo— Lin,;s + Lig,j0-
For the two-sort system (Q = 2) we have
s Jinj1 Jirje 0
Jiy =\ Jiz 1 Jizje 0 .
0 Ly — 26 52 + i, 52

Making use of the identity (X;o X;q)¢ = — 22;11<X¢QXJ'3)C one obtains the
higher CFs in the form

i = (1- HO@i@) ¥, 4w

(1- @)

(1- ir@i@)”
(qa,qa)= | W(fﬁ@z) )
| (1- J@rta)

(A21



104 R.R. Levitskii, S.I. Sorokov, R.O. Sokolovskii

KOPEJIAUINHI ®YHKIIT I3IHFIBCbKUX CUCTEM
3 PIBHOBA2KHHMM I HEPIBHOBA>KHVM TUIIAMU
COPTOBOTO XAOCY

P.P. Teunvkuit, C.I. Copoxkos, P.O. Cokonoschkuit

Y HabnvKeHH] JBOYACTHHKOBOIO KJIACTepa 0 KopOTxomxqux
B3a€MO[IIAX 3 BpaXyBaHHAM NaJIeKOMIIOUMX B3a6MOIiit y HabiiKeH-
Hl CepeIHbOro 110JIA PO3PaX0BaHO i IOCIIIXKEHO CIIHOBI KopenaTo-
pu (oo TepHapHoTo) Mofeni I3inra 3 piBHOBAXKHMM i HEPIBHOBAX-
HMM THuamMu Gesramy. Y O,I.IHOBPIMlpHOMy BUIIAJKy ONEpXKaHi pe-
3yJbTaTH CIIBOAJAIOTH 3 TOUHUMU.



