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Dynamical two-particle susceptibilites are important for a wide range of different experiments in condensed-
matter physics and beyond. Nevertheless, most textbooks avoid describing how to derive such response func-
tions, perhaps because they are viewed as too complex. In the literature, most derivations work with generalized
susceptibilities, which are more general, but require an even higher layer of complexity. In this work, we show
a more direct derivation in the context of model Hamiltonians which can be mapped directly onto an impurity
model. We also present an alternative derivation for the irreducible vertex in the context of the Falicov-Kimball
model.
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1. Introduction

One of the authors (J. K. F.), met Andrij Shvaika in 2000 at a conference in Lviv. He actually
met him virtually before the meeting, serving as a referee for a conference proceeding Andrij had
submitted earlier in the year. The initial meeting blossomed into a two-decades-long collaboration
involving numerous funded grants, over two dozen joint publications, and a lifelong friendship. Time and
again during our collaborative work, we would each approach problems from different perspectives. The
western approach emphasized equations of motion and functional methods, while the eastern approach
emphasized diagrammatic expansions based on Larkin irreducible parts of Green’s functions. This worked
well, because we usually were able to derive results from two different perspectives — when they agreed,
we had good confidence that they were correct.

About fifteen years ago, J. K. F. developed some notes on how to derive dynamical susceptibilities
using a direct nonequilibrium perturbation theory approach, but they were never published anywhere. It
seemed appropriate to dust them off now and take the opportunity to write an article that does this here
and that emphasizes the pedagogical aspect of the work. We then lost the notes during the COVID-19
pandemic and ended up reconstructing them in more detail; the result of these efforts is presented here.
We hope it will help others who are looking for simpler ways to understand and work with dynamical
susceptibilities.

A dynamical susceptibility satisfies the so-called Bethe-Salpeter equation. This is the two-particle
equivalent of the Dyson equation for single-particle Green’s functions. The Bethe-Salpeter equation was
first derived by Bethe and Salpeter in 1951 [[1]. This equation typically has a matrix character to it, but
we will be deriving a vector character form of the equation here. Our approach is to begin with a static
Hamiltonian and add a time-dependent disturbance to it. We then seek to determine the linear-response
under such time-dependent driving. We focus on a single-site lattice impurity; one can then map the
impurity to a lattice problem via the dynamical mean-field theory approach, but we do not provide all of
those details. We also concentrate on treating spinless fermions, since we are working with the charge
susceptibility and Andrij Shvaika has worked on many different spinless fermion systems in his career.
Of course, our Bethe-Salpeter equation derivation can be easily generalized to more complex cases.

In many-body physics, we need to evaluate expectation values of different types of operator expres-
sions. Within dynamical mean-field theory, we do so in the presence of a dynamical mean-field (denoted
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by A), which represents how electrons hop onto and off a given lattice site as a function of time. A
themodynamic expectation value of a time-independent operator A is then given by

(A) = %Tr{e—ﬁﬂm)/&}, (1.1)

where Z = Tr{e #"$(1)} is the partition function, S(A) is a time-dependent evolution operator (describ-
ing the dynamical mean-field), and Boltzmann’s constant is set equal to one. We will be examining the
class of Hamiltonians which can be mapped to the impurity Hamiltonian, H=- uit in the presence of the
dynamical mean-field A(t, 77). This constitutes the set of Hamiltonians that can be treated via dynamical
mean-field theory.

Here, 71 = ¢té, and we work in the interaction representation where

B B
S(1) = T7 exp —J dr J dv’ A(r, )eT (r)é(r) (1.2)
0 0

with 77 the (imaginary) time-ordering operator and S the inverse temperature; all operators evolve in
time according to the unperturbed Hamiltonian 4. The fermionic operators are ¢ and ¢', which satisfy
the canonical anticommutation relation {&, ¢} = 1. We have é(t) = " ée~"" and ¢7(r) = e™Hete 7M.
Note that ¢7(7) # [é(7)]" and A(7) = A.

Next, we define the Green’s function in imaginary time as

G(r,7') = ~(Tr et (7)) = —%Tr [ePATSWeme ()} (1.3)

Note that we do not assume, nor can one show, that the Green’s function is time-translation invariant when
the dynamical mean-field is not time-translation invariant (which occurs when we add a time-dependent
field to the Hamiltonian). Nevertheless, one can easily show, via the invariance of the trace TrAB = TrBA,
that G(B~,7’) = —G(0*, 7’), when 0 < 7/ < B, and G(r, 87) = —G(7,0%), when 0 < 7 < . This means
that we can still expand the time dependence in terms of a Matsubara-frequency matrix, with a separate
Matsubara-frequency expansion for the T and 7’ dependences, respectively. This yields

G, 7)) =T ) Y ewnmiont'G, (1.4)
m n

where iw,,;, = 2inT (m + 1/2) is the fermionic Matsubara frequency, for m € Z. The Green’s function in
Matsubara frequency space is expressed as

BB
Gonn = TJ dr J dr’ el@mTionT G(1, 1) (1.5)
0 0

and the dynamical mean-field is given by a similar expression

B B
Aonn = TJ dr J dr’ elomTTionT )(2 7). (1.6)

0 0
Note that we are working with an imaginary-time formalism here. When one is in equilibrium, with a
time-independent Hamiltonian (no external field), the Green’s function and the dynamical mean-field
become time-translation invariant, and the Matsubara-frequency representation of the Green’s function

and the dynamical mean-field become diagonal matrices. Finally, we define the frequency-dependent
charge susceptibility as

B
x(ive) = TJ dr {{A(1)A(0)) — (A(T))(A(0))} e™T, (L.7)
0
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where iv, is a bosonic Matsubara frequency, ivy = 2inéT, for £ € Z. Next, note that [7A{, Aa(t)] = 0, so
that the second term of the susceptibility in equation gives a 0,0 when integrating over 7 (a similar
result holds for ¢ = 0 in the lattice problem, since the total electron number is conserved). One might
have thought that the first term also has no imaginary time dependence, but when 7 # 0, the expectation
value has one 71 operator located at 7 = 0 and one located at 7; the expectation value has an intrinsic
7 dependence inherited from the dynamical mean-field due to the time ordering. We are interested in
the non-zero frequency response, so dropping the zero frequency component, our expression for the

susceptibility becomes
B

x(ive) = Tj dr(A(T)A(0))e™ . (1.8)
0

To find the equation which governs the frequency-dependent susceptibility, we introduce a time-
dependent field i(t) into our impurity Hamiltonian,

H'(t) = H - h(t) (1.9)

and take the limit 4(7) — O at the end of the calculation. This is equivalent to replacing the dynamical
mean-field A in the evolution operator with

Ar, ) = A, ") = h(7)o(r = 7') (1.10)
so that the evolution operator in equation (I.2) becomes
B B
S(A, h) = exp —J dr J dr’ éT(T)[/l(T, ') = h(1)8(7 — T')] &t (1.11)
0 0
and the Green’s function satisfies
1 A
6.7 = ~5Tr {e—W?;S(/L n)é(r)et (T’)} . (1.12)

In this fashion, we find it more convenient to think of the A-field as being added to the dynamical mean-
field. It is important to note that the introduction of the %-field breaks the time-translation invariance of
the problem. Expressing the auxiliary field 4(t, 7’) as a matrix in Fourier space, we have

B B
By = TJ dr J dr/elm™TOnT s — /) p(7) = TJ dr elwm=OnT ey = b (1.13)
0 0 0
This means that, in Matsubara space, the auxiliary field takes the form of a Toeplitz matrix, /i, = hp—n;
a Toeplitz matrix has all the elements on each subdiagonal equal to each other (but they can vary

for different subdiagonals). Note that the difference in fermionic Matsubara frequencies is a bosonic
Matsubara frequency, so we define the auxiliary field 4(7) as a sum over bosonic Matsubara frequencies,

ht)=T Z M, (1.14)
¢
and by inversion we have
B
he = J dr e ™7 h(7). (1.15)
0

By comparison with the matrix form h,,, = hy,—_,, we see that the matrix elements are determined by
bosonic Matusbara frequencies, ivy = iw, —iw,,. We rewrite the susceptibility as a functional derivative
of the Green’s function, so that equation (1.8 becomes

X(W)_}lgloT; Tt (1.16)
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Note that after the derivative is taken, and 4 — 0, the Green’s functions in the final expression have their
time-translation invariance restored.

The above equation provides an explicit expression for the susceptibility in terms of a functional derivative
of the Green’s function. In cases where we can explicitly determine how G,,,, depends on the field 4, (for
small fields), this equation presents us with an alternative method to determine the dynamic susceptibility
without solving the Bethe-Salpeter equation. The equivalence of this and the Bethe-Salpeter equation
derived below will be demonstrated in the context of the Falicov-Kimball model, where such an explicit
relation can be found.

2. Derivation of the frequency-dependent susceptibility

2.1. Determination of the Green’s function to linear order in the perturbing field

To begin, we consider the Green’s function for a system with an impurity Hamiltonian H in the
presence of a (time-translation invariant) dynamical mean-field A(t — 7’). The full Hamiltonian is given
by

H'(t) = H — h(T)A. (2.1)

As stated above, this is equivalent to the system evolving via the unperturbed Hamiltonian H in the
presence of a new dynamical mean-field,

A =7') = A =) = h(@D)S(x = 7). @2

Since the time-ordering operator allows us to freely manipulate the exponentials, we find that

B B
S(A4,h) = Trexp —J dr | dr’ é'(v) [A(x = 1) = h(1)6(r — 7")]é(x") (2.3)
0 0
B B
= 77 |S(A)exp] - (dr jdr’ EN(h(T)8(T — )e(r’) (2.4)
0 0
B
= T2 |S()exp{- ( dr h(0)an) . 2.5)
0

We expand the exponential of the external field to linear order in the field i(7),

B B
exp —J dr h(t)i(r) p =~ 1 — J dr h(t)i(t), (2.6)
0 0

then the equation for the Green’s function, to linear order in the presence of the A-field, becomes

B
G(r. ) ~ —%Tr [eFATS e ()] + % I a7 DT {e PATS(On(R)e)e ()]
0
+O(h?). 2.7

The first term is the equilibrium Green’s function. Expanding the perturbing field 4(7) in Matsubara
frequencies, and assuming a pure tone (only one nonzero Matsubara frequency component to the external
field) the above becomes

B
G(1.7) = Geg(r = 7') + I d7 hee™ ™ (T [a(B)é()e (7)) . (2.8)
0
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Since the object
(T [a(@)em)e@)]) 29

is governed only by the evolution operator S(1) and not the perturbing field 4, it is an equilibrium
correlation function and must be time-translation invariant. Hence, it only depends on the time differences
7 —-171',71 - 7,7’ — 7. We now Fourier transform G(t, 7") to Matsubara space via equation (1.5)), with the
result

B B B
Gmn = SmnGm + I dr J dr’ J dF heelm™TiOnT VT (T F)e(n)E (7)) (2.10)
0 0 0

Since the correlation function depends only on time differences, shifting 7 — 7+ 7,7’ — 7/ + T removes
the 7 dependence from the correlation function. We are then able to perform the integral over T which
results in a delta function 6 (iw,, — iw,, +ivy), forcing iw,, = iw,, + ive. Therefore, the only non-vanishing
contribution to G,,,, which is proportional to /4, is along the diagonal m, m + €. This result is critical to
our derivation of a Bethe-Salpeter-like equation below.

2.2. Derivation of a Bethe-Salpeter-like Equation
In Fourier space, the matrix inverse of G is found from the equation of motion, and is given by
Gl = ((Wm + 1)Smn = Amn + hnen = Zonn - (2.11)

This result holds in equilibrium and nonequilibrium (of course, in equilibrium, we have 4 = 0 and both A
and X are proportional to d,,,). Next, we rewrite the matrix G schematically as the matrix multiplication
GG~ G in the expression for the susceptibility. This yields

1
X(lyf) = hm T Z Z 6/1 Gerr‘, Gsn] = 2){(11/[) + hm T Z Z Gmr 8GrS Gsn (212)

SO

rs azrs
x(ive) = = lim T;;Gmr Gm:—hmT;;Gm,[ . ahg}G“”’ 2.13)
where the derivative of G~! with respect to /, is found explicitly from the field term in equation (2 and
implicitly from the dependence of the self-energy on the field. After the derivative has been performed,
we take the limit 4~ — 0, which restores time-translation invariance to the Green’s function, given by
Gmn = Gpomn. Taking this limit where appropriate and simplifying gives

0Zmn

X(w)_—TZG Gn+f+TZG Gt (2.14)

Using the fact that the self-energy is a functional of the Green’s function, we employ the chain rule
yielding

x(ive) = —TZ GnGrse + TZ Z GGy 8G”’" agl’;" . (2.15)

mn m’'n’

The functional derivative of the self-energy with respect to the Green’s function (which is proportional
to the irreducible vertex function) does not have all four frequency indices independent of each other. To
see this, we write the functional derivative 0%,,, /3Gy, in terms of integrals over imaginary time,

O0Zmn
G

0Z(11,T2)

, (2.16
aG(7{,17) (2.16)

B B B B
= T4J dr J dTQJ d‘rfj dr) exp [iwm‘rl — W, T — i T + iwn/‘rz’]
0 0 0 0
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and we recall that we must take the limit # — O (after taking the functional derivative). When we do, the
problem becomes time-translation invariant. Hence,

im 0X(11,12)
h—0 aG(Tl’, Tzl)

must be independent of absolute time, depending only on relative times 71 — 7, 7{ — 7, and 7 — 7{.
Consequently, we can shift the times in equation (2.16), performing the change of variables 71 — 71 + 7,
T, = T + 1, 7 — 7{ + 7,. Then,
. 0X(1, 1)
lim

becomes independent of 7; and performing the integral over 7] results in a delta function 6(iw,, + iw, —
iwy — iwyy), forcing iw, = iwy, + iw, — iw,y. Consequently, the susceptibility becomes

/\/(iV[) =-T Z GnGn+€ +T Z Gme+n’—m’ azgkaran, aGm’n’ . (2]7)
n m,n’,m’ Gm’nl ahf
Note that one cannot still assume time-translation invariance for the G, in the summation above, until
after we have taken the derivative with respect to A;.
We are only capturing the linear response to the imposed external field. Since the dynamic suscepti-
bility y(ivy) depends explicitly on
0Gmn |
ah[ he—0"

only the contributions to G,,,, proportional to &, survive. This means that, without loss of generality, we
again consider the external field to have just one single Fourier component, given by h, with £ # 0. As
demonstrated in the section above, the only elements of G,,, which are linear in A, are those for which
Gmn = G m+e. Hence, revisiting equation , only elements with iw, — iw,s = ive are nonzero.
Therefore,

62 l 6G 4 '+
ive)= =T > Gp,Gpi¢c+T > GG e mmre 2.18
X(IVK) Zn: nYUn+l Z mYm+l aGm/,mq.[ ahg ( )

m,m’

We make the definitions

/\/O(iwn; i)/g) = —-G,Guyes (2.19)
4G
X (W, iwp;ive) = e (2.20)
dhe
and 1 0%
T (i i@ ive) = - 221
(1w, Wy ; 1Ve) T 3G et ( )

then, we have

X@ve) =T ) xoliwnsive) =T )" xo(im: VoL (s it VO X (s i3 ive). (2.22)
n

m,m’

Unlike the conventional Bethe-Salpeter equation, written in terms of matrices, we find an equation that
has a vector character to it and is given by

X @y i@ms5172) = X0 V) = X003 VT )" T(im, i3 ive) X (@ iopsesive) - (223)

n

with the susceptibility determined from

X)) =T Y xiwm, imars ive). (2.24)
m
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This vector character can be viewed as the dressed or retarded interaction between a particle-hole pair
and the exchanged boson mediating the interaction, as is commonly used in triangular vertices [3]].

The generalization to the lattice is more complicated, because of the additional momentum dependence
of the external field, which introduces an additional momentum dependence to the susceptibilities. We
do not discuss those issues further here.

3. Application to the Falicov-Kimball Model

_ For the Falicov-Kimball model, introduced in [4], the impurity Hamiltonian takes the form H =
Hy + V, where
Hy = —ph and V = Uwi i (3.1

with w; a classical variable equal to O or 1 depending on whether a heavy fermion is present or not and
the impurity is placed in the presence of the dynamical mean-field A(t — 7).

In equilibrium, the Green’s function can be solved in terms of the expectation value of w;, denoted
(wy), which is the heavy fermion density on the impurity. We find that the equilibrium Falicov-Kimball
model Green’s function is

FK.eq 1- <w1> <w1> FK,eq

G = + Omn =G 19 32

mn (ia)m+,u—/lm iwn +pu-U=2,) ™ " ™ G2

and the equilibrum self-energy is defined from the Dyson equation (Gf,f?,’eq)‘1 = (lwm + 1 — 1) Smn —

FK,eq .
Xmn | which becomes

FK,eq <w1>(1 - <w1>)U2 FK,eq

) =\U + Omn = 2 Omn - 33

mn ( <U)1> iw,, + u— (1 — <w1>)U — A, mn m mn ( )

This Falicov-Kimball model Green’s function can also be expressed as a weighted sum of the Green’s
function for the impurity and the Green’s function for the impurity with ¢ — @ — U. This is written as

G4 = [(1 — (w1 )G + (W1 G (3.4)

u—u-U ’

This latter form also holds in nonequilibrium.

3.1. The Falicov-Kimball Vertex

We obtain the vertex function for the Falicov-Kimball model without defining an “auxillary Green’s
function” as in [2] or using diagrammatic techniques as in [3]. We begin with the Green’s function for a
spinless fermion with Hamiltonian Hy = —u#i in the dynamical mean-field plus the external field,

G(r,7) = —%G(T = )T {Tre PATS(4, me(ne ()}
+ %e(r' —)Tr {ﬁe—ﬁ%fi;su, h)éT(T’)é(T)} . (3.5)

Using the equation of motion and expressing it in Matsubara space, we obtain
(iwm +u- Am)Gmn +TheGpmien = Omn - (36)

This is recast as a matrix equation

Z [(iwm + = Am)Omm + Thé’ém,m’—l] Guwn = Omn» 3.7

m’
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so we can identify the quantity in square brackets as the inverse Green’s function of the impurity, G!,
which is given by

G = (@m + ft = A)Smn + TheSpmn—c - (3.8)
We want to compute the Green’s function as the inverse of G~! to lowest order in the external field /.
We re-arrange the equation as follows,

The

—Own— 3.9
ia)m/-f-/,l—/lm/ m’,n—€ ( )

Gr_nln = Z(iwm + U= )y | Orn +
m/

and use the fact that /; is small to allow us to invert this matrix inverse via the geometric series and
obtain G, of the impurity as
Omn Th[ 6m,n—{,’

Gimn = - h? 3.10
iwm + = A (ia)m+lu—/lm)(iwn+lu_/ln)+0( l’) ( )

to lowest order in the external field. Note that the first term is the equilibrium result and the second term
is the lowest-order correction due to the external field.

The results for the Falicov-Kimball model then follow by a weighted sum of the impurity results
for empty and occupied heavy electrons on the impurity site (just as we identified in equilibrium). This
yields

Gy = (1= (@)Gun + (1G], (3.11)
Thus, to order &g, we have
0, Thedm n—
G = (1= ()| e = et
iwm +p=Am (W + g = Ap)(iwn + p = Ay)
" <w ) Omn _ Tht’é‘m,nff (3.12)
Y iom+ p—U— A (iom + p— U= dp)ion+ p—U - Ay) '
1= (wp)
FK,eq 1
= G Omn — Thebyn—
e (Omn=t [(iwm + u— Ap)(iw, + u—A,)
+— wr) , (3.13)
(iwm + = U = Ap)iwp + u = U = A,)

where again, we separate with respect to the equilibrium result and the lowest-order corrections due to
the external field. We denote the lowest-order correction via §GEX and after putting everything over a

common denominator, we find

(iwm + p = A )(iwy + = Ap) = U(1 = (w1))({wm + @ = A + iy + p— A, — U)
(iwm + = )Wy + = ) (W + = U = Ay )iwp + u = U = A,)
(3.14)

To calculate the vertex, we also need to determine the lowest-order change to the self-energy, denoted by
6XFK The total self-energy is defined from the Dyson equation

8GR = —ThySmn_se

(GEENY = (iwm + = An)Sn + TheSmp—e — Z55. . (3.15)

We separate out the equilibrium and lowest-order corrections due to the field via FK = ZZKeqémn +0xFK

then factor the Falicov-Kimball model Green’s function factor out to the left
|G = i+ = A = 20|

to yield
-1 -1
(Gﬁ,ﬁ) =3 (Gﬁf’eq) St [5,”,” + Ge (Thgém/’n_[ - 5255,1)] . (3.16)

m’
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From this we can rewrite G », (again to order h) as

GPK = GI5, — TGy 46, n—eGr 4 + GhiotdsEFK GhEeed (3.17)
so that
SGFK = _Thy Gl G 8 i + G5 EK GHEoea (3.18)
consequently,
S3FK = (Gf,lK’“‘)_1 SGTK (GEK’“‘)_1 — TheSmn—t - (3.19)

By substituting in §GEX. from equation 1D and after some significant algebra, we find
oxrK = 5GhK,
U*wn)(1 = (wr))
" GG [(iam + = A~ (1~ @)U in + = Ao — (1~ ()] + w)(1 — (@i )U?]
(3.20)

Finally, by computing the differences Gy, — Gh o, £h¢1 _ 5P o the equilibrium Green’s function

and self-energies, we can replace the complicated expression with a much simpler one given by

FK, FK,
Em eq _ Zn €q i

FK,e FK,eq
G -G,

_ U (wi)(1 = (wy))
GG (i + = A = (1= @)U (i + g1 = A = (1 = (@ ))U) + (wi)(1 = (wi)U?]

(3.21)
Therefore, we have
ZFK ,eq z:FK,eq
FK _ <~FK n
0%, =0G,, —GFK,eq GEK’eq . (3.22)
Hence, the irreducible vertex for the Falicov-Kimball model, defined in equation @I), becomes
1 oxEK
T (i, i ive) = - (SGFmTMH . (3.23)
m'm'+€

Thus, we see that for the Falicov-Kimball model, the vertex function is diagonal and takes the simple
form

| ZFK ,eq z:FK,eq
2om Tl (3.24)
T GFK,eq GFK,eq : :

m+l

T (wp, i 1ve) = S
While the algebra is a bit messy and long, we feel this derivation is simpler than previous derivations.

3.2. Comparison of Susceptibilities for the Falicov-Kimball Model

The perturbative approach we follow here provides us with an alternative way to directly calculate
the susceptibility without needing the Bethe-Salpeter-like equation in equation (2.23)). Recall that the
susceptibility is given by

X(ive) = TZ 66’”’"*’ (3.25)

43703-9



R.D. Nesselrodt, J.K. Freericks

for £ # 0. From equation (3.14), we see that the derivative of GFX with respect to /; is computed directly
from the coefficient of i, in 6G5X . Thus, the dynamic susceptibility becomes

X (ive) =
_ _TZ (iwm + = Ap)(iWmre + = Apye) = U(L = (w1))(iwp + iwmee + 20 = Ay — Ase — U)
m

(iwm + u = Ap)(Wmre + = Apye)(iwm + p = U = )(i0mie + 1 = U = Anse)
(3.26)

We want to show that this result is the same as what we find from the Bethe-Salpeter-like equation. Using
the fact that the Falicov-Kimball vertex is diagonal (proportional to ), we solve equation (2.24)
exactly for y(ive) with the result

/\/O(iwm; iVé’)

FK: —
x vy =T E Mo ke - (3.27)
m 1+ yo(iwm; ive) —mee—al
/\/ m Gfri(,eq _G:"ﬁ;q

Substituting in yo(iwy,;ive) = —anKquFIileq

as above, namely

and after some lengthy algebra, we arrive at the same result

X (ive)
_ _TZ (iwm + = ) ([(Wmre + = Apre) — U(1 = (w1))(iwn, + iwmee + 20 — Ay — Apye — U)
) (iwm +u- /lm)(iwm+f +u- /lm+f)(iwm +u—- U - /lm)(ia)m+l’ +u- U- /lm+t’)

(3.28)

This verifies that if we have an expression for 6G,,, in terms of A, taking the functional derivative is a
much simpler way to determine the dynamical susceptibility.

4. Conclusion

This paper is primarily pedagogical. It shows a straightforward, simple, and direct methodology for
calculating dynamical susceptibilities. We show how the conventional Bethe-Salpeter (matrix) equation
can be simplified to a vector-like equation for systems that can be mapped to an impurity Hamiltonian,
and hence treated via dynamical mean-field theory (DMFT). The resulting vector equation allows for
an immediate solution when the vertex function is diagonal (as it occurs in the Falicov-Kimball model).
In addition, in cases where one can determine the functional relationship of the nonequilibrium Green’s
function with respect to the applied field, the dynamic susceptibility is computed directly avoiding the
need for the Bethe-Salpeter-like equation altogether. We also show a new derivation for the vertex function
of the Falicov-Kimball model. We hope that Andrij enjoys seeing some of his old work re-examined in a
new light. We certainly enjoyed preparing this publication in his honor.
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MeparoriuHe BUBeAeHHSA ANHAMIUHUX CPUHATAIVBOCTEN

P.A. Heccenbpog, Ax.K. ®pipikc

®i3nyHnin pakynbTeT, IXKOPAKTayHCLKMNIA yHiBEepcuTeT, ByA. 37 & O NW, BawwnHrtoH, okpyr Konym6is 20057,
CLUA

[lBOYACTVMHKOBI AUHAMIYHI CMPUAHATANBOCTI € BaX/IMBMMU AN LLIMPOKOTO KNacy PisHUX eKcneprMeHTiB y ¢i-
3ULi KOHAEHCOBaHMX CUCTEM i He Tinbkun. OfHak, 6inbLiCTb NiAPYYHMKIB YHUKAE ONMUCY TOrO SIK BUBOAUTM L
byHKUIT BiATYKY, MOXAVBO Yepes Te, L0 BOHW PO3rNSAATLCA AK 3aHAATO CKAagHi. B nitepatypi 6inbLuicTb BU-
BejeHb CTOCYHOTbCS y3aralbHeHUX CMPUAHATANBOCTEN AKi € 6inbLU 3aranbHUMM, ane i BUMaraloTb HaBiTb Lie
BUWLLIOrO PiBHS CKNAAHOCTI. B Wil poboTi MM HaBOAUMO BiNbLU NpsiMe BUBEAEHHS B KOHTEKCTi MOAENbHUX ra-
MiNnbTOHIaHIB, AKi MOXYTb 6yTI NPSMO CMPOEKTOBaHI Ha MoAeNb AOMiILIKW. M1 TakoX NpeACcTaBASEMO anbTep-
HaTVBHe B/BeAEHHS ANA He3BiAHOI BepLUNHN B KOHTeKCTi Mogeni Panikoa-Kimbana.

KntouoBi cnoBa: guHamidHa crpuiiHATANBICTb, popmaniam Kenguiua, AiHiGHWIA Bigryk

43703-11


https://doi.org/10.1103/PhysRevB.62.10022
https://doi.org/10.1016/S0921-4534(00)00435-4
https://doi.org/10.1103/PhysRevLett.22.997
https://doi.org/10.1103/PhysRevB.92.115109




	Introduction
	Derivation of the frequency-dependent susceptibility
	Determination of the Green's function to linear order in the perturbing field
	Derivation of a Bethe-Salpeter-like Equation

	Application to the Falicov-Kimball Model
	The Falicov-Kimball Vertex
	Comparison of Susceptibilities for the Falicov-Kimball Model

	Conclusion

