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We propose a two-sublattice proton ordering model for the quasione-dimensional CsH2PO4 ferroelectric withhydrogen bonds, which takes into account linear on lattice strains u1, u2, u3 and u5 contribution to the en-ergy of proton subsystem. The model also takes into account the dependence of effective dipole moments of
pseudospins on the order parameters, which enables one to agree the effective dipole moments in paraelectric
and ferroelectric phases. Within this model in two-particle cluster approximation on short-range interactions
and in the mean field approximation on long-range interactions, there is investigated the behaviour of sponta-
neous polarization, longitudinal dielectric permittivity and molar heat capacity under the action of hydrostatic
pressure and longitudinal electric field. The phase transition into antiferroelectric phase under high pressures
is explained. The character of smearing of the paraelectric-ferroelectric phase transition as well as suppression
of the antiferroelectric phase at the presence of electric field is studied.
Key words: ferroelectrics, phase transitions, dielectric permittivity, hydrostatic pressure effect, electric field

effect

1. Introduction

Investigations of the pressure and field effects on physical properties of ferroelectrics are urgent
indeed because they make it possible to deeper understand the mechanisms of phase transitions in these
materials as well as to carry out a search for the new physical effects, which are not observed under zero
pressure and zero external field.

A ferroelectric with hydrogen bonds CsH2PO4 (CDP) is an example of the crystal where the pressure
and field effects are essential. In this crystal there are two structurally inequivalent types of hydrogen
bonds of different length (figure 1 a). Longer bonds have one equilibrium position for protons, whereas
shorter bonds have two equilibrium positions. They link PO4 groups into chains along b-axis (figure 1 b);
therefore, the crystal is quasione-dimentional. At room temperature and under zero pressure, the crystal is
in the paraelectric phase and has a monoclinic symmetry (space group P21/m) [1, 2]. In this case, protons
on the shorter bonds occupy two equilibrium positions with equal probability. Below Tc = 153 K, the
crystal passes into the ferroelectric phase (space group P21) [3, 4] with spontaneous polarization along
crystallographic b-axis, and the protons occupy mainly the upper equilibrium position (figure 1, b).

Based on dielectric investigations [5, 6], it was determined that under pressure pc = 0.33 GPa
and Tcr

c = 124.6 K, there appear double hysteresis loops, which means that the crystal passes to the
antiferroelectric phase. Using investigations on neutron scattering [7], it was established that in the
antiferroelectric phase a primitive cell of CDP crystal redoubles along a-axis, because there appear two
sublattices in the form of (b,c)-planes, which are polarized antiparallelly along b-axis and alternate along
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a-axis. Symmetry of the crystal remains monoclinic (space group P21), and parameters of the redoubled
lattice are as follows: a = 15.625 Å, b = 6.254 Å, c = 4.886 Å, β = 108.08 ◦. Thus, there takes place
a quite large shift of Cs atoms and PO4 groups in (a, c)-plane and the rotation of the PO4 groups by
36.8 ◦ around b-axis, which passes through P atom. The protons on the hydrogen bonds of the neighbour
sublattices are ordered antiparallelly. Under very high pressures, there appears a new antiferroelectric
phase (AF2), where two sublattices have the formof chains along b-axis, which are polarized antiparallelly
along b-axis and have a checkerboard arrangement. The phase AF2 was predicted in [8] based on the
NMR investigations and was confirmed in [9] on the basis of dielectric constant measurements at low
temperature and X-ray diffraction measurements.

Results of dielectric constant measurements under hydrostatic pressure, presented in [6, 9–11], do not
agree with each other. In particular, there are different rates of change of the phase transition temperature
with pressure, as well as different maximum values of dielectric permittivity. This is indicative of high
sensitivity of the dielectric properties to the quality of the grown samples of CDP.

An attempt to theoretically describe the paraelectric-ferroelectric and paraelectric-antiferroelectric
phase transition in CsH2PO4 and CsD2PO4 as well as experimental data for the dielectric permittivity
was made in [12], where the crystal is described as pseudospin Ising chains. The interactions between
the pseudospins within a chain are taken into account strictly, whereas the dipole-dipole interactions
between the pseudospins of different chains are determined in the mean field approximation. Therein,
expressions for spontaneous polarization and dielectric permittivity and equations for the phase transition
temperatures were obtained. It was considered that the interactions linearly decrease with pressure, while
the interchain interactions change their sign under the pressure higher than the critical value. However,
there was not examined the issue about a description of the experimental data for dielectric constant by
the proposed theory.

Later on, in [13] using the pseudospinmodel [12] and the two-particle cluster approximation for short-
range configuration interactions, there were calculated thermodynamic and dynamic characteristics of
CDP type ferroelectrics at different values of hydrostatic pressure. A good agreement of the theory with
the experimental data for the dielectric constant and for pressure dependence of the para-ferroelectric
and para-antiferroelectric phase transition temperatures was obtained. However, in the model [12, 13],
one cannot calculate piezoelectric and elastic characteristics of the crystal, and the critical pressure does
not depend on temperature.

In [14], temperature dependences of the lattice strains u1, u2, u3, u5 were measured. There was also
proposed a quasione-dimensional Ising model for CDP crystal, where the parameters of interaction are
linear functions of these strains. Based on this model, the temperature dependences u j(T)were explained.
However, this model does not consider the crystal as two sublattices and does not enable one to describe
the ferroelectric-antiferroelectric phase transition under high pressures.

In [15], therewas proposed a two-sublatticemodel of compressibleCDP crystal, where the interactions
between the neighbouring pseudospins within a chain are taken into account in the two-particle cluster
approximation,whereas long-range (including interchain) interactions— in themeanfield approximation.
Here, interaction parameters are linear functions of strains u j . As a result, there were calculated the
temperature dependences of spontaneous polarization, dielectric permittivity, piezoelectric coefficients
and elastic constants.

In [16], using the proposed in [15] model of deformed CDP crystal, there was investigated the effect
of hydrostatic pressure on the phase transition temperature, longitudinal static dielectric characteristics
of Cs(H1−xDx)2PO4 crystals.

As it is well known, at the presence of the longitudinal field Ey , a second order phase transition smears,
and the temperature dependence of the longitudinal permittivity εyy(T) shows a rounded maximum. At
the same time, in [15, 16], the effective dipole moments, which have different values in the paraelectric
and ferroelectric phases, were used to calculate the longitudinal dielectric permittivity εyy . This leads to
the appearance of a break on the curve εyy(T) instead of the rounded maximum at the presence of the
external field Ey . Therefore, in order to describe the smearing of the phase transition, in the present paper
we modified the model [15] assuming that the effective dipole moment on a hydrogen bond depends on
the order parameter on this bond because the order parameter depends on temperature continuously near
the phase transition point.
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Figure 1. (Colour online) Primitive cell of CsH2PO4 crystal in the ferroelectric phase.

2. The model of CDP crystal

We consider the system of protons in CDP, localized on short O-H...O bonds between the groups PO4,
which form zigzag chains along the crystallographic b-axis of the crystal (see figure 1). The primitive cell
includes one chain, marked as “A” in figure 1. Further, we consider the restricted primitive cell, which
includes two chains (“A” and “B”) in order to describe the transition to the antiferroelectric phase under
high pressure. All the chains “A” form a sublattice “A”, whereas all the chains “B” form a sublattice “B”.
Every chain in the primitive cell includes two neighbouring tetrahedra PO4 (of type “I” and “II”) together
with two short hydrogen bonds (respectively, “1” and “2”).

Dipolemoments ®dA
q1, ®d

A
q2, ®d

B
q1, ®d

B
q2, are ascribed to the protons on the bonds. Pseudospin variables

σA
q1
2 ,

σA
q2
2 ,

σB
q1
2 ,

σB
q2
2 describe reorientation of the respective dipolemoments of the base units: ®dA,B

q1,2 = ®µ
A,B
q1,2

σA,B
q1,2
2 .

Mean values 〈σ2 〉 =
1
2 (na−nb) are connected with differences in occupancy of the two possible molecular

positions, na and nb.
Hamiltonian of proton subsystem of CDP takes into account short-range and long-range interactions.

Under the stresses maintaining the symmetry of crystal σ1 = σxx , σ2 = σyy , σ3 = σzz , σ5 = σxz (X ⊥
(b,c), Y ‖ b, Z ‖ c), and in the presence of electric field E2 = Ey , it can by written in such a way:

Ĥ = NUseed + Ĥ short + Ĥlong + ĤE + Ĥ ′E, (2.1)

where N is the total number of restricted primitive cells.
The first term in (2.1) is “seed” energy, which relates to the heavy ion sublattice and does not explicitly

depend on the configuration of the proton subsystem. It includes elastic, piezolectric and dielectric parts,
expressed in terms of the electric field E2 and strains maintaining the symmetry of crystal u1 = uxx ,
u2 = uyy , u3 = uzz , u5 = 2uxz :

Useed = v

(
1
2

∑
j, j′

cE0
j j′ u ju′j −

∑
j

e0
2jE2u j −

1
2
χu0

22 E2
2

)
, j, j ′ = 1, 2, 3, 5. (2.2)

Parameters cE0
j j′ , e0

2j , χ
u0
22 are the so-called “seed” elastic constants, “seed” coefficients of piezoelectric

stresses and “seed” dielectric susceptibility, respectively; v is the volume of a restricted primitive cell. In
the paraelectric phase all coefficients e0

i j ≡ 0.
Other terms in (2.1) describe the pseudospin part of Hamiltonian. In particular, the second term in

(2.1) is Hamiltonian of short-range interactions:

Ĥshort = −2w
∑
qq′

(
σA
q1

2
σA
q′2

2
+
σB
q1

2
σB
q′2

2

) (
δRqRq′

+ δRq+Rb,Rq′

)
. (2.3)
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In (2.3), σA,B
q1,2 are z-components of pseudospin operator that describe the state of the bond “1” or “2”

of the chain “A” or “B”, in the q-th cell, Rb is the lattice vector along OY-axis. The first Kronecker
delta corresponds to the interaction between protons in the chains near the tetrahedra PO4 of type “I”,
where the second Kronecker delta corresponds to the interaction near the tetrahedra PO4 of type “II”.
Contributions into the energy of interactions between pseudospins near tetrahedra of different type are
identical.

Parameter w, which describes the short-range interactions within the chains, is expanded linearly into
a series with respect to strains u j :

w = w0 +
∑
j

δ2ju j, ( j = 1, 2, 3, 5). (2.4)

The term Ĥlong in (2.1) describes long-range dipole-dipole interactions and indirect (i.e., through
the lattice vibrations) interactions between protons which are taken into account in the mean field
approximation:

Ĥlong =
1
2

∑
qq′

f f ′

Jf f ′(qq′)
〈σA

q f 〉

2
〈σA

q′ f ′〉

2
−

∑
qq′

f f ′

Jf f ′(qq′)
〈σA

q′ f ′〉

2
σA
q f

2

+
1
2

∑
qq′

f f ′

Jf f ′(qq′)
〈σB

q f 〉

2
〈σB

q′ f ′〉

2
−

∑
qq′

f f ′

Jf f ′(qq′)
〈σB

q′ f ′〉

2
σB
q f

2

+
1
2

∑
qq′

f f ′

K f f ′(qq′)
〈σA

q f 〉

2
〈σB

q′ f ′〉

2
−

∑
qq′

f f ′

K f f ′(qq′)
〈σB

q′ f ′〉

2
σA
q f

2

+
1
2

∑
qq′

f f ′

K f f ′(qq′)
〈σB

q f 〉

2
〈σA

q′ f ′〉

2
−

∑
qq′

f f ′

K f f ′(qq′)
〈σA

q′ f ′〉

2
σB
q f

2
, (2.5)

where the first two terms describe the effective long-range interaction between pseudospins within the
same sublattice “A” or “B”, whereas two other terms — between pseudospins of different sublattices
“A” and “B”. Taking into account that 〈σA,B

q f
〉 does not depend on the number of primitive cells q, we

write (2.5) in such a way:
Ĥlong = NH0 + Ĥ2, (2.6)

where

H0 =
1
8

[
J11

(
〈σA

1 〉
2 + 〈σB

1 〉
2
)
+ J22

(
〈σA

2 〉
2 + 〈σB

2 〉
2
)
+ 2J12

(
〈σA

1 〉〈σ
A
2 〉 + 〈σ

B
1 〉〈σ

B
2 〉

)]
+

1
4

[
K11〈σ

A
1 〉〈σ

B
1 〉 + K22〈σ

A
2 〉〈σ

B
2 〉 + K12

(
〈σA

1 〉〈σ
B
2 〉 + 〈σ

B
1 〉〈σ

A
2 〉

)]
, (2.7)

Ĥ2 = −
∑
q

{(
J11〈σ

A
1 〉 + J12〈σ

A
2 〉 + K11〈σ

B
1 〉 + K12〈σ

B
2 〉

) σA
q1

4

+
(
J12〈σ

A
1 〉 + J22〈σ

A
2 〉 + K12〈σ

B
1 〉 + K22〈σ

B
2 〉

) σA
q2

4

+
(
J11〈σ

B
1 〉 + J12〈σ

B
2 〉 + K11〈σ

A
1 〉 + K12〈σ

A
2 〉

) σB
q1

4

+
(
J12〈σ

B
1 〉 + J22〈σ

B
2 〉 + K12〈σ

A
1 〉 + K22〈σ

A
2 〉

) σB
q2

4

}
. (2.8)
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Here, parameters Jf f ′ =
∑

Rq−Rq′
Jf f ′(qq′) and K f f ′ =

∑
Rq−Rq′

K f f ′(qq′) are Fourier transforms of
long-range interaction constants at k = 0. The parameters Jf f ′ and K f f ′ are expanded linearly into a
series with respect to strains u j :

J11 = J22= J1 +
∑
j

ϕ̄1ju j, J12 = J21 = J2+
∑
j

ϕ̄2ju j,

K11 = K22 = K1 +
∑
j

ϕ1ju j, K12 = K21 = K2 +
∑
j

ϕ2ju j . (2.9)

Taking into account such symmetry of pseudospins in the chains of CDP

〈σA
q1〉 = 〈σ

A
q2〉 = η1, 〈σB

q1〉 = 〈σ
B
q2〉 = η2, (2.10)

we write expressions (2.7), (2.8) in such a way:

Ĥ0 = ν1(η
2
1 + η

2
2) + 2ν2η1η2, (2.11)

Ĥ2 =
∑
q

[
− (2ν1η1 + 2ν2η2)

(
σA
q1

2
+
σA
q2

2

)
− (2ν2η1 + 2ν1η2)

(
σB
q1

2
+
σB
q2

2

)]
. (2.12)

Here, the following notations are used:

ν1 =
1
8
(J11 + J22 + 2J12) = ν

0
1 +

∑
j

ψj1u j, ν0
1 =

1
4
(J1 + J2), ψj1 =

1
4
(ϕ̄1j + ϕ1j), (2.13)

ν2 =
1
8
(K11 + K22 + 2K12) = ν

0
2 +

∑
j

ψj2u j, ν0
2 =

1
4
(K1 + K2), ψj2 =

1
4
(ϕ̄2j + ϕ2j). (2.14)

The fourth term in (2.1) describes the interactions of pseudospins with the external electric field:

ĤE = −
∑
q

µyE2

(
σA
q1

2
+
σA
q2

2
+
σB
q1

2
+
σB
q2

2

)
, (2.15)

where µy is y-component of effective dipole moments per one pseudospin.
The term Ĥ ′E in Hamiltonian (2.1) takes into account the above mentioned dependence of effective

dipole moments on the mean value of pseudospin s f :

Ĥ ′E = −
∑
q f

s2
f µ
′E2

σq f

2
= −

∑
q f

(
1
N

∑
q′

σq′ f

)2

µ′E2
σq f

2
. (2.16)

where σq f (f=1, 2, 3, 4) are brief notations of pseudospins σA
q1, σ

A
q2, σ

B
q1, σ

B
q2, respectively. Here, we

use corrections to dipole moments s2
f µ
′ instead of s f µ′ due to the symmetry considerations, the energy

should not change, when field and all pseudospins change their sign.
The term Ĥ ′E , as well as long-range interactions, are taken into account in the mean field approxima-

tion:

Ĥ ′E = −
∑
q f

(
1
N

∑
q′

σq′ f

)2

µ′E2
σq f

2
= −

1
N2

∑
q f

∑
q′

∑
q′′

σq fσq′ fσq′′ f
µ′E2

2

≈ −
1

N2

∑
q f

∑
q′

∑
q′′

[ (
σq f + σq′ f + σq′′ f

)
η2
f −2η3

f

] µ′E2
2

= −3
∑
q

4∑
f=1

σq f

2
η2
f µ
′E2 + N

4∑
f=1

η3
f µ
′E2. (2.17)
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Taking into account (2.10), expression (2.17) can be written as:

Ĥ ′E = −3
∑
q

µ′E2

(
η2

1σ
A
q1

2
+
η2

1σ
A
q2

2
+
η2

2σ
B
q1

2
+
η2

2σ
B
q2

2

)
+ 2N(η3

1 + η
3
2)µ
′E2. (2.18)

The two-particle cluster approximation for short-range interactions is used to calculate the thermo-
dynamic characteristics of CDP. In this approximation, thermodynamic potential is given by:

G = NUseed + NH0 + 2N(η3
1 + η

3
2)µ
′E2 − Nv

∑
j

σju j −

−kBT
∑
q

{
2 ln Spe−βĤ

(2)
q − ln Spe−βĤ

(1)A
q − ln Spe−βĤ

(1)B
q

}
, (2.19)

where β = 1
kBT

, kB is Boltzmann constant, Ĥ(2)q , Ĥ(1)Aq , Ĥ(1)Bq are two-particle and one-particle Hamilto-
nians:

Ĥ(2)q = −2w

(
σA
q1

2
σA
q2

2
+
σB
q1

2
σB
q2

2

)
−
y1
β

(
σA
q1

2
+
σA
q2

2

)
−
y2
β

(
σB
q1

2
+
σB
q2

2

)
, (2.20)

Ĥ(1)Aq = −
ȳ1
β

(
σA
q1

2
+
σA
q2

2

)
, Ĥ(1)Bq = −

ȳ2
β

(
σB
q1

2
+
σB
q2

2

)
, (2.21)

where such notations are used:

y1 = β∆1 + 2βν1η1 + 2βν2η2 + β(µyE2 + 3η2
1µ
′E2), (2.22)

y2 = β∆2 + 2βν2η1 + 2βν1η2 + β(µyE2 + 3η2
2µ
′E2), (2.23)

ȳ1 = β∆1 + y1, ȳ2 = β∆2 + y2.

Symbols ∆l are effective field, created by the neighboring bonds from outside the cluster. In the cluster
approximation, these fields can be determined from the condition ofminimumof thermodynamic potential
∂G/∂∆l = 0, which gives the self-consistency condition, which states that the mean values of the
pseudospins 〈σA,B

q f
〉 calculated using two-particle and one-particleGibbs distribution, respectively, should

coincide; that is,

η1 =
SpσA

q f e
−βĤ

(2)
q

Sp e−βĤ
(2)
q

=
SpσA

q f e
−βĤ

(1)A
q

Sp e−βĤ
(1)A
q

,

η2 =
SpσB

q f e
−βĤ

(2)
q

Sp e−βĤ
(2)
q

=
SpσB

q f e
−βĤ

(1)B
q

Sp e−βĤ
(1)B
q

. (2.24)

Hence, based on (2.24), taking into account (2.10), (2.20) and (2.21), we obtain expressions for the order
parameters:

η1 =
1
D
[sinh(y1 + y2) + sinh(y1 − y2) + 2a sinh y1] = tanh

ȳ1
2
,

η2 =
1
D
[sinh(y1 + y2) − sinh(y1 − y2) + 2a sinh y2] = tanh

ȳ2
2
, (2.25)

where such notations are used:

D = cosh(y1 + y2) + cosh(y1 − y2) + 2a cosh y1 + 2a cosh y2 + 2a2,

a = e−
w

kBT .
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Excluding the cluster fields ∆l from expression ηl = tanh(ȳl/2) [see (2.25)], we write (2.22), (2.23) in
such a way:

y1 =
1
2

ln
1 + η1
1 − η1

+ βν1η1 + βν2η2 +
1
2
β

(
µyE2 + 3η2

1µ
′E2

)
, (2.26)

y2 =
1
2

ln
1 + η2
1 − η2

+ βν2η1 + βν1η2 +
1
2
β

(
µyE2 + 3η2

2µ
′E2

)
. (2.27)

3. Longitudinal dielectric and thermal characteristics of CDP

Using (2.19), thermodynamic potential per one restricted primitive cell can be written in such a way:

g = Useed + H0 + 2
(
η3

1 + η
3
2

)
µ′E2 + 2kBT ln 2 − 2w − v

∑
j

σju j

− kBT ln
(
1 − η2

1

)
− kBT ln(1 − η2

2) − 2kBT ln D. (3.1)

Using equilibrium condition (
∂g

∂u j

)
E2

= 0,

we obtain equations for strains u j :

σj = cE0
j1 u1 + cE0

j2 u2 + cE0
j3 u3 + cE0

j5 u5 − e0
2jE2 −

2δj
v
+

4δj
vD

M −
1
v
ψj1(η

2
1 + η

2
2) −

2
v
ψj2η1η2, (3.2)

where
M =

[
a cosh y1 + a cosh y2 + 2a2] .

In the case of applying the hydrostatic pressure σ1 = σ2 = σ3 = −p, σ4 = σ5 = σ6 = 0.
Based on thermodynamic potential (3.1), we get expressions for different thermodynamic character-

istics. In particular, an expression for longitudinal polarization P2:

P2 = −

(
∂g

∂E2

)
σj

=
∑
j

e0
2ju j + χ

u0
22 E2 +

µy

v

(
η1 + η2

)
+
µ′

v

(
η3

1 + η
3
2
)
. (3.3)

Isothermic dielectric susceptibility of a mechanically clamped crystal is given by:

χu22 =

(
∂P2
∂E2

)
u j

= χu0
22 +

βµ̃2
1y

2v∆
[
D(<11 + <12) − (ϕ̃2 − βν2)(<11<22 − <2

12)
]

+
βµ̃2

2y

2v∆
[
D(<12 + <22) − (ϕ̃1 − βν2)(<11<22 − <2

12)
]
, (3.4)

with the following notations:

∆ = D2 − D [ϕ̃1<11 + ϕ̃2<22 + 2βν2<12] +
[
ϕ̃1ϕ̃2 − (βν2)

2] (
<11<22 − <2

12

)
,

ϕ̃1 = ϕ1 + 3η1βµ
′E2, ϕ̃2 = ϕ2 + 3η2βµ

′E2,

ϕ1 =
1

1 − η2
1
+ βν1, ϕ2 =

1
1 − η2

2
+ βν1,

µ̃1y = µy + 3µ′η2
1, µ̃2y = µy + 3µ′η2

2,
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<11 = cosh(y1 + y2) + cosh(y1 − y2) + 2a cosh y1 − η
2
1 D,

<12 = cosh(y1 + y2) − cosh(y1 − y2) − η1η2D,

<21 = cosh(y1 + y2) − a2 cosh(y1 − y2) + 2a cosh y2 − η1η2D,

<22 = cosh(y1 + y2) + cosh(y1 − y2) + 2a cosh y2 − η
2
2 D.

Molar heat capacity of the proton subsystem of CDP at a constant pressure can be found by numerical
differentiation of thermodynamic potential:

∆Cp = −
NAT

4

(
∂2g

∂T2

)
σj

. (3.5)

where NA is the Avogadro constant.

4. Comparison of theoretical results with the experimental data. Dis-

cussion.

The theory parameters are determined from the condition of agreement of the calculated characteristics
with experimental data for temperature dependences of spontaneous polarization P2(T) and dielectric
permittivity ε22(T) at different values of hydrostatic pressure [6], spontaneous strains u j [14], molar heat
capacity [17] and elastic constants [18]; as well as the agreement with ab-initio calculations of the lattice
contributions to molar heat capacity [19] and dielectric permittivity [20].

Parameters of short-range interactions w0 and long-range interactions ν0
1 (“intra-sublattice”), ν0

2
(“inter-sublattice”) mainly fix the phase transition temperature from paraelectric to ferroelectric phase at
the absence of external pressure and field, the order of phase transition and the shape of curve P2(T).
Their optimal values are: w0/kB=650 K, ν0

1/kB=1.50 K, ν
0
2/kB=0.23 K.

To determine the deformational potentials δj [see(2.4)] and ψj1 (2.13), ψj2 (2.13) it is necessary to use
experimental data for shift of the phase transition temperature under hydrostatic and uniaxial pressures
as well as the data for temperature dependences of spontaneous strains u j , piezoelectric coefficients
and elastic constants. Unfortunately, only data for spontaneous strains and hydrostatic pressure effect on
the dielectric characteristics are available. As a result, the experimental data for strains and dielectric
characteristics can be described using a great number of combinations of parameters ψj1, ψj2. Therefore,
for the sake of simplicity, we chose ψj2 to be proportional to ψj1. Optimal values of deformational
potentials are: δ1/kB = 1214 K, δ2/kB = 454 K, δ3/kB = 1728 K, δ5/kB = 1214 K, δ5/kB = −13 K;
ψ11/kB = 92.2 K, ψ21/kB = 23.2 K, ψ31/kB = 139.7 K, ψ51/kB = 5.5 K; ψj2 =

1
3ψj1.

The effective dipole moment in the paraelectric phase is found from the condition of agreement of
calculated curve ε22(T)with experimental data.We consider it to be dependent on the value of hydrostatic
pressure p, that is µy = µ0

y(1 − kpp), where µ0
y = 2.63 · 10−18 esu·cm, kp = 0.4 · 10−10 cm2/dyn. The

correction to the effective dipole moment µ′ = −0.43 · 10−18 esu·cm is found from the condition of
agreement of the calculated saturation polarization with experimental data.

The “seed” dielectric susceptibility χu0
22 , coefficients of piezoelectric stress e0

2j and elastic constants
cE0
i j are found from the condition of agreement of theorywith experimental data in the temperature regions
far from the phase transition temperature Tc . Their values are obtained as follows: χu0

22 = 0.443 [20];
e0

2j = 0 esu/cm2; c0E
11 = 28.83 · 1010 dyn/cm2, cE0

12 = 11.4 · 1010 dyn/cm2, cE0
13 = 42.87 · 1010 dyn/cm2,

cE0
22 = 26.67 · 1010 dyn/cm2, cE0

23 = 14.5 · 1010 dyn/cm2, cE0
33 = 65.45 · 1010 dyn/cm2, cE0

15 = 5.13 ·
1010 dyn/cm2, cE0

25 = 8.4 · 1010 dyn/cm2, cE0
35 = 7.50 · 1010 dyn/cm2, cE0

55 = 5.20 · 1010 dyn/cm2.
The volume of a restricted primitive cell is υ = 0.467 · 10−21 cm3 [7].
Now, let us dwell on the obtained results. The effect of hydrostatic pressure depend mainly on the

behaviour of lattice strains u j under pressure. Temperature dependence of these strains is presented in
figure 2 by solid lines. In the paraelectric phase, they depend on temperature almost quadratically (dashed
lines uparaj in figure 2), in the temperature range 0 < T − Tc < 100 K. Nonzero strains in the paraelectric
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Figure 2. Temperature dependence of lattice strains u j under zero pressure.

phase appear as a result of competition of energy of short-range interactions between pseudospins (2.3)
[which depends on strains according to (2.4)] and elastic energy Nv 1

2
∑

j, j′ cE0
j j′ u ju′j [see (2.2)]. They are

an additional contribution to the thermal strains connectedwith anharmonicity of interatomic interactions,
that was also noted earlier in [14]. In the ferroelectric phase the curves u j(T) deviate from the quadratic
law owing to the appearance of spontaneous polarization. However, the curves u j(T) ( j = 1, 2, 5) cannot
be represented in the ferroelectric phase simply as a sum of uparaj and of the item proportional to the
spontaneous polarization, even roughly. Moreover, the differences u j − uparaj ( j = 1, 2, 5) change their
sign at some temperature (figure 3), which qualitatively agree with experimental data [14].

The lattice strains u j practically linearly depend on pressure according to Hooke’s law. According
to (2.4), (2.13), (2.14), this leads to a linear weakening under pressure of interaction parameters w,
ν1, ν2, respectively. Here, in the range of pressure 0 GPa < p < 0.6 GPa, the parameter of short-range
interactions w decreases by 10% (from657K to 602K), whereas the parameters of long-range interactions
ν1, ν2 decrease up to negative values (figure 4). Consequently, the phase transition temperature lowers
(see figure 5, curve Tc). Such dependence Tc(p) exists up to some critical pressure pc . Here, the phase
transition at the Tc point remains to be the second order transition, and the temperature dependences
of different thermodynamic characteristics do not qualitatively change under pressure. In particular,
spontaneous polarization monotonously and continuously decreases with an increasing temperature and
tends to zero at the Tc point (figure 6, curves 1–4); dielectric permittivity ε22 tends to infinity at the
temperature Tc (figure 7, curves 1–4). It is necessary to note that the theory concerns the monodomain
crystal; it does not take into account reorientation of domain walls, which gives a large contribution to
the experimentally measured permittivity in ferroelectric phase. Therefore, the permittivity ε22 does not
agree with experimental data in ferroelectric phase. Temperature dependence of the proton contribution
to molar heat capacity also does not qualitatively change under pressure (figure 8, curves 1–4). It has a
jump at the Tc point, which slightly decreases with pressure. Total molar heat capacity (figure 9, solid
line) is the sum of the proton contribution and the lattice contribution (dashed line) obtained in [19] using
ab-initio calculations.

Longitudinal electric field E2 smears the phase transition from paraelectric to ferroelectric phase. As
a result, curves P2(T), ε22(T) and ∆Cp(T) become smooth (see figures 10,11,12, respectively). In these
figures, the field effect under zero pressure is demonstrated. Under nonzero values of pressure p < pc ,
the field effect is similar.

As it is shown above, the constants of long-range interactions ν1 and ν2 linearly weaken with pressure.
Starting from the critical pressure pc = 0.315 GPa (experimental value is pc = 0.33 ± 0.02 GPa), the
parameter of “inter-sublattice” interactions ν2 becomes negative (figure 4). Consequently, the sublattices
“A” and “B” orient in opposite directions, and the crystal passes to antiferroelectric phase (curve TN
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Figure 5. (a) Pressure dependence of the phase transition temperatures paraelectric-ferroelectric (Tc),
paraelectric-antiferroelectric (TN) and ferroelectric-antiferroelectric (TAF) of CDP crystal at different
values of the electric field E2(MV/m): 0.0 –1, 0.1 – 2, 0.2 – 3, 0.3 – 4, 0.4 – 5, 0.5 – 6. Symbols are
experimental data, taken from [5]. Tricritical points T tr

N (denoted as *) separate the curves of first order
(dashed lines) and second order (solid lines) phase transitions. (b) The same phase diagram, but near
critical pressure.

in figure 5) instead of ferroelectric phase. Here, spontaneous polarization is absent, and longitudinal
permittivity ε22 is finite and has a sharp band in the Tc point (figure 7, curves 5,6).

In the presence of electric field E2, the order parameter η1 slightly increases, in comparison with the
case of E2 = 0 (figure 13, curves 1–6). The parameter η2, which is negative, on the contrary, decreases
in value in comparison with the case of E2 = 0 (figure 13, curves 1’–6’), moreover, a decrease in value
of η2 is stronger than an increase of η1. That is, in antiferroelectric phase at the presence of the field E2,
the disordering of pseudospins in the sublattice “A” is stronger than the ordering in the sublattice “B”.
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Figure 9. Temperature dependence of the total
molar heat capacity of CDP. Symbols ◦ are ex-
perimental data taken from [17], dashed line is a
result of ab-initio calculations [19].

Consequently, in the antiferroelectric phase, dielectric permittivity increases in comparison with the
case of E2 = 0, and there appears a break at the TN point on the curves ε22(T) (figure 14). Molar heat
capacity also increases in the antiferroelectric phase in comparison with the case of E2 = 0 (figure 15).
Inasmuch as the field induces polarization P2 above TN point, then herein below the temperature region
above TN in the presence of the field will be referred to as “ferroelectric phase”. At some critical value
of the field Ecr at constant values of pressure p > pc and temperature, the order parameter η2 becomes
positive, which means that there takes place an overturn of pseudospins in the sublattice “B”, and the
crystal passes from antiferroelectric to ferroelectric phase. The calculated values of Ecr are several times
larger in magnitude than the values experimentally measured in [6]. In particular, at p = 0.38 GPa at
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low temperatures Ecr ≈ 0.28 MV/m, whereas the experimental value is Ecr ≈ 0.06 MV/m. That is, the
present model only qualitatively describes the field effect.

Disagreement of the calculated Ecr with experimental data can be explained in such a way. In
expression (2.27), the terms, that describe the interaction of a pseudospin with external field 1/2β(µyE2)
and with the other sublattice βν2η1, have opposite signs (because at p > pc parameter ν2 < 0), which
means that they compete with each other. At the field E > Ecr, the interaction with external field prevails,
and the order parameter η2 changes its sign to the opposite. In order to obtain the value of µyE2 large
enough to turnover the pseudospin, at the weaker field, the dipole moment µy should be larger. On the
other hand, µy cannot be larger, because it fixes the saturation polarization, inasmuch as polarization
depends mainly on the product µy(η1 + η2) [see (3.3), but the order parameters η1, η2 → 1 when T → 0].

However, if we took into account the tunneling of protons on the hydrogen bonds, then the order

130 140 150 160
1

2

3

4

5

6
∆C

p
, J/(mol K)

T, K 

1 

2 

3 

4 

5 

6 

E=0.0MV/m (1)  
     0.1 (2)   
     0.2 (3)   
     0.3 (4)   
     0.4 (5)   
     0.5 (6)   

Figure 12.Temperature dependence of the proton contribution tomolar heat capacity of CDP at p = 0GPa
at different values of electric field E2 (MV/m): 0.0 –1, 0.1 – 2, 0.2 – 3, 0.3 – 4, 0.4 – 5, 0.5 – 6.
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parameters would be η1, η2 < 1 at T → 0. That is why the parameter µy in this case would be larger
than without taking into account the tunneling. Strong isotopic effect in the CDP may be the evidence
of tunneling effects. Besides, the distribution function of the proton momentum, obtained by ab-initio
calculations in [21], has an additional peak at nonzero momentum at low temperatures, which points to
a tunneling effect. It is also shown in [21], that the shortening of the hydrogen bond with double-well
potential by 1% lowers the energy barrier between the equilibrium positions several times. As a result,
the tunneling effect on these bonds would greatly increase with pressure. Hence, the disagreement of Ecr
with the experimental data is connected, to a great extent, with neglecting the proton tunneling processes
in the present model.

As a consequence of turnover of pseudospins at the presence of the external field at a constant
pressure, the temperature TN lowers approximately by the law TN ∼ −E2

2 (figure 16). The lowering of TN
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Figure 13. Temperature dependences of the order parameters η1 (solid lines) and η2 (dashed lines) at
p = 0.45 GPa at different values of electric field E2 (MV/m): 0.0 –1, 0.1 – 2, 0.2 – 3, 0.3 – 4, 0.4 – 5, 0.5
– 6.
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Figure 14. Temperature dependence of dielectric
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also reveals itself in the shift of the break on curves ε22(T) to lower temperatures (figure 14), as well as
in the suppression of the antiferroelectric region (AF) on the phase diagram (see figure 5, curves 2–6).
As one can see from figure 5, the closer is the value of hydrostatic pressure to the critical value pc , the
stronger is the effect of the field E2 on the temperature TN.

It is necessary to note that in weak fields, the phase transition in the TN point remains the second
order phase transition (solid lines in figure 16 and in figure 5, curves 2–6), but starting from some value
of the field E tr

2 (tricritical point) it becomes a first order phase transition (dashed lines in figure 16 and in
figure 5, curves 2–6).

The above mentioned increase of permittivity in antiferroelectric phase in comparison with the case
of E2 = 0 takes place at fields E2 < E tr

2 (figure 14, curves 2, 3). At the fields E2 > E tr
2 , the permittivity

ε22 decreases again (figure 14, curves 4–6), because the order parameters η1, η2 in antiferroelectric phase
near TN temperature become closer to saturation at a further strengthening of the field (see figure 13,
curves 4, 4’, 5, 5’, 6, 6’).

Let us investigate the behavior of thermodynamic characteristics under pressures close to the critical:
p = 0.315 ÷ 0.322 GPa. Dependence of the lattice strains on temperature u j(T) reveals itself especially
strongly under such pressures. Namely, the parameter of inter-sublattice interactions ν2 changes its sign
with the lowering of temperature. As a result, at a constant pressure, the crystal passes firstly from
paraelectric to antiferroelectric phase at the temperature TN, and with a further lowering of temperature
it passes from antiferroelectric to ferroelectric phase at some temperature TAF, as one can see in figure 5,
b. Here, the phase transition at the TAF point is the first order. In particular, at p = 0.317 GPa, the
spontaneous polarization exists under temperature TAF = 121.3 K (figure 6, curve 5), the temperature
dependence of the proton contribution to the heat capacity ∆Cp has breaks at temperatures TN = 124.4 K
and TAF = 121.3 K (see figure 8, curve 5), and the temperature dependence of dielectric permittivity ε22
has a sharp band at the TN point and a small break at the TAF point (see figure 17). As one can see from
this figure, the agreement of theory with experimental data is only qualitative. Probably, the properties
of CDP near the critical pressure pc strongly depend on the quality of a sample. It is necessary to note
that when the temperature lowers the theoretical curve ε22 has a jump down in the TAF point, whereas
the experimental values of ε22, on the contrary, abruptly increase due to the contribution to permittivity
from reorientation of domain walls.

Near the critical pressure, the properties of a crystal are very sensitive to the electric field. From the
temperature dependence of polarization at p = 0.317 GPa (see figure 18) one can see that weak fields (up
to 2 kV/m) greatly increase the temperatureTAF and greatly lower the temperatureTN. Here, in the external
field the temperature position of the break on the curves of dielectric permittivity and heat capacity atTAF
point shifts to the higher temperatures, whereas the effect of the field on the thermodynamic characteristics
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near TN point at p = 0.317 GPa is qualitatively similar to the case of p = 0.45 GPa. Consequently, at
a constant pressure, the electric field E2 decreases the temperature range, at which the antiferroelectric
phase exists, up to its complete its disappearance, and at a constant temperature this field increases the
critical pressure (see figure 5, curves 2–6).

5. Conclusions

The lowering of the phase transition temperature Tc with pressure is connected with the weakening of
long-range and short-range (to a lesser extent) interactions. Under the pressures higher than some critical
pressure pc , the inter-sublattice interactions become negative. Consequently, there appear paraelectric-
antiferroelectric and ferroelectric-antiferroelectric phase transitions.

The dependence of the lattice strains (as well as long-range interactions) on temperature reveals itself
mainly near the critical pressure. Namely, the inter-sublattice interactions change their sign with the
lowering of temperature. As a result, at a constant pressure, close to the critical pressure, the crystal
passes first from paraelectric to antiferroelectric phase, and with a further lowering of temperature it
passes from antiferroelectric to ferroelectric phase.

Longitudinal electric field E2 increases the critical pressure. Under pressures p < pc , the external
field smears the phase transition. Under pressures p > pc , the external field lowers the temperatureTN and
increases the permittivity ε22 in the antiferroelectric phase. This can be explained by a larger disordering
of pseudospins in the sublattice “B” than the ordering in the sublattice “A” in the presence of the electric
field. A strong enough field can change the order of phase transition at the TN point from second order to
first order. The strongest field effect on the calculated characteristics takes place near the critical pressure.
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Вплив гiдростатичного тиску та поздовжнього

електричного поля на фазовi переходи та термодинамiчнi

характеристики квазiодновимiрного сегнетоелектрика

CsH2PO4

А.С. Вдович 1, I.Р. Зачек 2, Р.Р. Левицький 1
1 Iнститут фiзики конденсованих систем НАН України, вул. Свєнцiцького, 1, 79011 Львiв, Україна
2 Нацiональний унiверситет “Львiвська полiтехнiка”, вул. С. Бандери, 12, 79013 Львiв, Україна
Запропоновано двопiдграткову модель протонного впорядкування квазiодновимiрного сегнетоелектри-
ка з водневими зв’язками CsH2PO4, яка враховує лiнiйнi за деформацiями гратки u1, u2, u3 i u5 внески в
енергiюпротонної пiдсистеми.Модель враховує також залежнiсть ефективних дипольних моментiв псев-
доспiнiв вiд параметрiв впорядкування, що дозволяє узгодити ефективнi дипольнi моменти в сегнето- i
парафазi. У рамках цiєї моделi в наближеннi двочастинкового кластера за короткосяжними i середнього
поля за далекосяжними взаємодiями, дослiджено поведiнку спонтанної поляризацiї, поздовжньої дiеле-
ктричної проникностi iмолярної теплоємностi пiд дiєю гiдростатичного тиску i поздовжнього електрично-
го поля. Пояснено перехiд в антисегнетофазу при високих тисках. Вивчено характер розмиття фазового
переходу парафаза-сегнетофаза, а також пригнiчення антисегнетофази в електричному полi.
Ключовi слова: сегнетоелектрики, дiелектрична проникнiсть, фазовi переходи, вплив гiдростатичного

тиску, вплив електричного поля
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