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The linear response of the quantum spin chain with the impurity to the bi-chromatic ac magnetic field has
been calculated. The linearly polarized component of the ac field produces additional resonance absorption
with respect to the one caused by the circularly polarized field. The strength of the absorption oscillates with
the amplitude and the frequency of the linearly polarized magnetic field. Additional resonance absorption is
weaker than the main absorption at the frequency of the circularly polarized field. The absorption due to the
impurity can be seen in the absorptions at local levels and the delocalized states.
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1. Introduction

During the recent years due to the development of spintronics and studies of quantum spin liquids [} 2]
the interest to quantum spin systems has grown considerably. Unlike higher-dimensional models, their
low-dimensional quantum counterparts permit to obtain exact (non-perturbative) results [3]]. The necessity
of non-perturbative studies in low-dimensional quantum systems is caused by the enhanced quantum and
thermal fluctuations there, due to the features in the density of states [4]]. Integrable models are important
not only for the pure theory. They are also used in a number of areas, which are described by that theory.
Among such systems there are real quasi-low-dimensional spin systems, topological insulators, ultracold
atoms in low-dimensional optical traps, sets of qubits (subjects of quantum information and computation)
in quantum computers, etc.

It is also known that dynamical properties of an impurity are not only the function of that single
ion, but of its environment [5]]. That feature was observed, e.g., for atoms closed to plane interfaces, in
cavities and photonic crystals, etc. [6H9].

Recently, the response of quantum spin system to the multi-frequency magnetic field directed along the
same axis was calculated [10]. In this paper, using the exact quantum solution, the resonance absorption
of the bi-chromatic ac magnetic field with different polarizations by a one-dimensional spin system with
an impurity is calculated. As the example, the so-called XX spin-1/2 chain is considered. We show that
the absorption manifests contributions from the combined resonances, which appear due to the coherent
interference resonance effects of the bi-chromatic field. On the other hand, we show how coupling of
the impurity to the spin chain can strongly affect the shape of the resonance absorption spectra, different
from the ones of the homogeneous chain.

2. Interaction of quantum spins with the bi-chromatic ac magnetic field

Consider now the action of the bi-chromatic magnetic field H(r) = —H;[xcos(wt) + y sin(wt)] —
Hjz.cos(Qt) i.e., the ac magnetic field has the component with the frequency w and the magnitude Hj,
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circular polarized in the xy plane, and the component with the frequency Q2 and the magnitude H,, linear
polarized parallel to the z-axis. The coupling of the ac magnetic field to the system can be described by
the Hamiltonian

Hy = - (Q#BHl/Z)Z(S,Te_i‘”t+H.C.)

~ ¢CupHycos(Qr) ) 57 2.1)
n

where pp is Bohr’s magneton, g and g* are components of the effective g-factor of the spin system, S;**
are the operators of the projections of the spin S located at the n-th site, and ST = S + iS)/. From now
on, let us denote gugH; = hy and g ugH, = h;.

Consider the action of the ac magnetic field on the spin-1/2 system described by the Hamiltonian

Ho = ) [JuSn - Susj + JESESE, 1~ g°unHae ) S5, 2.2)
n

n,j

where a - b denotes the scalar product, J,, is the constant of the isotropic exchange, JZ is the constant of
the inter-ion magnetic anisotropy, and H, is the value of the dc magnetic field directed along z axis.
Let us use the unitary transformation

U = explihs sin(Q) Z S2/hQY]. 2.3)

The time-dependent part of the considered Hamiltonian can be transformed to

HY = —(h/2) Z {8 exp[—iwt + i(hy /hQ) sin(Qr)] + Hee.} . (2.4)

Then, we can use the equality

(o8]

expliz sin(Q¢)] = Z Jn(z) exp(imQt), (2.5)

m=—oo

where J,,,(z) is the Bessel function. Notice that J_,,,(z) = —J,,,(z). It follows that

HY = =(h1/2) D" > Julha/nQ) {S, expl-i(w - mQ)t] + Hoe.}. (2.6)

n m=-oo

Such a transformation can be realized for the homogeneous spin system J,, = J and g5 = g*. Moreover,
it is easy to show that similar (though space-inhomogeneous) transformation can be performed for the
system with a single impurity, see below. Then, as usually we can use the transformation to the rotated
frame with the frequency w — m€Q. The final Hamiltonian has no explicit time dependence. In fact, this
expression implies that the effect of the bi-chromatic ac magnetic field is reduced to the effect of the
number of circularly polarized fields with the magnitude 4, J;,(h2 /7€2) and the frequencies w — mQ. The
linear polarized component of the field produces additional resonances withm = +1, 2, . . ., with respect
to the case of the only circular polarized field, which corresponds to the case m = 0 and sy = 0. The
number of possible resonances is determined by the relative relations between the values Hy,, J,, /i, and
w and Q. The absolute value of the Bessel function is the decaying oscillating function of its argument.
Hence, the absorption by the spin chain under the action of the bi-chromatic ac magnetic field must show
quasi-periodic modulations as a function of the magnitude and the frequency of the linearly polarized
field. Contributions from the resonances with larger values of m become essential for larger values of
hy [ Q.
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3. The spin chain with an impurity

Now, we restrict ourselves to the one-dimensional case (for simplicity we consider the semi-infinite
spin-1/2 chain) with the interaction J,, in Hj limited to the nearest neighboring spins j = 1. Moreover,
let us consider the case with JZ = —J,,, and for the sites forn = 1, ..., J, = J, and g% = g*. On the other
hand, for the site n = 0 we consider Jy = J’ and Hy. = H;. It means that we consider the semi-infinite
spin-1/2 isotropic XY chain with the impurity located at the edge of the chain. The impurity distinguishes
from the other sites by the coupling J* # J and by the effective local magnetic field H; acting at this
site. For J’ = J and H; = H,., the Hamiltonian describes just the semi-infinite chain. Furthemore, let
us denote g*ugHy. = H and g*ugH; = H'. It turns out that the unitary transformation used above can
be applied to the spin chain with the impurity. Notice that the following results do not depend on the
position of the impurity [[L1]].

Then, using the Jordan-Wigner transformation [12]]

St = ]_[(1 — 25 by)by ,
m<n

S, =0} [ [(1=26},bm), (3.1)

m<n

where b, (b;r,) are destruction (creation) operators of a fermion in the n-th site of the chain, we can rewrite
the Hamiltonian H, as

L
Hy = Z[Hb;bn — (J/2) (B bus1 + Hec)] + H'bibo = (J'[2)(biby + bl bo) + C, (3.2)

n=1

where C is the operator-independent part of the Hamiltonian, and L is the length of the chain (for the semi-
infinite chain we use L — o0). For the homogeneous interaction J,, = J, the Hamiltonian can be easily
diagonalized with the help of the Fourier transform and we obtain Hy = > ;. eksz,bkf. For the infinite
chain, it is possible to obtain the characteristics of all states of the Hamiltonian Hp, see, e.g., [11] using
the unitary transformation b,, = (2/L) >\, u, aa1, where A denotes either band eigenstates or possible
localized levels. There can exist band (extended) states and localized states. The band states (with their
wave functions renormalized due to the coupled impurity) have the energy ¢, = H — J cos k, where
—nt < k < m. The localized states appear if the following conditions hold. Let us define A = (H' — H)/J
and f = J’/J. Then, the local level with the energy €, and the local level with the energy €, are split
from the upper/lower edge of the band if f> > 2 — 2A, or f2 > 2 + 2A, respectively. The energies are
[ €2 = H-J(f> = 1) [AQR - f?) = f24/A2 + 2 — 1]. The localization lengths for those local levels
are &5 = In[(A+ /A2 + f2—1)/(f2—1). For f = 1, we have only one level with € = H + J(1 + A%)/2A
with the localization length & = —In(=2A).

4. Dynamical susceptibility and the absorption of the ac magnetic field:
homogeneous case

In what follows we exactly consider the resonance terms explicitly dependent on time, which produce
a nonzero contribution to the linear response. The remaining terms with an explicit time dependence can
be omitted due to the smallness of the magnitude of the ac magnetic field iy, h < i(w — mQ) ~ &, €12,
standard for the magnetic resonance problem. Contribution from the non-resonance terms can be, in
principle, calculated in the framework of the perturbation theory.

Let us first consider the homogeneous chain. For J > 0, we can obtain for the ground state imaginary
part of the dynamical susceptibility

¥ (k,w) = Z e_ik"’Jdtei“”(bmem)/Zh. 4.1

m=0,+1,+2,...
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Figure 1. The relative strength of the combined resonance absorption Q/Q¢ by a homogeneous spin chain
of the bi-chromatic ac field with respect to the one of the only circularly polarized ac field as a function
of the magnitude of the linearly polarized ac field 4. The values of the parameters # = 1, w = 10 and
Q = 0.1 (arbitrary units), and m = 0, 1, 2, 3 were used.

For J < 0, the additional factor (—1)" appears. For the absorption of the ac magnetic field, homogeneous
along the chain, we can use k = 0 (for both cases). Notice that such simple results can be obtained
for the ground state only. For nonzero temperatures, the calculation of the correlation functions is
much more complicated. However, for H > |J| we can use the results [13]], see also [14-16] for the
circularly polarized field, see also [17]] for the bi-chromatic field, using which it is possible to show that
x" (k, w—mQ) ~ (7/2h)5(Fi(w — mQ) — |H — | J| cos k) for a homogeneous chain. The absorption of the ac
magnetic field Q is defined as Q = (dH;/It);qv, Where brackets denote the ensemble averaging with the
density matrix, and the index fav denotes the time averaging A;q, = limy_e0o 7! Jg A(t)dt. Absorption
of the bi-chromatic ac magnetic field in the linear response regime can be written as

0= ()? Z J2 (ha JhQ)(w — mQ) x(k = 0, w — mQ). (4.2)

2

The number m determines which frequencies w and Q satisfy the resonance condition. Obviously, for
m = 0 and h; = 0, we obtain the previously known result, see, e.g., [14H16].

Figure 1 shows the relative strength of the absorption Q by the considered homogeneous spin chain of
the bi-chromatic ac magnetic field divided by the absorption Qg by the same chain of the only circularly
polarized ac magnetic field as a function of the magnitude of the linearly polarized field %;. Here, we
used (arbitrary) units w = 10 and Q = 0.1 with resonances existing for m = 0, 1,2, 3. We see that the
linear polarized component of the ac field produces additional resonances with m = +1,+2, ..., with
respect to the case of the only circular polarized ac field, which corresponds to the case m = 0 and &, = 0.
The absolute value of the Bessel function is the decaying oscillating function of its argument, hence the
absorption also shows modulations. Even for the case m = 0, hy # 0, the linear polarized component
produces modulations of the absorption. Contributions from the resonances with larger values of m
become (as a rule) essential for larger values of h; /AQ.

5. Absorption by the impurity

The problem of the response of the impurity to the bi-chromatic field is reduced to the problem of the
response to the circularly polarized ac magnetic field, studied in [18], see also [19], with the necessary
renormalization of the parameters. Here, it is possible to calculate the linear response for any temperature,
not only for the ground state, as for the homogeneous chain.
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The absorption by the impurity can be written as Q = Qﬁs) + QSL), where the absorption due to the

band states of the spin chain is

b
o =

h(w = mQ)J2 (ha [hQ) [h(w - mQ)}
2J 2k T
2V1 =52
4A+x)? —4F2x(A + x) + f*

(L - |x|), 6D

where x = H-hw+mhiQ/2J, O is the Heaviside step function, T is the temperature, and kg is Boltzmann’s
constant. On the other hand, the absorption caused by the local levels is

ol ~ hi(w — mQ)nJ3 (ha /hQ) [h(w - mﬂ)}
L 2 2kgT

X

8(e — hw + mhQ)O(f* -2 + 2A)(—+

fe-1
. f2 )
2(A2 + f2 -1+ AJA2 + f2-1)

1
+ 66— hw + mhQ)O(f —2 - 2A)(_f2 -
2
r
2N+ f2-1-AJAZ+ 2= 1)

where 6(x) is the Dirac delta-function. One can see that for J = 0 (i.e. f = 0) the absorption from the
second local level is zero, while the absorption from the first one becomes ng,) ~0[H —h(w+mQ)], ie.,
it is the absorption of a single impurity. The absorption caused by the local levels, and by the extended
states decays with the growth of the temperature.

Again, the linear polarized component of the ac field produces additional resonances for the absorption
caused by the local levels and extended states with m = 1, +2, ..., with respect to the case of the only
circular polarized ac field, which corresponds to the case m = 0 and 4, = 0. Contributions from the
resonances with larger values of m become (as a rule) essential for larger values of h; /7.

Figure 2 shows the absorption by the impurity in the spin chain as a function of the frequency of the
circularly polarized ac magnetic field w. We used parameters i =1, H =4, H' =7,J =0.18,J' =9,
hy =1,Q =0.5, kgT = 0.1, and we used the half-linewidth for the resonances, related to the local levels,
as y = 0.01. For that set of parameters, only one local level exists. For convenience, we used 1/5 of the
values for the main resonance m = 0.

Figure 3 shows the combined resonance absorption for m = —1 as a function of the frequency of the
circularly polarized field w and the parameter of the linearly polarized field A, /hCQ. We used the set of
parameters i = 1, H =2, H' = 0.1, J = 4,J" = 2, and Q = 0.5 at the temperature kg7 = 0.1. For
this set of parameters there are no local levels, and the absorption by the impurity exists only due to the
extended (band) states. We see decaying oscillations of the absorption as a function of the magnitude of
the linearly polarized field A;.

6. Summary

In summary, we have calculated the linear response of the spin-1/2 chain with the impurity to
the bi-chromatic ac magnetic field. We have shown that the presence of the linearly polarized field
produced additional resonance absorption at the combined frequencies of the circularly polarized and
linear polarized ac field. The strength of the absorption oscillates with the amplitude and the frequency
of the linearly polarized ac magnetic field. Additional resonance absorption is weaker than the main
absorption at the frequency of the circularly polarized field. For combined resonances, the relative
weights of the short-wavelength and long-wavelength wings of the absorption are different from the
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Figure 2. (Color online) The combined resonance absorption (normalized by the energy of the ac field h%)
o/ h% by the spin chain with the impurity as a function of the frequency of the circularly polarized field
w. Solid lines describe the contribution from the local level. Dashed lines describe the contribution of
the extended states. Black lines: the main resonance m = 0; red lines: the combined resonance m = —1;
blue lines: the combined resonance m = 1. The parameters used are i = 1, H =4, H =7, J = 0.18,
J' =9, h =1,Q=0.5, kgT = 0.1, and we used the half-linewidth for the resonances related to the
local levels, as y = 0.01.

Figure 3. The combined resonance m = —1 absorption (normalized by the energy of the ac field h%) Q/ h%
by the spin chain with the impurity as a function of the frequency of the circularly polarized field w and
the parameter of the linearly polarized ac field &, /7.

ones of the main resonance (only circularly polarized field). We have also shown that the absorption by
the impurity can be divided into two parts: the one by the possible localized states, and the one by the
extended states. Both contributions also manifest combined resonances due to the bi-chromatic ac field.
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Nk

S

BnauB 6iXxpoMaTUYHOro 3MiHHOr0 MarHiTHOro nNoss Ha
KBAHTOBUW CNiHOBUI J1AHLH0)KOK 3 AOMIiLLKOH

A.A. 3gariH2

L IHcTMTYT Makca MnaHka $i3ukm KoMnaekcHMx cuctem, Bya. HboTHMTLEep 38, 01187 [ipesaeH, HimeuunHa

Z DinKo-TexHiUHMi IHCTUTYT HU3bKNX TemnepaTyp iM. b.I. BepkiHa HAH YkpaiHu, np. Hayku 47,
61103 XapkiB, YkpaiHa

Po3paxoBaHO NiHiliHNIA BiAryK KBaHTOBOro CMiHOBOrO NaHLOXKa 3 AOMILLKOK Ha 6ixpomaTWyHe 3MiHHe Ma-
rHiTHe none. JliHiHO NonApM3oBaHa KOMMOHEHTA 3MiHHOTO MOAS NPU3BOAUTL A0 AOAATKOBOrO pe30HaHCHO-
ro NOrAVHaHHA BiHOCHO KOMMOHEHTU BUKAUKAHOI LMPKYASPHO nonspusoBaHUM nonem. Cuaa NOrAvHaHHA
OCLIM/IIOE 3 aMMJIITYA0H0 Ta YaCTOTO NiHIIHO MONAPMN30BAHOrO MarHiTHoro nons. /logatkose pe3oHaHCHe no-
TNVHAHHA BUABAAETLCA CNAbLUMM HiX OCHOBHEe MOIIMHAHHA Ha 4YacToTi LMPKYAPHO NOASAPM30BaHOro nons.
MorAvHaHHA AOMILLKOK MOXHA NMO6aunTV y MOrAMHAHHI Ha 10KaNi30BaHUX PIBHAX Ta AeNoKani3oBaHUX cTa-
Hax.

KntouoBi cnoBa: 6ixpomatnyHe 3MiHHE MarHiTHe rnoJe, KBaHTOBUI CriHOBUI IaHLFOXOK, AOMILLIKa
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