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The report presents new Poisson integral representations of grand
canonical Gibbs ensemble correlation functions for equilibrium and
nonequilibrium continuous systems of classical statistical mechanics.
These representations give an opportunity to apply technique, which
is well developed for lattice systems. Some new results are announced.

1. Introduction

In this short report I am going to give some new examples of application
of Poisson analysis in physics. There are many well-known examples of
application of Gaussian functional integrals for treating models of statistical
mechanics. These are the the works by D. C. Brydges and P. Federbush [5],
T. Z. Imbrie [2], A. I. Pilyavsky and A. L. Rebenko [3] in which Sine-Gordon
transformation was used for Gaussian representation of correlation functions
and the work of I. R. Yukhnovskii, M. F. Holovko and their collaborators
(see [21]) in which the method of collective variables was applied.

But these methods work only in the case of two-body interaction poten-
tial V(z — y), which satisfies the following assumptions:

1.Positive definition: (f,V f) = /f(:v)V(:v —y)f(y)dxdy > 0,

2.Regularity condition: V(0) < oo.

As to assumption 1., a wide class of interactions (including Yukawa
and Coulomb interaction with hard-core), does satisfy 1., but the second
assumption 2. is not accepted from physical point of view as the repulsion
forces of two particles should increase to infinity when they collide, i.e.
V(0) = +oc.

In the paper [15] a new representation for distribution functions of clas-
sical statistical mechanics was proposed. It was based on Poisson measure
integral representation. This new form of integral representation for distri-
bution functions gives an opportunity to simplify considerably the construc-
tion of cluster expansion and proof of its convergence. In the later work of
[16] this method was extended to wide class of interaction potentials, which
satisfy only stability condition:

3. Ux(zy,...,2n) > —N B, and some integrability property.

The main goal of this talk is a short description of this method and
announcing some new results, which can be obtained using Poisson measure
representation.
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A short contents of this report is following. In Section 2 we briefly state
some notions and formulas of the Poisson analysis, needed for later exposi-
tion. In Sections 3 and 4 we obtain representations of correlation functions
of classical systems for equilibrium and nonequilibrium cases respectively.
And finally in the conclusion we enumerate some new results and discuss
some perspectives.

2. Some remarks on the Poisson analysis

Detailed exposition of different aspects of the Poisson analysis may be found
in [6-11,18]. In this section we are going to remind only some of the most
useful definitions and formulas which will be used later.

2.1. Definition, support

Definition 1 We define the Poisson measure dP on the Schwartz space of
tempered distributions S’ = S'(R?) by following characteristical functional:

Cle] E/ dP?(q)e’<¥?” = exp [z/(ew(””) - 1)d$] , (1)
s A
where ¢ € S = SM?), A C R?, |[A| < oo, and z > 0 is an intensity
parameter.

Remark Of course, formula (1) is correct even in case when A = R* but
we are going to apply this formalism to the problems of equilibrium statistical
mechanics and therefore will start from the finite set A embedded into R3.

Notation 1 Let Ly = Ly(S',[P;) be the space of functions square inte-
grable with respect to the measure dP>.

Lemma 1 For any p(z) € S(R) the set E = {~91> ¢ € S} is dense in
L,.

For proof see Theorem 3 in [7].
Notation 2 Let §, = i(- — x).
Lemma 2 For any F[q] € Ly the following formula is true:

[ P @)Fig) = = > | (@o.F 25] - (2)

Proof. Let us expand the exponent on the right-hand side of (1) in series,
taking into account that |A| < oo:

A i s __—z|A — z" - <
8 dPMq)e' <97 = ¢ ;m/j\"(dm)nexp lz;@(m])]

By Lemma 1 the latter formula may be extended to any F(q) € L,. O

HEp = {ié(m —mj)}

with Poisson distribution law for xi,...,x, € A (z; # z; if i # j) is carrie
set for the measure dP2(-). See [16] for more details.

Corollary The set
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2.2. Formulas for momenta and integrating by parts

From (1) it follows the next formula for momenta of measure dP*(-):

: dPZA(q) <QL,q> ... < Qp,q>=

= Z,aal‘amexp lz/A (exp l?jZajgoj(:v)] — 1) d:v]

=1

(3)

ar1=...=ar=0

See also [17].
Lemma 3 [13] For any ¢ € S and any F € L, we have

[ aPM@) <> Fld =2 [ dPXo) [ dep@Fla+o). @)

Proof. As follows from Lemma 1 it is sufficient to prove (4) for Flg] =
expli <&,q>], £ €S:

) o0 .
/ deA(q) <@,q> ei<éa> — szA(q) ._ez<£+cw,q>
S s 10

a=0

bl

o )
- = dPA i<étap,qg>
oo L P a)e

0 L
- Y itiae(e) _ 1\q
Z,aaexp[z/[‘(e )dx )

= z/ dzp(z)e*® exp [z/(e’f(z) — 1)dx
A A
:z/dmp(x)eig(””)/ dP?(q)e'<&7>
A s

:z/ dzp(x)e~&ato=> O
A

3

2.3. U-transformation and Wick regularization

Definition 2 As in [6], let us define a U-transformation for a function
F € L, by the formula:

UF)©) =0 [ aPX@Fldee. ges. )

As follows from Lemma 1, there exists the reverse U !-transformation. It
is easy to see from Definitions 1 and 2 that

(6)

(U exp[< log(1+ ). >]) () =exp |2 [ p(a)da
A
and therefore

(U‘1 exp [z//\eig(“)go(m)dm]> (q) = exp [< log(1 + ¢),q >]. (7)
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Definition 3 Let us define now a Wick regularization by the formula (see
[6]): ,
t Flg) = (UT'F [2€]) (q). 8)

From Definition 3 and the formula (7) it directly follows that

i=1 i=1

k k
: exp lz a; < @;,q >] = exp [< log(1 + Za]«pj),q >] (9)

and therefore:

k k
o*
] < ejoa>= P exp l< log(1 + ;ajgoj),q >]

j=1

ay1=...=ar=0

(10)

Remark As can be seen from the latter formula, the Wick regularization
coincides with the normal ordering of the Poisson fields regarded in [17].

It immediately follows from (10) and (1) that

dPMq) < 1,4 > ... < g >=2" <, 1> ... <, 1>, (11)
Sl

2.4. The Wick theorems

The formulas (10) express the Wick polynomials in terms of usual polyno-
mials. If we inverse them we obtain [17] the Poisson analog of well-known
in the Quantum field theory and Gaussian analysis Wick theorem [1] which
gives the rule of expressing the usual polynomials in terms of the Wick
polynomials. To formulate it we need first the following definition:

Definition 4 Let the ‘pairing’ of the n Poisson fields be the following:

| | |
< P1,9>< w9,4> ... < P, d >=< P1Ps ... PR, q > . (12)

Theorem 1 The usual product of the Poisson fields is equal to the sum of
all corresponding normal products with all possible ‘pairings’ including the
normal product without any ‘pairing’.

The proof of Theorem 1 uses generalized Wiener-It6-Segal isomorphism [8]
under which the operator of multiplication by the ¢(z) goes over into the
operator ¢(z) = (a*(z) + 1) (a~ (z) + 1) on the Fock space F = F (L (R?)),
where a*(z) and @~ (z) are usual creation and annihilation operators:

[a”(z),a®(z")] = §(z — 2).

The normal ordering of the product of such operators in the Fock space
means their usual product in which all creation operators are placed on
the left and annihilation operators are placed on the right. Therefore, after
applying Wiener-1t6-Segal isomorphism the proof of Theorem 1 merely turns
into a combinatoric exercise (see [17] and [12] for details).

In the same way it may be proved the following generalized Wick the-
orem which in connection with formula (11) appears to be very useful for

calculation of some averages by the measure dP.
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Theorem 2 The product of normally ordered products of the Poisson fields
18 equal to the sum of all corresponding normal products with all possible
‘pairings’ which connect the Poisson fields from initially different normal
products including the normal product without any ‘pairing’.

2.5. Generalized integration by part formula

To construct the integral representation for distribution functions in statis-
tical mechanics we will also employ the following lemma:

Lemma 4 For any ®, F € Ly and ¢ € S the following formula is true:

[ aPM@) i< 00>l Flo = 2 [ dPN@):0la): [ dep(@)Fla+5.)
(13)
Proof. Again by virtue of Lemma 1, it is sufficient to prove Lemma 4 for

Flq] = €<%7> and ®[q] = ¢*<¢9>, where ¢,¢ € S. Using (1) and (9), we
have:

/ dPZA(q) < @, q > ei<<’q> : ei<§7q> —

0

dPA :ei<4+a¢,q> :ei<£,q>
~ ida (9)

a=0

= —/ dP*(q) exp [< log(1 + i¢ + iap) + i€, q >]
10a Js

= aiexp [ / dz (€ (1 +i¢(z) + iap(z)) — 1)]

A

a=0

bl

a=0
_ z/ dmezi(z dPA( Jexp [< log(1 4 i¢) + i€, q >],
= z/ dze® dpA( ) 1 iG> gi<ea>,
=z | dPq): €’<<’q> : / dzp(z)e <&rHo=>, O
S’ A

3. DPoisson integral representation of the correlation func-
tions. Equilibrium case.

Let us consider the system of classical identical particles contained in a
certain finite volume A C R* and interacting by M-particle (M > 2 and
fixed) potential of general form:
VE(‘/Q(ZEI,.'L'Q),...,VM(ZEI,...,.’L'M)). (14)
Then the potential energy for n-particles located at points x1,...,xz, is:
M
:Z Z ‘/k(mila'--axik)a (15)

k=2 1<i1<...<ix<n

where (z),, = (z1,...,2Z,).
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We assume that our potential satisfies the following stability condition:
iB>0:Y(z), € A" U(x), > —Bn. (16)

The stability condition allows us to define correlation functions in the grand
canonical ensemble as usual:

0 m+n
@ =52 L5 [ @Rt en U@l (1)
where o
=a=3 0 ) @ ew U (18)

is the grand partition function, § is an inverse temperature and z is an
activity.

Theorem 3 Let 'V satisfies stability condition (16) then the following for-
mula s valid in the weak sense:

pa(@)m =B(A) [ dPMq): q(@1).. qlam) 1 P (19)
where
M
1 1
Ol =3 [ @Vl w) saln)-aly) s (20
p:2 . P
and
E(A) =e B, = . dP*(g)e~PUrldl (21)

Proof. Making renormalization as in (21) and using (2) we can write down
pa in the following form:

pa(@)m = 2" B(A) " [ dPMg)e PV, (22)
Sl
where

Uld@n = 3 > [ i (23)

|
0<k<p<M k! 1<ii<in<...<ip_p<m

1

x‘/:l)(in"' axip_kayla"' ayk) : q(yl) q(yk) : (24)

with Vy = V; = 0.
It is easy to see that lemma 4 applied m-times to (22) gives (19). O

4. Poisson integral representation of the correlation func-
tions. Nonequilibrium case

Following the paper [20] we define the following characteristical functional:

Ctin) =Y / (A2)N py (L1, ooy T ) it 19, (25)
N=0
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where py > 0 and
oo ZN N
> 25 [ @ ox(tan . an) = 1 (26)
N=0 :

Here z = (q,p) € R° is a point in the coordinate-momentum phase space.
Then from Minlos theorem

Cun) = [ € dui (o). 27)

Now we consider the case for which a function EY{ € L*(dP*(0)) exists so
that

N
E/t\(z 6( - IL‘])) = px(tﬂwla' ce 7mN) = eZ‘Ale(taxla s ,ZEN)- (28)

Jj=1

Then using (2) we have
Citn) = [ dPN) B (@) (29)

So from (27) and (29) we conclude that measure du’ (o) is absolutely con-

tinuous with respect to Poisson measure dP* (o) for py which is given by
(28):

dii, (o) = Bi(0)dPA (o), (30)
Then we assume that px(, z1,...,zy) is the solution to the Liouville equa-
tion:
Oph (t,xe,...,2N)
= (;t - = {HNapé\V}a (31)
where
N2
H=Y 2y S Vi -q) 3
j=1 1<i<N

is the Hamiltonian of N-particle and {-,-} is Poisson bracket.

It is well-known that nonequilibrium distribution functions which satisfy
BBGKY chain equations can be constructed from p4 (¢, z4,...,7y) accord-
ing to the formula

A o 2" A
fN(tamla"'axN): m) / deJrl---d$N+mpN+m(t’$1a"'7$N)‘
m=0 . (A@R3)™
(33)
Using (33), (25) — (27) and (9) we get the representation for generating
functional of distribution functions fa(¢,z1,...,zy):
. — 1 . .
F{t,j} = Z N/d:vl...dme][\‘,(t,xl,...,mN)j(ml)---j(:vN) =
N=0
— duzt(a)e(o,log[lﬂ(d]) —
s 7
= dp (o) : el (34)
SI

The next step is the following lemma (see [20])
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Lemma 5
F{t,j} = /e(Uta,log[1+j(.)])durhoz’0 _
= / : e(Ut,j) - dp,ho™, (35)

where Uyo = o(t, z) satisfies the Viasov equation

Ba(t,x) _ p(”) aa(t,x ag t ‘,E /d ! / (q - q) (36)

o m 9qW op™) 9g®
with initial date 0(0,z) = o(z).

The proof follows from direct verification that (35) satisfies BBGKY func-
tional equation for F(¢,7) if (36) is valid.
So from (35) we have

Flty e, /dM o(z1,t) - olEmit) . (37)

Now using (30) and choosing initial data for Liouville equation as pertur-
bation of stationary distribution by potential w(q) we obtain the following
representation:

—BHN (z1,....,an)—0 Z w(gi—q;)
pﬁ\v(O,xl, . ,ZEN) = Z(A)ileizmle 1<i<j<N . (38)

5. Conclusion

Using introduced representation, we can compose cluster expansion for sys-
tems with many-body interaction and prove its convergence (see [19]) in
spite of the remarks of D.Bryges [4]. We also state that in nonequilibrium

case we can form cluster expansion for (38) and apply the well-developed
method of cluster expansion. This work i1s our nearest perspectives.
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IIYACCOHIBCBLKUI AHAJII3 TA
CTATUCTUUYHA MEXAHIKA

A .JI.PebGerko

B nonogini npuBenene HOBe MpenCTABIEHHS KOPPEIAMINHIX QyH-
KIiil BEJIMKOIO KAHOHIYHOIO aHCaMOJII0 NI PIBHOBAYKHUX Ta HEPiB-
HOBAXKHUX HEMEPEPBHUX CUCTEM KJIACUYHOI CTATUCTUYHOI MeXaHi-
ku. Ili mpemcraBiieHHS OAIOTL MOXKJMBICTL 3aCTOCYBATH TEXHIKY,
mo mobpe po3pobieHa mJisa rpaTyaTUuX CUCTeM. AHOHCYIOTLCA Je-
AIKi HOBi pe3yILTATH.



