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The one-dimensional lattice gas with short- and long-range inter-
actions is considered. The thermodynamic behaviour of the system -
is obtained in the usual way by mapping it onto the one-dimensional
Ising model, which can be exactly solved. The solution of the mag-
netic model is determined using the functional integral method, and

~ a review of its critical behaviour is presented. The phase diagram of
the lattice gas is obtained for various strengths of the interaction pa-
rameters, and the different critical regimes identified are compared to
the ones obtained for the classical gas. ‘

1. Introduction

In a recent series of papers Ikeda [1,2] and Kurioka and Ikeda [3,4] have
considered the one-dimensional classical gas with hard core repulsive inter-
actions, plus short-range attractive or repulsive and long-range attractive
interactions. They have been able to solve exactly the model and determine
the phase diagram of the system. For attractive short-range interaction
they have found that the system undergoes just one transition, whereas for
repulsive short-range interaction it can present two transitions. One of the
main problems presented by the model is that the isotherms, in the criti-
cal region, present a non-physical behaviour, as in the case of the van der
Waals model {5]. Then a Maxwell construction had to be used in order
to describe correctly the physical behaviour in the critical region, and this ,
means that further refinement has to be introduced in the model in order
to get a correct description of the physical reality.

The main purpose of this paper is to look at a more refined model,
namely, the lattice gas [6], considering the same types of interactions. As
it is well esta,blishe(%, the lattice gas can be mapped onto the Ising model

'[6] and its critical behaviour obtained from this model. Therefore, in order
to obtain the phase diagram of the model, we will consider initially the
one-dimensional Ising model. Although its solution is already known [7],

a detailed review of the model is presented in section 2. The solution is

obtained by a new method, namely, the functional integral method, and

a careful discussion of the various critical behaviours is presented. The

Helmholtz free energy is also discussed on the various critical regimes and
the equation of state obtained for arbitrary values of the interaction para-

meters.
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In section 3, by using the results from section 2, we obtain the phase
diagram of the lattice gas model and present explicit results. Although for
repulsive long-range interactions the model does not present any transition,
as a question of completeness this case is also considered. Finally in section
4 we present the conclusions and summarize the main results of the paper.

2. The Ising model

Let us consider initially the one-dimensional Ising model whose Hamiltonian
is written in the form:

N I
H = —JZUjO’j_l_l — -]—v—

J=1 Jik=

N N :
ogjor —h Z gj, (2.1)
1 j=1

where we have assumed periodic boundary conditions and the long-range
interactions properly renormalized in order to obtain the thermodynamic
limit (N — oo). By using the gaussian transformation [8], we can write the
partition function in terms of an integral functional as o

I beo
Zy = \6/2_” e gy (e, (2.2)
where
N N
Qn(z) =) exp [K Y0505+ h(z) ) 0;] ) (2.3)
{a} 7=1 i=1
with :
K = BJ, (2.4)
h(z) = Bh + 21 o5 = h+ 2y o, (2.5)
and ' A
B = 1/kpT. (2.6)
Qn(z) is easily evaluated and for arbitrary N is given by [9]:
Qn(z) = A (2) + A(2), (2.7)
where i '
Ay = ek {cosh h(z) + [sinh? h(z) + e~ 4K ]1/2}. (2.8)

In the thermodynamic limit (N — oo), Qy is given approximately by:
Qn (o) = M(a). (2.9)

By using this result in (2.2) and introducing the new variable z = z/vVN
the integral can be evaluated by the saddle point method [10]. The partition
function can be written in the form:

e—feNg(zo)

ZN = g

(2.10)
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where
2

6(z) = tars ()~ 5 (211)

¢"(2) denotes the second derivative of g(z), and 2.is obtained from the
equation g’(29) = 0, namely

= sinh h(2)
v2I -2z =0. 2.12
[sinh? h(zg) + e—4K[1/2 07 (2.12)

The Helmholtz free energy per spin

f= —/-’——lenZN | (2.13)
N .
after some straightforward algebraic manipulations can be written in the
form: g1
f=-B"Uni(2)+ 5 0, (2.14)

From this result we can obtain the magnetization per lattice site which
is given by

of _ sinh(h + V2T 2)
Oh ~ [sinh?(h + V2Iz) + e—4K]1/2’

0=<0; >= — (2.15)

and by comparing it to (2.12) we conclude that zp = V2Io. Therefore the
magnetization, as expected [11], is determined from the equation

sinh b
- = =0, 2.16
7 [k’ R + e K172 (2.16)
where o \
h=h4+ 210, (2.17)
and the free energy can be written in the form
f==p"nr (o) + B Io (2.18)

The spontaneous magnetization, 0o, is determined by considering in
eq. 2.16 the limit A — 0 which gives the result:

_ sinh(2f 00)
"~ [sinh%(2]a0) + e~4K]1/2"

0o (2.19)

The critical behaviour of the system can be found by analysing (2.18)
and (2.19), and it will depend on the strength of the short- and long-range
interactions]"lf[)‘herefore the phase diagram can be constructed as a function
ofa(a=1/J).

The critical temperature for the second order transitions as a function
of a is obtained from (2.19) by considering the limit 6o — 0 as T — T, and
we get: i

e e = 20K, (2.20)
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Figure 1. The continuous line, for & > 0 or & < ay,, represents the second
order renormalized critical temperature 6, (§ = kgT/|J|) and, for a; <
< @ < 0, the nonzero field critical temperature ., as a function of a (a =
= I/J,I > 0). The dashed line shows the zero field first order renormalized
transition temperature §; and the dotted line represents the pseudo (0cu
and 0.;) second order transition line. P, identifies the tricritical point and
the dashed-dotted line the temperature 6,,, where a metastable nonzero
magnetization state disappears.

which is a known result [11]. For I < 0, irrespective of the sign of J, as
expected the system does not order since it is fully frustrated. Consequently
we will restrict initially our analysis to I > 0. In this case the solution of
the previous equation is shown in fig. 1, where o = —e. For a > 0 we have
second order transitions only, however for a < 0 first order transitions are
allowed.

The first order transition temperature is determined by imposing the
well known conditions on the free energy [5], namely,

of _
B0l = (2.21)
f(a) = £(0), (2.22)

where o is the value of the magnetization at the transition. The first order
transition line is also shown in fig. 1 and as can be seen it meets the second
order transition line at the tricritical point [12], and it ends at o = —2.
The tricritical point can be determined by imposing the condition that
the oy = 0 root of the free energy is four-fold degenerate. This is achieved by
considering the expansion of eq. 2.21 for 6y — 0 and making the coefficient
of o3 equal to zero. We have to impose this condition because the coefficient
of o, is zero, since (2.20) is also satisfied at this point. Therefore we get the
known result

K = -—%Zn{i = —0.274653072167... (2.23)

Qi = —%z[g = —3.15316117512... (2.24)
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which was first determined by Nagle [7].
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Figure 2. Renormalized free energy f (f = f/|J|) as a function of o for
¥=0(y=h/|J|),a =-35 (a) and @ = —-3.0 (b) (a = I/J), and various
renormalized temperatures 6 (8 = kgT'/|J|) o

By analysing the extremes of the free energy at a given temperature,
(2.18), we conclude that reentrant behaviour shown in the solution of (2.20)
is not physically acceptable, since for a given o the lower solution corre-
sponds to a maximum of the free energy. This is shown in fig. 2(a) where
the free energy for different temperatures is presented as a function of o for
a = —3.5. It should be noted that for this value of a (o < ay,), as also
shown in this figure, the upper solution (7) corresponds to a second order
IEra,nsition temperature, since we have a minimum in the free energy at T,
oro =0.

For a;r < a < a, the pseudo second order transition line (7,) shown
in fig. 1 (upper solution) identifies the appearance of a relative minimum

in the free energy at o = 0 since g;é is zero at this temperature, and these
minima correspond to metastable states when T, < T < T;. This behaviour
is shown in.fig. 2(b) for & = —3.0, where-we also present the free energy as
a function of ¢ for various temperatures. :

We can also determine the temperature 1),, in which the minimum of
the free energy at non-zero magnetization o,,, disappears. This is obtained
by solving the system:

of

2 (2.25)
o2 f |
i~ 0, (2.26)




One-dimensional lattice gas ‘ 215

1

and these minima also correspond to new metastable states for T; < T' <
Tme. This behaviour is also exemplified in fig. "2(b) for a = —=3.0. As
can be seen the temperatures Ty, and T, correspond to the limits of the
hysteresis cycle which is present in first order transitions. This hysteresis
cycle is shown in figs. 3(a) and 3(b) where we present the magnetization
as a function of temperature for a = —3.0. The dashed curve shown in fig.
3(a) does not represent physical states since they correspond to maxima in
the free energy at nonzero magnetization as shown in fig. 2(a) for @ = —3.5.
For =2 > a > —e T, is no more defined, and the lower limit of the hysteresis
cycle jumps to zero. ‘

w0 —*\
0.8 ~
061 a=-3.0
041 o,~1322.. !
. 021y =32307.. |
029 . - 0,~3.2520...
A : 8,,,=3.2579...
00 T v T | T T T I’ T : T 0.0 T ' T ' .
00 05 10045, 20 25 30 35 3.1 3.2 6,,6,0,, 3.3
@ ®)
Figure 3. Magnetization as a function of temperature for o = ~30. In

(a) the dashed line represents unstable magnetization states and in (b) the
hysteresis cycle present in this first order transition, which corresponds to
a magnification of the dotted rectangle in (a).

For nonzero field and oy, < @ < 0 the magnetization is a discontinuous
function of T, for A < h., (critical field). For A > h., the magnetization
is a continuous function and, in particular, T¢, corresponds to tie limiting
temperature for A = h.,.. This behaviour can also be seen by looking at the
evolution of the free energy, at a fixed field, as the temperature varies. Fér
a=-25and ¥ < Yery ¥ = Yer and 7 > Yer (v = h/|J|) the results are
shown in figs. 4(a), 4(b) and 4(c) respectively. As it is shown, for v < 7¢r
there appear two degenerate minima at ¢y and oz (o1 < 032), whereas for
4 > 7. we have a single minimum as the temperature varies. For a = —1.5,
which corresponds to a region where the system orders antiferromagnetically
at T = 0 only, the discontinuity in the magnetization for h < her 15 also
present and the behaviour is similar to the one shown in figs. 4(a)-4(c). The
main consequence of these results is that the isotherms in the kA x o plane
are discontinuous functions for ¥ < 7., and the equation of state, obtained

I}
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from (2.16), is given by:

e~ K + /1 + (e~4K - 1)0? lo] < o35
7|K|=én[ , \/ ( ) —2aKo, for or .

vi-o? lo| > o3;
.(2.27)
and
‘ 01 <0< 09;
7(e) = 1(e1) = 7(02), for { or : (2.28)
=03 < 0 < —0j.
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Figure 4. The same as in fig. 2 for « = —2.5 and (a) v = 0.0751...
(7Y < 7Yer = 0.1096...), (b) ¥ = 7Yer and (c) ¥ = 0.13 (v > ¥eér)-

This important result, as we will show later, will imply, as a main con-
sequence, in a non-van der Waals behaviour for the lattice gas. In passing
it should be noted that o; and o, are determined from (2.27) by using the
condition shown in (2.28). At T, 01 = 02 = 0. and 7. and K, can be
immediately determined by imposing the conditions

0y _

=0, (2.29)
0%y
05 =0, : (2.30)

which lead to the equation:

aKo = \/%(1 _ e#Ker), (2.31)

/
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This critical line is also shown in fig. 1 and, as expected, it meets the first
and second order critical lines at the tricritical point [12f.

L ,
a=-3.5 /
0.57 "
Y
0.0 =30
03] 0,=4.478...
.1 :
10 0.0 0.5 1.0

Figure 5. Isotherms for the magnetic system for @ = —-3.5,1 > 0and J < 0.

From the results shown we conclude that for I > 0 and o < 0 the system
presents three different critical regimes which correspond to the regions
—2< a<'0,ay <a < —2and a < a; respectively. The isotherms
in the plane v X o for the three cases are shown in figs. 5-7 for a equal to

—3.5, —2.5 and —1.5 respectively. For @ = —3.5, since we have second order
transition the non-analytic behaviour of the free ener%y occurs along the o
axis. For a = —2.5 this behaviour occurs for T' < T; and for @ = —-1.5,

where the system orders antiferromagnetically and at T = 0 only, it always
occurs for o # 0. In this case %—2 < a < 0), by looking at the ground-state
energy, we can show that the T = 0 isotherm is given by

0, for0<h<2J+1;
az{ oY= + (2.32)

1, for h >2J + 1.

The magnetization is discontinuous at the field A = 2J + I which corre-
sponds to v = 0.5 for the case shown in fig. 7. For a > 0, since there
is no competition between the long- and short-range interactions, as men-
. tioned, we just have second order transitions. In this case for any a > 0 the
isotherms present the same behaviour as the one shown in fig. 5 (a < a4r),
namely, that the non-analytic behaviour occurs along the o axis.

For I < 0 where, as pointed out, the system does not present critical
behaviour at finite temperature, the isotherms are shown in figs. 8 and 9
for J > 0 and J < 0 respectively. For J > 0 and I = 0 the ground state
is obviously ferromagnetic. However for I # 0 it can be shown easily, by
looking at the ground state energy, that the ground state is a two-domain
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a=-2.5

0.2-

6,=2.018...
0=2.355...

-1.0 0.5 0.0 o 0.5 1.0

Figure 6. The same as in fig. 5 for o = —2.5.

1.0 -4 : : .

-1.0 0.5 0.0 . 0.5 1.0

Figure 7. The same as in fig. 5 for a = —1.5.
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structure with zero magnetization. It also can be shown by analysing the
ground-state energy that the T' = 0 isotherm is given by

h < .
={ 3y, for0< h <20, (2.33)

1, for h > 2I.

1 a=10
44 I<0

1.0 05 00 05 1.0

Figure 8. Tsotherms for the magnetic system fora = —-1.0,/ < 0and J > 0.

A similar analysis for J < 0, whose ground state is antiferromagnetic for
I = 0, leads to the conclusion that the ground state is also antiferromagnetic
for I # 0. Moreover, we can show that the ' = 0 isotherm is given by

0, for h < 2J;
o= 423 for2J < h<2J+20 (2.34)
‘1, forh>2I '

as shown in fig. 9.

3. The Lattice Gas

T_h'e Hamiltonian of the one-dimensional lattice gas with short- and long-
range interactions which we will consider is given by:

‘ N .
€ : .
H = —€ annj+1 - ﬁ Z n;ng, (3.1)
jz; ik=1
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-1.0 . 0.5 0.0 05 10
Figure 9. Isotherms for the magnetic system for @ = 1.0, I < 0 and J < 0.

where n = 0, 1, N is the total number of sites of the lattice and where we
have assumed periodic boundary conditions. The thermodynamics of the
system is obtained from the grand-canonical partition function [9],

Z =3 e PH-um),  (32)
2 | _

where p is the chemical potential and # isvg‘iven/by

A=) nj. (3.3)
j=1 ,
The equation of state is obtained from the equations
P=%¥mz, |  (34)
_<n>_4r

(3.5)

p_ N a#,

by eliminating the chemical potential from the above equations. The inter-
action parameters ¢; and e; can be written in terms of the Ising parameters
by introducing the transformation ‘

(36).
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in (3.1), and by comparing it with (2.1) we obtain:
e =4J, € = 8, p = 2h — 4J — 4. (3.7)

In terms of the new variables the grand-partition function is then written
in the form:

N BI N N
Z = > exp{ BN(h - J-D)+BJY ojoj+ 5 > ojor+BhY_o;

{=} i=1 =1 j=1
(3.8)
and from (3.4) and (3.5) we can show immediately that
_1 140
P= v 2 (39)
P=h-J-TI-, (3.10)

where f is the Helmholtz free energy of the Ising model given by (2.18).
Then the phase diagram can be obtained from previous equations and the
results are shown in figs. 10-12 for I > 0 and in fig. 13 for I < 0.

1.4 0.8
1.2
0.6
1.0
p
0.8+
P 0.4 1
0.6+
04/
0.2
[
0.2
1
0.0 . 0.0
1 10 0

(@)

Figure 10. (a) Isotherms for the lattice gas system for & = -3.5 (a = I/J),
I > 0, and where p is the renormalized pressure (p = P/|J|); (b) Phase
diagram showing the gas-liquid transition and the critical temperature.

For I > 0, as in the magnetic system, we will have three different critical
regimes. For @ < a; or a@ > 0 we just have two phases, namely, gas and
liquid phases and the general behaviour of isotherms is shown in fig. 10(a)
for @ = —3.5. In this case the system behaves as a normal liquid-gas system
and P — 0 as T — 0. The transition line is shown in fig. 10(b) and it
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starts at the origin of the coordinate axes. For oy, < @ < —2 the system
presents three phases which we identify with gas, liquid and solid phases.
An important point concerning these phases is that the critical isotherm
is the same for both transitions. This can be seen in fig. 11(a) where we
present the isotherms for @ = —2.5. Another important aspect concerning
the critical behaviour is the existence of a triple point which means that
the system can undergo the sublimation process. In this process P — 0 as
T — 0 and the phase diagram is shown in fig. 11(b).

1.0 0.5 ,
a=-2.5
6,=2.018...

0.8 0.4 9.=2.355...

0.6- 0.34

p P

0.4 0.21

0.24|\ 0.1-

0.04 0.0

0
® o ®)

Figure 11. (a) The same as in fig. 10(a) for @ = —2.5 (a = I/J), I > 0;
(b) Phase diagram showing the transitions gas-liquid, liquid-solid, gas-solid,
the critical temperatures and the triple point.

For —2 < a < 0 we also have three phases and the same critical tem-
perature for both transitions. The isotherms for @ = —1.5 are shown in fig.
12(a). In this case there is no triple point and another important feature is
that the isotherms can cross. In the gas-liquid transition P — 0 as T — 0
as the phase diagram in fig. 12(b) shows and this imply that no sublimation
process is allowed. :

All results for I > 0 agree qualitatively with the ones obtained for the
classical gas [1-4], apart from the van der Waals behaviour presented by the
isotherms in the coexistence region which is not present in the lattice gas.
This is a direct consequence of the discontinuous behaviour of the isotherms
in the Ising model shown in (2.27) and (2.28). Another important difference
from the classical gas is the fact that the critical isotherm is the same for
the different transitions in the three phase case.

Finally in figs.13(a) and 13(b) we present the results for I < 0 where
we have a single phase. The results for @ = —1.0 (I < 0) are presented
in fig. 13(a) and they show that the system behaves qualitatively as a
pseudo van der Waals gas where we have a repulsive interaction between the
particles. The isotherms are monotonic concave functions and.in particular
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2.0
154\
P
1.0
0.5
0.2' . . ew
0.0 0.0 , 4/@—

0.0 04 08 . 12

(:;) ' ®)
Figlire 12. (a) The same as in fig. 10‘(a.) fora=-15(a=1/J),I>0;(b)
The same as in fig. 11(b) without triple point.

the limiting isotherm, namely, at T = 0 is given by

oo, forv <1,
P= { (3.11)

%;‘J, for v > 1;

" which is identical to the one in the above mentioned pseudo van der Waals
gas with repulsive interaction [5]. '

~ For @ = 1.0 the results are shown in fig. 13(b) and in this case the

isotherms can cross for v < 2. This leads to an anomalous behaviour for this

single phase and the isotherms in this region present two inflexion points.
In particular the limiting isotherm, at T = 0, is given by:

‘oo, forv<1;
P={4(1+%), fori<v<y (3.12)

2, forv>2

and the results show that at least qualitatively for v > 2 the gas has the same

behaviour as the one presented for a < 0, namely, a pseudo van der Waals

gas. It also should be noted that there is a limiting temperature T~ above

which the isotherms do not cross for any value of v. This temperature is a -
function of @, and can be determined by imposing that the limiting isotherm

contains the point (4 + @,2) of the p X v plane.
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Figure 13. The same as in fig. 10(#) for I < 0, (a) fora = -1.0 (a = I/J)
and (b) for o = 1.0 '

4.  Conclusions

In this paper we have studied the lattice gas with short- and long-range
interactions. For attractive long-range interaction the system presents two
different critical behaviours depending on the strenght of the short-range
interaction, namely, two or three phase regimes. These regimes are quali-
tatively identical to the ones presented by the classical gas [1-4 although
no van der Waals behaviour is presented by the isotherms in the coexis-
tence regions. Moreover we always have a unique critical isotherm in the
three phase regime, which exists for repulsive short-range interaction on-
ly, whereas in the classical gas we can have two critical isotherms. This
has as an immediate consequence that when there is a triple point and the
. two-phase regime is attained from the three-phase regime by varying contin-
uously the short-range interaction, the coexistence regions above the triple
point isotherm are simutaneously suppressed. In the three phase regime the
isotherms can cross for some values of the parameters, and this anomalous
behaviour resembles the one presented by water. ’

For repulsive long-range interaction we have just a single phase for J <
OorJ > 0. For J < 0 the isotherms can cross for T < T* (limiting
temperature) and v < 2, leading to an anomalous behaviour. For T' > T*
and arbitrary v or T < T™ and v > 2 the isotherms are monotonic concave
functions and present the behaviour of a pseudo van der Waals gas with
repulsive interaction. This is also presented by the system when J > 0 for
any temperature, since the isotherms are monotonic concave functions.
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OOIHOBUVIMIPHUUI 'PATKOBUMM I'A3

A.Il. Biewpa, JI.JI. I'or3aiec

Po3rnaHyTo onMHOBUMIDHMI IpaTKOBUY ra3 3 0AM3bKO- U JaJe-
KOCHAXHO10 B3aeMouier. TepMoIMHaMiuHI BIACTUBOCTI CHUCTEMH
OTPUMaHO 3BUYANHUM crocoboM AK 1 1as Mogedl IsiHra, mo Moxe
6yTu po3r’Azana TouHo. Po3R’A30K MarHiTHOI MogeJi 3HalleHo Me-
TOXOM () YHKLIOH&JIBHOIO IHTErpyBaHHA, PENCTaBIeHO OTJANL KPHU-
TUYHUX Moka3uukiB. OTpumano ¢a3oBl QlarpaMy FPaTKOBOTO ray
IJIA pi3HO1 BEJIUMUMHU NapaMeTpin B3aeMmonii. KpuTiisni nokasHuku
MOpIBHIOIOTLCA 3 OTPUMAHUMM paHlle JJIA KJIaCUYHOTo Ta3y.



