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In this article, we report the electronic band structures of hexagonal bilayer systems, specifically, rotated
graphene-graphene and boron nitride-boron nitride bilayers, by introducing an angle between the layers and
forming new periodic structures, known asmoiré patterns. Using a semi-empirical tight-binding approach with a
parametrized hopping parameter between the layers, using one orbital per-site approximation, and taking into
account nearest-neighbor interactions only, we found the electronic dispersion relations to be around K points
in a low energy approximation. Our results show that graphene bilayers exhibit zero band gap for all angles
tested in this work. In boron nitride bilayers, the results reveal a tunable bandgap that satisfies the prediction
of the bandgap found in one-dimensional diatomic systems presented in the literature.
Key words: tight binding approximation, graphene, boron nitride, bilayer, moire patterns, Van der Waals
interactions, commensuration theorem, low energy approximation

By exploiting the possibility of obtaining different conducting properties of two-dimensional bilayer
systems by rotating one of the layers, it is possible to generate new periodicities, also known as moiré
patterns [1, 2]. In this work, we study hexagonal bilayer systems, mainly two types of bilayers. The
first one is composed of graphene-graphene layers, the second, boron nitride-boron nitride layers. As the
theory predicts, the electronic band structure of an arrangement of atomsmight change as the periodicities
pattern changes [3]. For instance, we can get different bilayer patterns by introducing different angles
between layers [4, 5], forming new periodicities. However, given the size and complexity of the new
systems formed, we must take into account the size of a lattice, compared with the angle between layers.
The experimental relation between layers θ and the size of the pattern L is known as a moiré pattern,
mentioned in 1998 by H. Beyer et al. [2], who experimentally measured the lattice constant L of a moiré
pattern, generated in a graphite bulk [LHS(1)],

L(θ) =

{
1
2

a
sin(θ/2) 0 < θ 6 π/3,

a θ = 0.
N =

{
1

sin2(θ/2) 0 < θ 6 π/3,
1 θ = 0.

(1)

Later, S. Shallcross et al. theoretically studied the electronic properties of the graphene bilayers for a
given set of angles [6, 7]. They proposed a theorem that relates the periodicity formed with the angle
θ between layers [8]. The commensuration theorem is condensed in [RHS (1)]. Using this theorem, we
calculate a set of angles and lattice sizes presented in table 1. Other studies include Shallcross et al. [6],
whose article only studied graphene-graphene band structures. R. M. Ribeiro et al. [9] calculated boron
nitride band structures for a finite size bilayer using DFT methods. Guohong Li and J. M. B. Lopes dos
Santos [10, 11] used an effective Hamiltonian method to find the electronic properties of bilayer systems
for angles (θ 6 10). However, given the complexity of the systems and the computational resources
required to get this job done, they calculated band structures for a limited number of atoms. In this work,
we computed band structures of bilayer systems by using semi-empirical tight-binding approximations
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Table 1. The number of atoms N per unit cell with graphene bilayer lattice constant Lg and nitride boron
bilayer lattice constant Lnb .

θ N Lg(Å) Lnb(Å)
60.0 4 2.46 2.51
21.79 28 6.51 6.65
13.17 76 10.72 10.95
9.43 148 14.96 15.28
0.0 4 2.46 2.51

with low energy approximations around K points [12], using one orbital per site and counting only the
first neighbor approximation.

Mathematical model employed

We modelled the system as a perfectly flat and indefinitely extended bilayer. Hence, we neglected all
sorts of thermodynamic fluctuations and border effects. The Hamiltonian of the system can be written as
the sum of two isolated, tight-binding monolayers, H1 and H2, interacting via Van der Waals interaction
V as follows:

H = H1 + H2 + V = −γ0
∑
i, j

(a†mibm, j + H.c.) − γ f
∑
i, j

(a†1,ia2, j + H.c.) (2)

− γ4
∑
i, j

(a†1,ib2, j + a†2,ib1, j + H.c.).

The parameter γ f we had introduced here, depends on the relative distance between a pair of points i, j,
and in the type of interaction between each site, located in a sub-lattice Am′,i or Bm, j of a layer m. On
the contrary, a type γ0 is the hopping parameter between an electron located on a site A1,i to a site B1, j
of the same layer, γ3 is the hopping parameter between the site A1, j–A2, j from different layers, and the
γ4 corresponds to the hopping parameter between the sites A1,i–B2, j from the two different layers as
shown in Castro Neto et al., [13], where all hopping parameters are fixed, and the relation dispersion was
calculated for two types of possible setup, hence for θ = 0◦ and θ = 60◦. In this work, we extended this
definition into a new hopping parameter γ f (r) that depends on the relative distance r between sites. This
hopping parameter also fits into the values of γ3 and γ4 when it is evaluated at (0, a) and (a, a). Hence,
γ f (0, a) = γ3 and γ f (a, a) = γ4

γ f (r) =
γ3 − γ4

a

√
(x)2 + (y − a)2 + γ4. (3)

The lattice constant for each system is a, while x and y are the relative distances between the two sites.
This contrasts with Castro Neto et al. [13]. In the equation (3), the operators am,i and bm,i are defined as
the charge carrier annihilation operators in the sublattices Am′,i and Bm, j , respectively. Meanwhile, the
operators a†m,i and b†m,i are defined as the construction operators. γ0 is defined as the in-layer hopping
parameter. The hopping parameters for graphene-graphene and boron nitride-boron nitride bilayers [9, 13]
are resumed in the table 2. For boron-nitride bilayers, we only consider B−N interactions. Hence, N −N
and B − B hopping parameters in between layers are set arbitrarily to zero [9].

We can write the Hamiltonian (3) as a N × N matrix for each system. Solving the eigenvalues of this
equation, we find the band structure for each bilayer, and angle around Dirac points 1 resumed in the
graphics 2.

As shown in the graphic 1 and compared with the existing literature [13], the structure of the graphene
bilayer for θ = 0 holds a characteristic two shifted Dirac cone, matching the theory. However, for θ = 60,
it shows parabolic behavior with a nonnull charge carrier effective mass around the Dirac point K .
Moreover, the following matches the previous theoretical prediction [13, 14], confirming the validity of
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Table 2. List of constants used in this paper. Hopping parameters γ0, γ1, γ3, and γ4 [9, 15]. Distance
between monolayers d and inter-atomic distances a0, for graphene and nitride boron bilayer [16].

Graphene Boron nitride
γ0 2.8 eV 2.33 eV
γ1 0.4 eV 0.32 eV
γ3 0.3 eV 0.25 eV
γ4 0.04 eV N/A
d 3.35Å 3.75Å
a0 1.42Å 1.45Å

# states-0.1 -0.05 0 0.05 0.1
K(1/Å)

-0.4

-0.2

0

0.2

0.4

E
(e

V
)

#states-0.1 -0.05 0 0.05 0.1
K(1/Å)

-0.4

-0.2

0

0.2

0.4

E
(e

V
)

#states-0.18 -0.12 -0.06 0 0.06 0.12 0.18
K(1/Å)

-0.8

0

0.8

1.6

2.4

3.2

E
(e

V
)

#states-0.18 -0.12 -0.06 0 0.06 0.12 0.18
K(1/Å)

-0.8

0

0.8

1.6

2.4

3.2

E
(e

V
)

Figure 1. (Colour online) Low energy approximation of electronic band structure around Dirac points
K = (2π/3a, 2π/3

√
3a), with its respective projectedDOS evaluated inK.Upper left: Graphene-graphene

bilayer black 60◦, red 21.79◦ and green 13.17◦. Upper right: Graphene-graphene bilayer black 9.43◦ and
red 0.0◦. Down left: Nitride boron-nitride boron bilayer black 60◦, red 21.79◦ and green 13.17◦. Down
right: Nitride boron-nitride boron bilayer black 9.43◦ and red 0.0◦.
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Figure 2. Bandgap behavior of nitride boron bilayer.
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the methods employed here in the two limits. However, in the intermediate values between 60 and 0
degrees, it reveals degenerated bands.

On the other hand, the electronic band structure of boron nitride shows that it is possible to modulate
the bandgap behavior by changing the angle between layers, as demonstrated in figure 2.

Conclusions

In conclusion, we have shown that it is possible to tune the bilayer bandgap by changing specific
geometrical settings. This result is only possible if the atoms of each layer are made up of two different
species of atoms. The new geometrical pattern obtained after rotating each layer must be different from
the previous one. Considering that we formerly assumed perfectly flat layers and boundaryless bilayers,
the predictions are ideally valid at the center of relatively large samples stored at low temperatures.

This might be a feasible way to create bilayered semiconductors, allowing us to modify the bandgap
values by modifying their relative angles. In this case, the boron nitride–boron nitride bilayer displays a
bandgap modulation within the range of 0.73 eV to 4.5 eV, considering that we only took into account
N − B type interactions between bilayers. We encourage measurements on these systems through this
work, which will allow us to confirm or refute our predictions by recreating boron nitride bilayers and
graphene bilayers in low-temperature setups.

Data availability

The C++ codes used to compute the bands structures of this study have been deposited in the GitHub
repository (https://github.com/wswum3009/Electronic-properties-of-bilayer-sheets-forming-Moire-pat-
terns).
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Електроннi властивостi двошарових листiв,що формують

муаровi малюнки

В.С. Ву-Меї, Р.Р. Рей-Гонзалес
Колумбiйський Нацiональний унiверситет, Колумбiя
У цiй статтi описано електроннi зоннi структури гексагональних двошарових систем, зокрема, обертових
двошарiв графен-графен та “нiтрид бору-нiтрид бору”, вводячи кут мiж шарами та формуючи новi перi-
одичнi структури, вiдомi як муаровi малюнки. Використовуючи напiвемпiричний пiдхiд сильного зв’язку
з параметризованим параметром перескоку мiж шарами та одноорбiтальне одновузлове наближення i,
враховуючи лише взаємодiї найближчих сусiдiв, встановлено, що спiввiдношення електронної диспер-
сiї знаходяться на рiвнi K точок у наближеннi низької енергiї. Нашi результати показують, що двошари
графену мають нульову заборонену зону для всiх кутiв, протестованих у цiй роботi. У двошарах нiтриду
бору виявлено налаштовувану заборонену зону, що пiдтверджує передбачення для забороненої зони,
виявленої в одновимiрних двоатомних системах, представлених у лiтературi.
Ключовi слова: наближення сильного зв’язку, графен, нiтрид бору, двошар, муаровi малюнки,
вандерваальсiвськi взаємодiї, теорема сумiрностi, наближення низької енергiї

13701-5




