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The exact expression for N-particles density matrix is obtained for
D-dimensional system of identical particles, connected by oscillator
forces. This expression is presented as a product of the ideal gas
density matrix with the renormalized mass and a factor, which does
not depend on statistics and depicts only the character of interparticle
interaction.

1. Introduction

The quantum mechanical problem of description of the system of identical
particles interacting via forces proportional to their displacement from the
equilibrium position (weshall call them oscillator forces) is one of the basic
problems in theoretical physics. Due to the symmetry of wave functions this
problem is not trivial. It was considered in {1, 2], where the wave function
and the ground state energy of the system of Bose-particles were found. It
turned out that the question of extracting of the center of mass keeping
the antisymmetry of wave function in case of many-fermion system was not
simple. Some results are presented in monograph by D. Thouless [3]. /

Let’s consider the system of N identical particles with mass m and coor-
dinates rq, ...,ry in D-dimensional space of volume V' with the Hamiltonian

&,
H = Y Vito,

2m =
were the potential energy reads
KXY 2
d = Z—ZZh‘i——r]‘I .
i=1 3=1 ]

This is the potential energy of particles, connected by oscillator forces. We
shall be interested in the total N-particle density matrix

Ry(ry, . .oenlrly, . oey) = 3 Ut oh)e A0, (. ew), (11)
[e
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where ¥, is the complete system of wave functions, symmetrized in accor-
dance to statistics, which the particles obey, T = 1/ is the temperature.

Our task is calculation of the matrix Ry. With this aim we apply
method proposed former for calculating of density matrix of liquid 4He
[4, 5]. Tt is important that treating this oscillator model we are able to
observe a set of interesting details during calculations, and also to affirm
some conclusions, made by us for He without enough basis.

2. Basic statements

Let’s choose as the complete system of functions the symmetrized product
of plane waves:

N
Volrn ) = ZE DR o en ke, (2

were the sum over ¢ means the sum over different permutations of particle
coordinate indices; “+” is used for Bose statistics and “-” for Fermi one,
a = (ki,...,ky) is the set of wave vectors, components of which take integer
values multiplied by 27/V1/D, The sum over different quantum numbers
o in (1.1) means sum over k;,...,ky with factor 1/N!, which takes into
account that permutations of the wave vectors indices in the wave function
do not give new states. In thermodynamical limit N — o0, V — oo,
N/V = const the sum over k turns into integral with the factor V/(2m)P.
Let’s carry the wave function ¥, (2.1) in (1.1) to the left hand side
through the operator exp(—3H). Then momentum operators p; = —ihV;
are to be substituted by quantities hk;, the expression for the density matrix
can be represented in the following form:

Ry(ry, ... eN|ry, .. ry) =
1 Q+Q o A2k}
— / J
- G ST Se (-3
Q Q k, ky 7=1

N 2 N
. ~  h°B.
+i)_kj(rg; - I"ij)) exp (—ﬂH + 712 ijVj) ;
Jj=1 J=1
here operator exponent acts only to itself. Let’s present the results of this
action as

. grr X
exp —ﬂH+7iZijVj =exp(U),
i=1

where U = U(ky,...,kn;r1,...,rn; 3) is the function of coordinates and
momenta of particles and inverse temperature §.

Differentiating with respect to 3 the both sides of this equation, we find
the equation for U:

ou N (B2 X h?
{%vﬁrf + Q—m-(v,,-U)2 + zE(kQ]—vj)U} +¢ (2.2

J=
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with condition U = 0 for 8 = 0.

Note that for ky = k; = ... = ky = 0 one comes to the known equation
that was obtained by I.R. Yukhnovskii within collective variables and dis-
placements method. The examining of this method and its applications in
different problems of statistical physics was subject of a serious investiga-
tions performed in Lviv school of theoretical physics in mid 60-ies — 70-ies.
At that time Prof. I.R. Yukhnovskii was at the head of Theoretical Physics
Chair in Lviv University.

So, for the density matrix we have

Rn(r1,...,rNlry, . ty) = (2.3)
1 040’ N, hPk?
- '(N!)‘zvN' %:z(i) 3. : Y exp —ﬁg 5+
_ Q' k,  ky i=1

N
+ iZk]'(er - r’Q,]-) + U) .
i=1

If interaction is excluded, then U = 0, and we get the density matrix of ideal
quantum gas which after integration over momenta ki, ..., ky is represented

in the well known form, if one takes into consideration, that double sum over
permutations in (1.1) reduces to simple sum with a factor:

R (r1,...,rnfr), ..., o) = (2.4)

1 m =N m ,
= i (27rﬁh2> %:(i)Q exp (-— 22 jgl(rj — er)2) .

3. Solution of the equation for function U

Let’s pass to the solving of the equation (2.2) for U. Simple analysis of
this equation, with accounting of the explicit form of potential ® shows,
that U must be the quadratic function of ry,...,ry and ky,...,ky. Let’s
represent it in the next form:

N N N
U :‘a0+a11 Zk;2+ia122k;r;+a222r;2, ‘ (31)
Jj=1 J=1 j=1
where
1 Y 1 &
r;‘:rj—-ﬁz:rj, k;:ij—Nij.
=1 =1

The system of equations for unknown quantities ag, a11, @12, ayy is found
from the equation (2.2), equating, after the substitution of the expression
(3.1), in it left hand side and right hand side, coefficients near the corre-
sponding powers of k; and r;:

d h?
d_L/LGQ = _'n_),—D(N — 1)(122,
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dan h2 2 h2

T = gt e
da 2 h?
*# = 52012022 + 7n-2a22’
dagg h? 2 KN

22 _ 29 _ =

g m iR T

-and g = A11 = A17 = Ay = 0 for ﬂ = 0.
Omitting the details of not difficult calculations, we present the solution
of these equations:

ap = —g(N — 1) In(cosh(fhw)),
= - (Bhes — tanh(Bhw))
= 2mw & w)
- 1 -1
h2 = cosh(Ghw) ’
mw '
a2 = — o tanh(fhw),
where frequency is defined by
KN
w= .

It is clear that we have found the exact solution for function U due to the
_fact that the potential energy ® is the quadratic function of coordinates
of particles. In general case it is impossible to solve the equation (2.2).
However, one can propose the perturbation theory for arbitrary ¢ by ex-
panding function U into a series in the powers of k;. We do not discuss here
the meaning of approximations and the effectiveness of such perturbation
theory. We only note, that such approach was realized by us in [4, 5] for
many-boson system. ,

Obviously, the density matrix Ry by definition, should be a symmetrical
function with respect to primed and non-primed variables. But from the
expression (2.3) this property of Ry matrix is not obvious. The problem
of conserving of the symmetry is one of the main in calculation of density -
matrix by perturbation theory.

4. Results and discussion

The next step consists in integration over wave vectors k; in the expression
(2.3) taking into consideration the explicit form of function I7. Because
in the integrand the exponent contains the quadratic function over wave
vectors, this integration reduces to the product of Poisson integral

Ry(ry,...,cNlry,. .. r)y) =
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=_ (Nl!)2 (27:;}‘;2) : [27rh siTZlC:(,Bhw)] e X

X (£)9+9 exp =1 :
%; 4B - an)

a Izv: *2 N, , ] * 2
2 L v = 3 (rg; — T+ a1219;)
2 £

+

N . 2
a11 [Z (rj— r}')]

aNBLE (BE - an)

Let’s substitute explicit expressions for a,,, and perform some not difficult,
but rather cumbersome transformations. The main aim of these transfor-
mations is to represent the density matrix in explicitly symmetrized form
with respect to primed and non-primed variables. In connection with this,
these transformations are useful and instructive for solving the problem in
general case as well. Finally, we get

RN(rl,-'-,errll""’r,]V)z (41)

o

m\?2 _, ) ’
= (m*) R*N(rl"'werr,],--.,rI]v)X

. m z 1 X
X exp (—Wmﬁzz [(l'i — ;)% + (v} - 1‘3‘)2] +

i=1j5=1

o 1NN s
ogm N 2 2 )

i=1 j=1

1 N ’
m /
2812 N (;(rj - rj)) )

where R} matrix is the matrix of ideal gas (2.4), with changing of mass
of particle m to effective mass m* = mz/sinhz, z = fhw = Bh/KN/m,
v =RY form—m*

We have got an important result: the density matrix is presented in a
form of product of the density matrix of ideal gas of particles with renor-
malized mass m* which is responsible for the particle statistics, and the
factor which does not depend on statistics and expresses only the character
of interaction. The latter, for diagonal elements, looks like Boltsman factor
~ with the effective energy ® = & tanh(x/2)/(z/2). ¥or § — 0, that is for
high temperatures (tlassic limit), ® = @, and for low temperatures, 3 — oo,
this Boltsman factor includes in the exponent instead of temperature the
quantity Tp = hw/2 that is the energy of ground state oscillation.

In the limit of low temperatures (4.1) becomes of the form:

Ry(ry,...,enirl, ... ty) =
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o

7
) (27r7;7i2) e PP Wy (ry, .. n)Wo(rS, ., TR,

where the first multiplier expresses the motion in D-dimensional space and
provides limit value of the matrix for N = 1,

-1
Eo = D(N - 1)%“’ = 9@2—)71,/1(N/m

is the ground state energy for D(N — 1) oscillator, the wave function of
ground state of which is given by ‘

Db(N-1) N N
o(r r)_(%> T exp [ L S(ri—ry)? | =
OV EN) =\ T P\Tman g g =
DgN—l!

_<mw) T m%tﬂ exp | 7 % . i
~\7h TP TR L) (&

Let’s note, that the system, we are considering, differs essentially from many
other physical systems; the energy is not an additive quantity, Eg ~ N3/2,
the frequency w depends on the number of particles. If one implies the
additional condition on the elasticity constant in thermodynamical limit
KN = const for N — oo, V — o0, N/V = const then the physical model
with ordinary properties is obtained. This additional condition reminds the
well known model of ferromagnet with the exchange interaction “everyone
with everyone” but decreased in N times, exact solution for which yields
the approximation of the molecular field.

Elsewhere we’ll calculate the thermodynamic functions and density ma-
trices, proceeding from the expression (4.1) for Ry derived by the method
introduced in [7] and here we will make one more final remark.

+ The calculation method for N-particle density matrices was proposed
and used by us in [4, 5] for investigation of the Bose-Einstein condensation
point in liquid *He. The equation (2.2) for U function was solved by the

perturbation theory method. The density matrix of liquid # He was obtained
as a product of the density matrix of ideal Bose-gas with renormalized
mass of particles and the density matrix of the ground state of the liquid.
This made possible to pick out two mechanisms of the shift of the point
of Bose-condensation due to the effective mass and due to the effect of
the free volume. This result, derived by the perturbation theory method,
is confirmed as one can see, by the exact solution of the problem for the
identical particles system, interacting via oscillator forces.
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MATPUIIA I'YCTNHN
CUCTEMHU TOTO2KHHUX YACTUHOK,
3B'I3AHUX OCHIUJIITOPHUMMU CUNJIAMU

1.O. Bakapuyk

na D-sumiprol cuctemu N TOTOXKHMX UYaCTHUHOK, 3B’ A3aHUX
OCHMAATO PHAMM CHIIAMH, 3HAUTEHO TOYHMA BUDPA3 UL NOBHOL Ma-
TPMII IYCTUHM, AKA NPENCTABAASTLCA y BUMIALL 0By TKY MaTpHIi
IYCTHMHM ileallbHOro rasy 3 1epeHOPMOBAHOIO MAaC0JO YACTUHOK, Ha
$haKTOp, WO He 3aJIeKUTh Bil CTATUCTUKM | BioGpakKae Julle Xa-
paKTep MiXJacTHHKOBOI B3aeMOTil.



