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In this paper, we study the effect of non-local derivative on Bose-Einstein condensation. Firstly, we consider
the Caputo-Fabrizio derivative of fractional order α to derive the eigenvalues of non-local Schrödinger equation
for a free particle in a 3D box. Afterwards, we consider 3D Bose-Einstein condensation of an ideal gas with
the obtained energy spectrum. Interestingly, in this approach the critical temperatures Tc of condensation for
1 < α < 2 are greater than the standard one. Furthermore, the condensation in 2D is shown to be possible.
Second and for comparison, we presented, on the basis of a spectrum established by N. Laskin, the critical
transition temperature as a function of the fractional parameter α for a system of free bosons governed by an
Hamiltonian with power law on the moment (H ∼ pα). In this case, we have demonstrated that the transition
temperature is greater than the standard one. By comparing the two transition temperatures (relative to Caputo-
Fabrizio and to Laskin), we have found for fixed α and the density ρ that the transition temperature relative to
Caputo-fabrizio is greater than relative to Laskin.
Key words: phase transition, critical phenomena

1. Introduction

The fractional quantum mechanics is a new branch in physics introduced recently by Laskin [1]
through generalizing the Feynman path integration to Lévy formulation. In this approach, the order of
the space derivative in the Schrödinger equation is the non-integer number α instead of 2. In this case,
the modified equation is the so-called fractional Schrödinger equation which is a non-local equation. On
the one hand, Laskin used the Riesz fractional derivative (FD) to find the associated energy spectrum
and the wavefunctions of the studied systems. On the other hand, the authors [2] and [3] used the Caputo
derivative that provided different solutions.

Afterwards, the fractional quantum mechanics was applied by Alisultanov and Meilanov to study
ideal quantum statistical systems with Laskin energy spectrum [4, 5]. The latter has a fractional (non-
quadratic) power of the momentum. Moreover, using the Green’s function approach, they showed that
these systems can emulate real systemswith physical inter-particle interactions. In this context, [6] studied
thermodynamic properties of 3D ideal Fermi and Bose gases, 3D independent harmonic oscillators, and
black-body radiation. Interestingly, [5, 6] found that the critical condensation temperatures of bosons with
this spectrum are larger than in the standard ideal case. More recently, [7, 8] extended this approach to
explore d-dimensional statistical systems. To the best of our knowledge, no large-scale study has revealed
the different effects of fractional derivative definitions on Bose-Einstein condensation.
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In this work, we investigate Bose-Einstein condensation through the Caputo-Fabrizio derivative [9]
and compare our findings with those presented in [6]. Unlike Riesz and Caputo FD, the Caputo-Fabrizio
derivative is improved, so that the kernel becomes non-singular. Therefore, this newly proposed derivative
was applied to various fields of physics, for example, classical mechanics [10], heat transfer [11], fluid
mechanics [12], and quantum mechanics [13].

Our paper is organized as follows: section 2 studies 3D ideal Bose gas with single-particle energy
spectrum derived from a fractional Schrödinger equation for a free particle in a hard-wall box using
Caputo-Fabrizio FD. In section 3, by using Laskin spectrum for the ideal bose gas, we presented the
transition temperature as function of the fractionnal order derivative α. Section 4 discusses the obtained
critical temperatures compared with those found according to Laskin’s and to Fabrizio-Caputo energy
spectra. Conclusion is then presented in section 5.

2. The Bose-Einstein condensation based on Caputo-Fabrizio derivative

We consider the Caputo-Fabrizio derivative in resolving the non-local Schrödinger equation because;
(i) the Caputo-Fabrizio derivative of a constant function is exactly zero, (ii) the Caputo-Fabrizio kernel
has no singularity. Physically, these two properties are very important and desirable.

The Caputo-Fabrizio derivative of the order γ where 0 < γ < 1 is given as follows [9]

CF
D
γ f (x) =

(2 − γ)M(γ)
2(1 − γ)

x∫
0

f ′(t)dt exp
[
−γ

1 − γ
(x − t)

]
, x > 0, (2.1)

where M(γ) = 2/(2 − γ) is a normalization constant that depends on γ. By applying the definition (2.1),
the solution of the following non-local differential equation

CF
D
γ f (x) = u(x), 0 < γ < 1 (2.2)

is given by [10]

f (x) = (1 − γ)u(x) + γ
x∫
0

u(t)dt + f (0). (2.3)

Consider now the non-local Schrödinger equation for a free particle moving in 1D box with length L
[14, 15]

CF
D

2γψ(x) = −

(
a2γ

0
~2γD2γ

)
E2γψ(x), x > 0 ,

1
2
< γ < 1,

or equivalently

CF
D

αψ(x) = −εαψ(x), 1 < α = 2γ < 2, (2.4)
where the operatorCFDα has the samemeaning as (2.1) and x = X/a0 being the reduced space coordinate,
a0 is the characteristic length, D2γ is a generalized coefficient and εα = ε2γ = a2γ

0 E2γ/~
2γD2γ is the

reduced energy. To seek for a solution of Schrödinger equation (2.4), we take: CFDγ f (x) = u(x) and
CFD2γ f (x) =CF Dγu(x) = g(x). Hence, according to the solution (2.3) we obtain

u(x) = (1 − γ)g(x) + γ
x∫
0

g(t)dt + u(0), (2.5)

and

f (x) = (1 − γ)u(x) + γ
x∫
0

u(t)dt + f (0). (2.6)
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Plugging (2.5) into (2.6), the solution of non-local differential equation CFD2γ f (x) = g(x) reads

f (x) = (1 − γ)2g(x) + 2γ(1 − γ)
x∫
0

g(t)dt + γ2
x∫
0

dt

t∫
0

g(t)dt + (γx − γ + 1)u(0) + f (0). (2.7)

Let us now consider f (x) = ψ(x) and g(x) = −εαψ(x), then we derive twice from the above equation,
and we find:

ψ ′′(x) +
2α(2 − α)εα

4 + (2 − α)2εα
ψ ′(x) +

α2εα

4 + (2 − α)2εα
ψ(x) = 0, α = 2γ, (2.8)

or
ψ ′′(x) + 2Λψ ′(x) + ω2

0ψ(x) = 0, (2.9)

where Λ = α(2−α)εα/
(
4 + (2 − α)2εα

)
and ω0 = α

[
εα/

(
4 + (2 − α)2εα

) ]1/2. The solution of equation
(2.9) has the following form

ψ(x) = φ(x)e−Λx, (2.10)

where φ(x) fulfills the equation
φ(x) + k2φ(x) = 0, (2.11)

with k =
(
ω2

0 − Λ
2)1/2 being the reduced wavenumber (ω0 > Λ). Then, the solution of (2.9) is given as

follows:
ψ(x) = e−Λx[A sin (k x) + B cos (k x)]. (2.12)

By using the hard-wall boundary conditions {
ψ(0) = 0
ψ(a) = 0 (2.13)

where a = L/a0, we find
ψ(x) = Ae−Λx sin(k x), (2.14)

and
k =

π

a
n, n ∈ Z+, (2.15)

here, the magnitude A is determined by the normalization condition
∫a

0 |ψ(x)|
2dx = 1. In addition, we

have

k =
2αε1/2

α

4 + (2 − α)2εα
, (2.16)

therefore,

k(2 − α)2εα − 2α
√
εα + 4k = 0. (2.17)

This equation has two real solutions, ε1
α and ε2

α, only if

0 < k <
α

2(2 − α)
= B(α). (2.18)

The first one is

ε1
α =

α −
[
α2 − 4k2(2 − α)2

]1/2

k(2 − α)2
= α

1 −
[
1 − 4k2

(
2−α
α

)2
]1/2

k(2 − α)2
. (2.19)
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Figure 1. The critical temperature curves at different α values within the Caputo-Fabrizio approach.

In the limit α→ 2, the solution (2.19) tends to k, and we recover the standard energy spectrum

E =
~2D2

a2
0

k2 =
π2~2

2mL2 n2, D2 = (2m)−1 . (2.20)

The second solution is not valid because in the limit α → 2 it does not yield
√
ε = k. The energy

spectrum of the equation (2.4) can be written as

εα = α
2

[
1 −

√
1 − 4k2

(
2−α
α

)2
]2

(2 − α)4k2 , (2.21)

or

Eα =
~αDα

aα
0

α2

(2 − α)4

[
1 −

√
1 − 4k2

(
2−α
α

)2
]2

k2 . (2.22)

From the above results we note: (i) the number of energy levels is limited by the condition (2.18),
and reaches infinity at α = 2 [B(2) = ∞, see equation (2.19)]. (ii) For k = 0, the energies Eα = 0
for all α values. This means that, regardless of the form of the energy spectrum, the effect of Caputo-
Fabrizio definition seems to limit the number of energy levels and to relate it to the derivative order
α. Therefore, according to Caputo-Fabrizio approach, we expect that the critical temperature of Bose-
Einstein condensation will be higher (see figure 1). To check this result, we consider an ideal Bose gas
in a hard-wall box with the volume V = [0, L]3, so that the single-particle energy spectrum is defined
by (2.22) as

Eα = E1
α + E2

α + E3
α =
~αDα

aα
0

α2

(2 − α)4
3∑
i=1

[
1 −

√
1 − 4k2

i

(
2−α
α

)2
]2

k2
i

. (2.23)

In the thermodynamic limit, the total mean density ρ of this gas is given by

ρ = lim
V→∞

N
V
= ρ0 +

1
π3a3

0

+∞∫
0

d3k
[
eβ(Eα−µ) − 1

]−1
= ρ0 + ρe , (2.24)
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where ρ0 is the occupation mean density in the ground state and ρe is the occupation mean density in the
excited levels (k , 0) given by

ρe =
1

π3a3
0

+∞∫
0

d3k
[
eβ(Eα−µ) − 1

]−1
. (2.25)

For T = Tc (Tc is the critical temperature of condensation at which the chemical potential µ = 0), the
total mean density of these bosons in the box (V = L3) becomes

ρ =
1

π3a3
0

B∫
0

B∫
0

B∫
0

dk1dk2dk3

exp
βc ~

αDα

aα
0

α2

(2−α)4
∑3

i=1

[
1−

√
1−4k2

i (
2−α
α )

2
]2

k2
i

 − 1

=

[
α

2πa0(2 − α)

]3 1∫
0

1∫
0

1∫
0

dK1dK2dK3

exp

[
4

(2−α)2
~αDα

aα
0 kB

1
Tc

∑3
i=1

(
1−
√

1−K2
i

Ki

)2
]
− 1

=

[
α

2πa0(2 − α)

]3 1∫
0

1∫
0

1∫
0

dK1dK2dK3

exp

[
4π−α
(2−α)2

E0
kB

1
Tc

∑3
i=1

(
1−
√

1−K2
i

Ki

)2
]
− 1

, (2.26)

where Ki = 2 (2 − α) ki/α and Dα is given as [5]

Dα =
E0
~αkα0

, (2.27)

where E0 = ~
2k2

0/2m, k0 = π/a0, and a0 are the characteristic energy, wavenumber and the length of the
system, respectively, (a0 can be shown as the diameter of atoms). For α = 2, the equation (2.27) yields
D2 = 1/2m. From the above formula (2.26), we plot the curves of Tc against the density ρ for various α
values as presented in figure 1. We choose a0 = 2.56 ·10−10 m and m = 6.64 ·10−27 kg being the diameter
and the mass of the helium atoms, respectively. In this case, k0 ≈ 1.23 · 1010 m−1 and E0/kB ≈ 9.12 K.

3. Bose-Einstein condensation based on Laskin approach

In his paper [1], Laskin showed that bosons have the single-particle energy spectrum defined by

Eα = Dα (π~)
α

[
n2

1
L2 +

n2
2

L2 +
n2

3
L2

]α/2
= Dα~

α

k
α

, (n1, n2, n3) ∈ Z (3.1)

Subsequently, [6] derived the critical temperature for an ideal Bose gas confined in a hard-wall box with
the volume V = [0, L]3

Tc =
~αDα

kB


2π2αρ

Γ

(
3
α

)
ζ

(
3
α

) 
α/3

=
E0

kBkα0


2π2αρ

Γ

(
3
α

)
ζ

(
3
α

) 
α/3

. (3.2)

If we put α = 2, we obtain

Tc =
h2

2πmkB


ρ

ζ
(

3
2

) 
2/3

, (3.3)
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which is the well-known standard critical temperature since, in this case, the Laskin spectrum coincides
with the standard one [16].

We plotted Tc given by equation (3.2) with respect to the density ρ [see figure 2] for some specific
helium parameters (a0 and m).

Figure 2. The critical temperature curves at different α values according to Laskin approach.

4. Discussion

From figures 1 and 2, we can deduce that: (i) The critical temperature Tc grows with the density ρ
both in non-local and in standard approaches as expected. (ii) In the non-local approach, Tc is increased
for α < 2. It tends to the standard critical temperature Tc for the case α = 2 where the Caputo-Fabrizio
derivative is in complete agreement with the results known from the standard derivative. It turns out
that the transition temperature obtained via the Caputo-Fabrizio approach is larger than the standard
transition temperature and than the one obtained by using Laskin approach. For example when α = 1.3
and ρ ≈ 1028 m−3, Tc exceeds the standard one 10 times. In our opinion, the difference of critical
condensation temperatures is due to the allowed number of energy levels in non-local case. In other
words, the finite number of energy levels increases Tc . From the condition (2.18), this number decreases
when α decreases. Therefore, Tc increases as well. On the contrary, the number of energy levels is infinite
in the standard approach.

5. Conclusion

The study ofBose-Einstein condensation fromCaputo-Fabrizio point of viewon themomentumpower
law has revealed various effects of the non-local derivative on the critical condensation temperature. This
goal is reached by considering an ideal bosonic gas enclosed in a hard-wall box for a different energy
spectrum. This spectrum is derived based on a non-local Schrödinger equation defined in terms of
Caputo-Fabrizio derivative. The main findings can be summarized as follows: (i) The number of energy
levels is bounded and related to the derivative order α. (ii) As a result of the bounded number of energy
levels, the critical temperature for α < 2 is greater than the standard one. (iv) When α = 2, all the
results become standard because, in this case, the Caputo-Fabrizio derivative collapses to the ordinary
one. (v) Additionally, the condensation for α < 2 is possible in two dimensions. The last finding will
be investigated more in detail in our next research paper where the thermodynamic properties of such
systems will be reviewed. Furthermore, new effects might be highlighted by extending this study to other
quantum statistical systems such as Fermi gas.
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To compare, we have presented the transition temperature based on the Laskin spectrum of the ideal
Bose gas. It turns out that this temperature is grater than the standard temperature transition but smaller
than those obtained from the Caputo-fabrizio spectrum.

Acknowledgements

All authors would like to thank the head of the LABTHOP laboratory, Professor Mansour Abdeloua-
hab, Mathematics Department at University of El-Oued, Algeria, for the material support.

References

1. Laskin N., Phys. Lett. A, 2000, 268 298-305, doi:10.1016/S0375-9601(00)00201-2
2. Herrmann R, Fractional Calculus — an Introduction for Physicists, World Scientific, Singapore, 2011.
3. Muslih S.I., Agrawal O.P., Baleanu D., Int. J. Theor. Phys., 2010, 49, 1746–1752,

doi:10.1007/s10773-010-0354-x.
4. Alisultanov Z.Z., Meilanov R.P., Theor. Math. Phys., 2012, 171, 769–779, doi:10.4213/tmf6935.
5. Alisultanov Z.Z., Meilanov R.P., Theor. Math. Phys., 2012, 173, 1445–1456, doi:10.1007/s11232-012-0125-3.
6. Korichi Z., Meftah M.T., J. Math. Phys., 2014, 55, 033302, doi:10.1063/1.4868702.
7. Korichi Z., Meftah M.T., Theor. Math. Phys., 2016, 186, 374–382, doi:10.1134/S0040577916030065.
8. Bekhouche R., Meftah M.T., Korichi Z., Few-Body Syst., 2017, 58, 153, doi:10.1007/s00601-017-1315-1.
9. Caputo M., Fabrizio M., Progr. Fract. Differ. Appl., 2015, 1, 73–85, doi:10.12785/pfda/010201.

10. Losada J., Nieto J.J., Progr. Fract. Differ. Appl., 2015, 1, 87–92, doi:10.12785/pfda/010202.
11. Shah N.A., Khan I., Eur. Phys. J. C, 2016, 76, 362–373, doi:10.1140/epjc/s10052-016-4209-3
12. Saqib M., Ali F., Khan I., Sheikh N.A., Jan S.A.A., Alexandria Eng. J., 2017, 57, 1849–1858,

doi:10.1016/j.aej.2017.03.017.
13. Gomez-Aguilar J.F., Baleanu D., J. Electromagn. Waves Appl., 2017, 31, 752–761,

doi:10.1080/09205071.2017.1312556.
14. Bouzenna F.E.-G., Korichi Z., Meftah M.T., Rep. Math. Phys., 2020, 85, 57–67,

doi:10.1016/S0034-4877(20)30010-0.
15. Bouzenna F.E.-G., Meftah M.T., Difallah M., Pramana J. Phys., 2020, 94–92 1–7,

doi:10.1007/s12043-020-01968-z.
16. Huang K., Statistical Mechanics, John Wiley & Sons, New York, 1963.

13002-7

https://doi.org/10.1016/S0375-9601(00)00201-2
https://doi.org/10.1007/s10773-010-0354-x
https://doi.org/10.4213/tmf6935
https://doi.org/10.1007/s11232-012-0125-3
https://doi.org/10.1063/1.4868702
https://doi.org/10.1134/S0040577916030065
https://doi.org/10.1007/s00601-017-1315-1
https://doi.org/10.12785/pfda/010201
https://doi.org/10.12785/pfda/010202
https://doi.org/10.1140/epjc/s10052-016-4209-3
https://doi.org/10.1016/j.aej.2017.03.017
https://doi.org/10.1080/09205071.2017.1312556
https://doi.org/10.1016/S0034-4877(20)30010-0
https://doi.org/10.1007/s12043-020-01968-z


F.E. Bouzenna, M.T. Meftah, M. Difallah

Вплив нелокальної похiдної на конденсацiю

Бозе-Ейнштейна

Ф.Е. Бузенна1, M.T. Мефтах2, M. Дiфалах3
1 Фiзичне вiддiлення i лабораторiя LEVRES, факультет точних наук, унiверситет Ель Уеда, 39000, Алжир
2 Фiзичне вiддiлення i лабораторiя LEVRES, факультет математики i матерiалознавства, унiверситет Касдi
Мербах, Уаргла 30000, Алжир

3 Фiзичне вiддiлення i лабораторiя LEVRES, факультет точних наук, унiверситет Ель Уеда, 39000, Алжир
У цiй роботi ми вивчаємо вплив нелокальної похiдної на конденсацiю Бозе-Ейнштейна. Спершу, ми
розглядаємо похiдну Капуто-Фабрiцiо дробового порядку α для виведення власних значень нелокаль-
ного рiвняння Шредiнгера для вiльної частинки в 3D боксi. Потiм ми розглянемо 3D-конденсацiю Бозе-
Ейнштейна iдеального газу з отриманим енергетичним спектром. Цiкаво, що при такому пiдходi критичнi
температури Tc конденсацiї для 1 < α < 2 перевищують стандартну. Крiм того, показано, що конден-
сацiя в 2D є можливою. По-друге i для порiвняння, ми представили на основi спектру, встановленого
Н. Ласкiним, критичну температуру переходу як функцiю дробового параметра α для системи вiльних
бозонiв, керованих гамiльтонiаном iз степеневим законом щодо моменту (H ∼ pα). У цьому випадку
ми продемонстрували, що температура переходу перевищує стандартну. Порiвнюючи двi температури
переходу (по вiдношенню до Капуто-Фабрiцiо та Ласкiна), ми виявили для фiксованих α та густини ρ, що
температура переходу по вiдношенню до Капуто-Фабрицiо вища, нiж по вiдношенню до Ласкiна.
Ключовi слова: фазовий перехiд, критичнi явища
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