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Thermodynamic properties of the mixed spin-3/2 and spin-1/2 Heisenberg model are examined within the
Oguchi approximation in the presence of a random crystal-field (RCF). The RCF is either introduced with prob-
ability p or turned off with probability 1 − p randomly. The thermal variations of the global magnetization
and free energy of the system are investigated to construct the phase diagrams for the classical, quantum and
anisotropic cases. Different results revealed that no qualitative changes exist between them. Quantum effects
are found to be present and abundant in the quantum model in the negative D-range. This phenomenon has
a strong decreasing effect on the critical temperature which becomes much lower than in the classical case. In
the presence of an external field, it was observed that coercivity and remanence decrease in a wide range of the
absolute temperature.
Key words: exchange anisotropy, Heisenberg model, Oguchi approximation, mixed spin, crystal field

1. Introduction

In the classical spin models, e.g., Ising model (IM), the spins can only lie along one chosen axis
which is often taken to be the z-axis. These systems may be relatively easy to deal with when compared
with the quantum spin models, i.e., Heisenberg model (HM), because the spins now have freedom to
orient themselves in any three-dimensional space. This, of course, leads to an uncertainty since the
spin operators, i.e., the components of a spin, do not commute with each other. Therefore, it is usually
impossible to obtain an analytical solution. Their solutions often require some possible approximations
which may provide qualitative pictures but mostly presents some shortcomings.

The Oguchi approximation (OA) is such an approximation which is used to solve the HMs. The spin-
1/2 anistropic HM was studied with Dzyaloshinsky-Moriya interaction [1]. The effects of the second-
nearest-neighbor exchange interactions on the magnetization, internal energy, heat capacity, entropy and
free energy were examined [2]. The phase diagrams of the mixed spin-1 and spin-1/2 under the influence
of both exchange and single-ion anisotropies were taken into consideration [3]. This model was also
extended to the studies of compensation temperature [4] and magnetic susceptibility [5]. The mixed
spin-2 and spin-1/2 HM was studied under the influence of exchange anisotropy and crystal field by
using the OA on the square [6] and simple cubic lattices [7]. A similar study was also performed on the
ferromagnetic mixed spin-3/2 and spin-1/2 model for the HM in terms of the OA [8].

In addition to the HM in the OA approximation, there are some other works which use some other
techniques, considering various aspects in the IM. The first technique is the effective field theory (EFT)
which was considered in the calculation of magnetizations and phase diagrams [9], the critical properties
in a transverse field [10], magnetic properties in a longitudinal magnetic field [11], the magnetic and
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hysteresis behaviors for a bilayer model [12], bimodal random-crystal field distribution effects [13], for a
ferromagnetic or antiferromagnetic bilayer system with transverse field [14, 15], in a random field [16],
and for a trimodal random-field distribution [17]. Some of the works with a diluted model were also
examined in the EFT in a random field [18], with coordination numbers 3 and 4 [19], in a longitudinal
random field [20], for transverse Ising model [21, 22] and for the study of the magnetic properties[23]. In
addition to the EFT studies, theMonte Carlo algorithm [24], the exact recursion relations (ERR)were used
on the Bethe lattice (BL) [25], by establishing a mapping correspondence with the eight-vertex model
[26], an exact star-triangle mapping transformation [27], the ERR’s on a two-fold Cayley tree [28], on the
Union Jack lattice by means of a mapping correspondence with the eight-vertex model [29], on a rope
ladder it was examined by combining two exact analytical methods, i.e., decoration-iteration mapping
transformation and standard transfer-matrix method [30], within the mean-field approximation [31] and
with the use of the ERR’s on the BL [32], on a two-layer BL [33] and ±J model [34].

In this work, we extend the study of the mixed-spin 3/2 and 1/2 HM in the OA [8] with the inclusion
of the RCF and examine its phase diagrams by studying the thermal variations of total and relative
magnetizations as well as the free energy. The hysteresis cycles behavior is also analysed at different
temperatures.

The rest of the work is arranged as follows: The next section is devoted to the formulation of
Heisenberg model in the Oguchi approximation for the mixed spin-3/2 and 1/2 system under the effect of
the RCF. The third section consists of illustrations and possible discussions and comparisons. The final
section is devoted to a brief summary and conclusion.

2. The formulation of the HM in the OA for the mixed-spin 3/2 and 1/2

model

A lattice with coordination number q is considered. It is devided into two equivalent sublattices A
and B with spins 1/2 and 3/2, respectively. The usual Heisenberg Hamiltonian is considered. It includes
the nearest-neighbor (NN) bilinear interaction parameter J, the random crystal field Di active only at
spin-3/2 sites and the external magnetic field h. Its expression follows:

Ĥ = − J
∑
〈i j 〉

[
(1 − ∆)(Ŝx

i,3/2Ŝx
j,1/2 + Ŝy

i,3/2Ŝy
j,1/2) + Ŝz

i,3/2Ŝz
j,1/2

]
−

∑
i

Di

(
Ŝz
i,3/2

)2
− h

(∑
i

Sz
i,3/2 +

∑
j

Sz
j,1/2

)
, (2.1)

where Sν
i,3/2 and Sν

j,1/2 with ν = x, y, z are the components of spin operators for spin-3/2 and spin-1/2
and ∆ is the exchange anisotropy parameter with 0 6 ∆ 6 1. The values of ∆ changes it into the
IM Hamiltonian when it is set to one, into the HM Hamiltonian when it is equal to zero and into the
anisotropic model (AM) Hamiltonian when 0 < ∆ < 1.

To solve the model, some approximations are necessary. In the OA, the effective Oguchi Hamiltonian
for a pair of 3/2 and 1/2 spins is given as

Ĥi j = − J
[
(1 − ∆)(Ŝx

i,3/2Ŝx
j,1/2 + Ŝy

i,3/2Ŝy
j,1/2) + Ŝz

i,3/2Ŝz
j,1/2

]
− Di

(
Ŝz
i,3/2

)2
− hi Ŝz

i,3/2 − hj Ŝz
j,1/2 , (2.2)

where the mean-field terms are given as

hi = h + (q − 1)JM1/2 ,

hj = h + (q − 1)JM3/2 , (2.3)

with M3/2 = 〈Ŝz
i,3/2〉 and M1/2 = 〈Ŝz

j,1/2〉 being the magnetizations of the sublattices with spin-3/2 and
spin-1/2, q is the number of NN’s, and 〈...〉 corresponds to thermal averages.
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One has to solve the eigenvalue equation

Ĥi j | n〉 = Hn | n〉, n = 1, 2, . . . , 8 (2.4)

in order to get our required thermodynamic functions. Here, the | n〉’s are the eigenvectors and Hn are
the eigenvalues. The direct products of the possible vectors |s3/2,m3/2〉i for spin-3/2 and |s1/2,m1/2〉j for
spin-1/2 should be calculated. The direct product, i.e., |s3/2,m3/2〉i ⊗ |s1/2,m1/2〉j , gives us eight possible
base vectors as

|I〉 = |3/2, 3/2〉i |1/2, 1/2〉j , |I I〉 = |3/2, 3/2〉i |1/2,−1/2〉j ,
|I I I〉 = |3/2,−3/2〉i |1/2, 1/2〉j , |IV〉 = |3/2,−3/2〉i |1/2,−1/2〉j ,
|V〉 = |3/2,−1/2〉i |1/2, 1/2〉j , |V I〉 = |3/2,−1/2〉i |1/2,−1/2〉j ,
|V II〉 = |3/2, 1/2〉i |1/2, 1/2〉j , |V II I〉 = |3/2, 1/2〉i |1/2,−1/2〉j . (2.5)

These eigenvectors are used to obtain the matrix form of Ĥi j which is 8 × 8 matrix whose elements are
obtained from Hi j = 〈i |Ĥi j | j〉 with i, j = I, I I, ...,V II I and it is found as:

Hi j =

©­­­­­­­­­­­«

H11 0 0 0 0 0 0 0
0 H22 −

√
3 ∗ t 0 0 0 0 0

0 −
√

3 ∗ t H33 0 0 0 0 0
0 0 0 H44 2 ∗ t 0 0 0
0 0 0 2 ∗ t H55 0 0 0
0 0 0 0 0 H66 −

√
3 ∗ t 0

0 0 0 0 0 −
√

3 ∗ t H77 0
0 0 0 0 0 0 0 H88

ª®®®®®®®®®®®¬
, (2.6)

where the diagonal matrix elements are found as

H11 = −
3J
4
−

9Di

4
−

3hi
2
−

hj

2
, H22 =

3J
4
−

9Di

4
−

3hi
2
+

hj

2
,

H33 = −
J
4
−

Di

4
−

hi
2
−

hj

2
, H44 =

J
4
−

Di

4
−

hi
2
+

hj

2
,

H55 =
J
4
−

Di

4
−

hi
2
−

hj

2
, H66 = −

J
4
−

Di

4
−

hi
2
+

hj

2
,

H77 =
3J
4
−

9Di

4
−

3hi
2
−

hj

2
, H88 = −

3J
4
−

9Di

4
−

3hi
2
−

hj

2
, (2.7)

with t = − J
2 (1 − ∆0). The eigenvalues of this matrix Hi j are calculated as:

λ1 = H11,

λ2 = −

√
12t2 + H2

66 − 2H66H77 + H2
77 − H66 − H77

2
,

λ3 =

√
12t2 + H2

66 − 2H66H77 + H2
77 + H66 + H77

2
,

λ4 = −

√
16t2 + H2

44 − 2H44H55 + H2
55 − H44 − H55

2
,

λ5 =

√
16t2 + H2

44 − 2H44H55 + H2
55 + H44 + H55

2
,

λ6 = −

√
12t2 + H2

22 − 2H22H33 + H2
33 − H22 − H33

2
,
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λ7 =

√
12t2 + H2

22 − 2H22H33 + H2
33 + H22 + H33

2
,

λ8 = H88. (2.8)

After obtaining the eigenvalues, we are now ready to obtain the partition function which is the main
ingredient of our calculation which is found from Z = Tri j[exp(−βHi j)] and calculated as:

Z =

8∑
n=1

exp(−βλn)

= exp(−βH11) + exp (−βH88)

+ 2 exp
[
− β(H22 + H33)

]
cosh

(
βω23

2

)
+ 2 exp

[
− β(H44 + H55)

]
cosh

(
βω45

2

)
+ 2 exp

[
− β(H66 + H77)

]
cosh

(
βω67

2

)
,

where β = 1
kBT

, ω23 = λ3 − λ2, ω45 = λ5 − λ4, ω67 = λ7 − λ6 and kB is the Boltzmann constant.
The magnetizations for spin-3/2 and spin-1/2 are calculated by using the definitions

M3/2 =
1
βZ

∂Z
∂hi

(2.9)

and
M1/2 =

1
βZ

∂Z
∂hj

. (2.10)

In addition, the average magnetization can be defined as

MT = (M3/2 + M1/2)/2. (2.11)

Finally, the free energy of the model can be obtained by using

F = −(1/β) ln Z + J(q − 1)M3/2M1/2. (2.12)

So far all the equations are obtained for the mixed spin-3/2 and 1/2 HM in the OA. In order to
implement the RCF that is given in the bimodal form which turns the crystal field on with probability p
and turns it off with 1 − p

P(Di) = pδ(Di − D) + (1 − p)δ(Di)

must be combined with the final forms of magnetizations. Thus, the magnetizations with RCF effects can
be obtained from

m3/2 =

∫
1
βZ

[ ∂Z
∂hi

]
P(Di)dDi (2.13)

and

m1/2 =

∫
1
βZ

[ ∂Z
∂hj

]
P(Di)dDi . (2.14)

Lastly, the free energy with RCF is also given as

f = −
1
β

∫
ln ZP(Di)dDi . (2.15)

In the next section, we are going to illustrate our findings in terms of possible phase diagrams, thermal
variations of magnetizations and magnetic hysteresis loops.
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Figure 1. Temperature dependence of global magnetization (panel a) and the free energy (panel b) of the
system when ∆ = 0.0, q = 3, h = 0.0 and p = 1.0 for selected values of the crystal-field.

3. The phase diagrams

We start this section by analyzing the thermal behavior of the order parameters which are reduced in
the model to the global magnetization of the system. This is depicted in figure 1a for the coordination
number q = 3.As usually observed, the totalmagnetization starts from its saturation values and, as thermal
fluctuations grow in the system, it continuously decreases and finally vanishes at the critical temperature
Tc . As it can be observed, the displayed curves correspond to selected values of the crystal-field D. It
immediately appears that when D increases, a coexistence point between thermodynamic phases (1/2, 1/2)
and (3/2, 1/2) may appear because there exist two different saturation values of the global magnetization.
The transitionwhich is previously observedwhen M vanishes is of the second-order andTc increaseswhen
the value of D is raised. This means that D produces some stabilizing effect on the ordered ferrimagnetic
phase whose volume also increases. In figure 1b, the free energy is illustrated and shows two different
behaviors separated by a peak which is associated with the critical temperature Tc . One can see the first
region where it slowly increases. This increase becomes pronounced when D gets larger values. In the
second region, a very fast decay of the free energy is observed because the entropy term exceeds the
internal energy leading to almost straight lines. Similar results were reported in [35] which dealt with
thermodynamic properties of a spin-1/2 Heisenberg ferromagnetic system within the same Oguchi’s
approximation. Therein, the internal energy U is monitored and exhibited, as the entropy, a constant for
T > Tc . For varying values of the crystal-field interaction parameter D and probability distribution p, one
is able to devise a phase diagram for the model in the (D/J, kBT/J) plane. This is done in figures 2a and
b for the classical version (∆ = 1) and the quantum version (∆ = 0). Both panels show similar qualitative
trends. Some interesting features emerge. In particular, it is observed that the critical temperature Tc
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Figure 2. Phase diagrams of the system in the (D/J, kBT/J) plane for selected values of the probability
p between 0 and 1 with an increment of 0.1 for ∆ = 1.0 (panel a) and ∆ = 0.0 (panel b) and q = 3.

becomes insensitive to the value of the crystal-field parameter when this value becomes relatively high
at any value of the probability p. This behavior is observed in several previous works. In fact, [36]
that dealt with exact calculations on the mixed spin-1/2 and spin-S model on the square lattice reported
similar trends. For large and positive/negative values of D, thermodynamic phases (3/2,1/2)/(1/2,1/2)
should prevail in the system. It could be observed in the case that the difference between the asymptotic
values of the critical temperature Tc is a decreasing function of the parameter p that vanishes at p = 0.
Our calculations for these asymptotic values lead to the following results. In the classical model, for
p = 0; 0.5; 1 and D → −∞/+∞, we get respectively kBT/J = 1.548/1.548; kBT/J = 1.200/1.810;
kBT/J = 0.691/2.051. In the quantummodel case, for p = 0; 0.5; 1 and D→ −∞/+∞, one respectively
obtains kBT/J = 1.446/1.446; kBT/J = 1.075/1.769; kBT/J = 0.346/2.037. It emerges that the change
of the gap when p runs from 0 to 1 becomes considerably larger in the case of negative values of D than for
positive values in both models. When comparing the results displayed in both panels, it evidently appears
that the quantitative change of the critical temperature Tc could be clearly seen in the negative D-range
considered whereas only similar qualitative trends are observed beyond. As an example, for p = 1, the
critical temperature Tc for the quantum model is about half of that of the classical model, which means
that quantum effects play a key role in the magnetic properties of the quantum system for negative values
of the parameter D which are associated with low values of Tc . For this value of p, quantum effects on
the critical temperature are negligible at high values of D which induce Tc .

After studying the phase diagrams for the two extreme cases, ∆ = 0; 1, the anisotropic case ∆ , 0; 1
needs to be somewhat clarified. Results concerning this intermediate case are illustrated in figure 3. As
it can be seen from different panels, the anisotropic case shows the same qualitative behavior of phase
boundaries with the extreme quantum case. At fixed values of p, one sees that Tc is an increasing function
of ∆. The value corresponding to the saturation of Tc in the negative D-range also increases when the
value of ∆ is raised.
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Figure 3. Phase diagrams of the system in the (D/J, kBT/J) plane for selected values of the probability p
between 0 and 1 with an increment of 0.1 for ∆ = 0.25 (panel a); ∆ = 0.5 (panel b) and ∆ = 0.75 (panel
c) and q = 3.

In figure 4, we show another way to present the results reported in figure 2.We display phase diagrams
in the (p, kBT/J) plane for selected values of the crystal-field for the classical and quantum models. For
∆ = 0, one gets a straight and horizontal second-order transition line. For increasing values of D, we
get increasing values of Tc whereas for decreasing negative values, the contrary holds. Throughout the
previous figures, our numerical calculations only show second-order transition. As it is shown in the
following, one can get first-order transitions in the model at a relatively high value of the coordination
parameter q as well as in the presence of an external magnetic field constraint.

In fact, in figure 5, we present a set of phase diagrams for the quantummodel in the (D/J, kBT J) plane
for selected values of the probability p and coordination number q = 6. The case q = 6 should correspond
to the simple cubic lattice case. The number of nearest-neighbor interactions is then increased. For p = 0,
one gets the same straight line separating the ferrimagnetic and the disordered paramagnetic phases as
in figures 2,3. For p > 0, the results indicate the appearance of first-order transitions that are localized
by jumps in the global magnetization of the system. This is observed in the very low-temperature range
and for a D/J value around −1.4. Thus, the results for (p = 1;∆ = 0) (panel d) correspond to the results
reported in figure 3 of [8]. Let us remind the reader that the introduction of the probability distribution
on the crystal-field is the only difference between our model and that of [8]. A careful observation of
the onset of the first order transition when the parameter p varies shows that the value of D associated
with this onset decreases with p. Our calculations show that the first order transition lines observed in the
panels terminate at end-points. Hence, the critical values associated with p = 0.5, 0.8, 1 are respectively:
(D/J = −1.45, kBT/J = 0.035), (D/J = −1.44, kBT/J = 0.042), (D/J = −1.424, kBT/J = 0.071).
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Figure 4. Phase diagrams of the system in the (p, kBT/J) plane for selected values of D for ∆ = 1.0
(panel a); ∆ = 0.0 (panel b) and q = 3.

In what follows, the influence of the applied magnetic field is examined on the quantum system.
Figure 6a illustrates the change of the first-order transition temperature with the value of the crystal-
field D. At a constant value h = −0.5, one sees that this temperature increases when the value of the
crystal-field increases. The corresponding free energies in figure 6c show discontinuities at the transition
temperatures. This insures that we are in fact in the presence of true first-order transitions rather than
the jumps of the system from metastable states to stable (steady) states when thermal fluctuations are
enhanced. Figure 6b illustrates how the first-order transition is affectedwhen h varies. It could be observed
that no transition appears with positive values of the field h. All these observed behaviors result from the
competition between different model parameters of the system when the temperature varies.

Different panels of figure 7 show hysteresis phenomena and how the system disorders when the
temperature is raised fromzero. It also appears that the coercitive field hc and the remannentmagnetization
mr decrease with the temperature T since at high temperature a critical hysteresis is obtained.

Figure 8 gives detailed illustrations of that. Ou results for hc look similar to those displayed in [37, 38].
The remanent magnetization shows a narrow low-temperature region where it increases with T . Beyond
this region, it behaves like the global magnetization and vanishes at critical temperatures corresponding
to selected values of p. A similar behavior is also observed for the coercivity.
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b); p = 0.8 (panel c); p = 1.0 (panel d) and q = 6. A first-order transition phenomenon is detected at low
temperature for negative values of D/J.

4. Brief summary and conclusion

In this work, the mixed spin-3/2 and spin-1/2 Heisenberg model was investigated by means of
the Oguchi approximation which is a kind of a Mean Field treatment. The classical, quantum and
anisotropic cases were analyzed in the presence of a random crystal-field which was set on the system
with probability p or turned off with probability 1 − p. Computed magnetizations in the quantum case
showed the presence of second-order phase transitions for the coordination number q = 3 in the absence
of the external magnetic field h. The free energy F was found to increase with thermal fluctuations in
the ferrimagnetic phase whereas a decrease emerged at the onset of total disorder in the system. For
q = 3, several phase diagrams are plotted for varying values of the anisotropy ∆ and probability p. It
was observed that quantum effects are almost absent in the positive D-range whereas for relatively low
and negative values of D they appeared important, in particular in the quantum model for p = 1. Our
calculations did not show first-order transitions for q = 3. Instead, for q = 6, this phenomenon appeared
at a very low temperature in the negative D-range even in the absence of the external field constraint. It
was also revealed that for positive values of h, the first-order transition was absent whereas beyond, at
least in the range of selected values of h used in the computations, it appeared and the corresponding
temperature decreases with the absolute value of h. The existence of first-order transition induced the
presence of a hysteresis phenomenon in the quantum model. It was also shown that thermal fluctuations
had a dramatic effect on the size of the hysteresis loop which decreases as the temperature increases and
finally generates a critical hysteresis. Finally, we found that coercivity and remanence decrease with the
temperature in a wide range of the temperature T .
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Anisotropic Heisenberg model for the mixed spin-3/2 and spin-1/2 under random crystal field

Анiзотропна модель Гайзенберга змiшаного типу спiн-3/2 та

спiн-1/2 пiд дiєю випадкового кристалiчного поля

Д. Сабi Таку1,3, M. Карiму2,3, Ф. Гонтiнфiнде3,4, Е. Албайрак5
1 Вища полiтехнiчна школа Абомей-Калавi (EPAC-UAC), факультет природничих наук, Республiка Бенiн
2 Нацiональна вища школа енергетики i процесiв (ENSGEP), Абомей, Республiка Бенiн
3 Iнститут матаматичних i фiзичних наук (IMSP), Республiка Бенiн
4 Унiверситет Абомей-Калавi, фiзичний факультет, Республiка Бенiн
5 Унiверситет Ерджiєс, фiзичний факультет, 38039, Кайсерi, Туреччина
Термодинамiчнi властивостi змiшаної спiн-3/2 та спiн-1/2 моделi Гайзенберга дослiджується в наближеннi
Огучi за наявностi випадкового кристалiчного поля (ВКП). ВКП або вводиться з iмовiрнiстю p, або вими-
кається з ймовiрнiстю 1 − p випадково. Дослiджуються тепловi коливання глобального намагнiчування
та вiльна енергiя системи для того, щоб побудувати фазовi дiаграми для класичних, квантових та анiзо-
тропних випадкiв. Отриманi рiзнi результати показують, що мiж ними не iснує якiсних змiн. Встановле-
но присутнiсть квантових ефектiв у квантовiй моделi в негативному D-дiапазонi. Цей феномен виявляє
сильний зменшувальний вплив на критичну температуру, яка стає набагато нижчою, нiж у класичному
випадку. При наявностi зовнiшнього поля, спостерiгалось, що коерцитивнiсть i залишкова намагнiче-
нiсть зменшуються в широкому дiапазонi абсолютних температур.
Ключовi слова: обмiнна анiзотропiя, модель Гайзенберга, наближення Огучi, змiшаний спiн,

кристалiчне поле
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