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Within unitary transformed Hamiltonian of Fröhlich type, using the Green’s functions method, exact renormal-
ized energy spectrum of quasiparticle strongly interacting with two-mode polarization phonons is obtained at
T = 0 K in a model of the system with limited number of its initial states. Exact analytical expressions for
the average number of phonons in ground state and in all satellite states of the system are presented. Their
dependences on a magnitude of interaction between quasiparticle and both phonon modes are analyzed.
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1. Introduction

Just after the beginning of intensive development of the theory of quasiparticles (electrons, holes,
excitons, impurities, etc.) interacting with phonons, when states with energies close to the energies
of uncoupling quasiparticles were mainly studied, from physical considerations it became clear that
different complexes of bound-to-phonons states are observed in the vicinity of threshold energies (order
of quasiparticle energy plus one or more phonons).

At first, the theory of near-threshold phenomena was developed using the Hamiltonians of Fröhlich
type for the systems of quasiparticles interacting with phonons. The analytical calculations were per-
formed within the methods of quantum field theory [1–3]. However, since the range of energies that did
not exceed the radiation threshold of one phonon was usually observed, the investigations were provided
in one-phonon approximation for the mass operator. The higher corrections to the complete vertex com-
ponent were taken into account rarely. The theoretical results obtained during this period are presented in
review [3]. Here, the classification (over the average number of phonons in the so-called phonon “dress”
of quasiparticle) was proposed for the renormalized, due to interaction with phonons, three types of states
of impurity centers: polaron (N < 1/2), hybrid (N ∼ 1/2), corresponding to the dielectric modes, known
from experiments and bound-to-phonons states of quasiparticle (N ∼ 1).

While the theory developed, it turned out that multi-phonon processes play an important role in the
formation of renormalized spectrum of the system, when not only ground but also high-energy states
were taken into account [4–6]. Within a universal method of Feynman diagram technique for the Fourier
image of quasiparticles Green’s function, it was established that sequential consideration of only a certain
number of first components of complete mass operator (identical to perturbation theory), the same as
infinite partial summing of all diagrams without crossing the phonon lines (due to the factorial decrease
of their number compared to the rest diagrams with crossing lines in each order) did not provide a correct
account of multi-phonon processes.

At the edge of 2000th, non-perturbative approaches and methods appeared, which correctly took into
account multi-phonon processes in the theory of quasiparticle interacting with phonons: exact diagonal-
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ization (ED) for small systems, variational method (VM), the momentum average (MA) approximation
and so on [7–15]. Diagrammatic Monte Carlo (DMC) and bold diagrammatic Monte Carlo (BDMC)
methods [16–20] have played a particularly important role for investigation of high-excited states, re-
vealing the reasons for different phenomena in electron-phonon systems. Both methods are essentially
based at the computer algorithms for calculating the high-order diagrams of mass operator inMatsubara’s
Green’s functions.

At the background of an intensive development of general theory for the systems of quasiparticles
interactingwith one-mode phonons, themulti-mode ones started to be studied long ago [21, 22]. However,
the lack of an urgent need in explaining the key experimental phenomena and the emerging novel
mathematical problems did not contribute to a sufficient development of such a theory.

Situation has essentially changed due to the recent rapid development of experimental and theoretical
nano physics [23, 24]. Strong spatial confinement of constituent elements of nano-heterostructures
causes the appearance of different modes of phonons (confined, half-space, interface and propagating)
interacting with different quasiparticles (electrons, holes, excitons, impurities, etc.). Even in the simplest
nanostructure with one quantumwell embedded into barrier-medium, for example HgS/CdS, the energies
of twomodes of polarization phonons areΩHgS = 27.8meV andΩCdS = 57.2meV, respectively. Although
there is an urgent need, we still do not have a consistent and effective theory of quasiparticles interacting
with multi-mode phonons.

It should be mentioned that in [22], one of the approaches to the study of a renormalized spectrum
of the two-state quasiparticle strongly interacting with polarization phonons was proposed. The retarded
Green’s function was exactly calculated in general form within the unitary transformed Hamiltonian of
Fröhlich type. However, the exact Fourier transformation and, hence, the renormalized discrete spectrum
was obtained only for the system with one-phonon mode. An approximately calculated [22] spectrum
of the system with an arbitrary number of phonon modes revealed to be decaying as at T , 0 K, so at
T = 0K. Such a result is evidently an artefact of the approximation because, from physical considerations,
the interaction only with virtual phonons (T = 0 K) cannot cause any decay.

A renormalized spectrumof localized quasiparticle interactingwith one-mode dispersionless phonons
at T = 0 K was obtained later, using the Feynman diagram technique [25, 26] and momentum average
approximation [10], for the model of the system without limiting conditions. It was the same as in [22].

In this paper, within the exact calculation of Fourier image of retarded Green’s function, we obtained
a renormalized spectrum of quasiparticle strongly interacting with dispersionless two-mode phonons
at T = 0 K in the model with limiting conditions. The average phonon numbers are analyzed for the
main and satellite states of the system. The proposed method of calculation of Fourier image of retarded
Green’s function opens up prospects to generalize it for the systems of localized quasiparticles interacting
with an arbitrary number of phonon modes.

2. Renormalized spectrum of the system and average numbers of pho-

nons in all states

The system which consists of one-band quasiparticle (exciton, impurity etc.) strongly interacting with
dispersionless two-mode phonons is studied at T = 0 K. Its Hamiltonian is written in Fröhlich form [22]

Ĥ =
∑
®k

E®k Â+
®k

Â®k +
2∑
λ=1

∑
®q

ΩλB̂+
λ ®q

B̂λ ®q +
2∑
λ=1

∑
®k, ®q

ϕλ( ®q)Â+®k Â®k
(
B̂λ ®q + B̂+

λ−®q

)
. (1)

Here, E®k is an energy of uncoupled quasiparticle,Ωλ is an energy of λ-th phononmode, ϕλ( ®q) is a binding
function. Quasiparticles (Â+

®k
, Â®k) and phonons (B̂+

λ ®q
, B̂λ ®q) operators of second quantization satisfy Bose

commutative relationships. Like in [22], we are using the model for the system with the condition

n̂2 = n̂ =
∑
®k

Â+
®k

Â®k . (2)
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It means that the eigenvalues of both these operators (n̂ and n̂2) are either 0 or 1 and are interpreted as
the condition of presence (1) or absence (0) of “pure” quasiparticle state.

To obtain a spectrum of such a system, the Hamiltonian (1) is diagonalized like in [22] within
transition from Â®k, B̂λ ®q operators to a new â®k, b̂ ®qλ using a unitary operator

S = exp{σ̂
∑
®k

â®k â+
®k
}, (3)

where
σ̂ =

∑
λ, ®q

Ω
−1
λ

[
ϕ∗λ(q)b̂

+
λ ®q
− ϕλ(q)b̂λ ®q

]
. (4)

As a result, Hamiltonian (1) gets a diagonal form in new operators

Ĥ =
∑
®k

ε®k â+
®k
â®k +

∑
λ, ®q

b̂+
λ ®q

b̂λ ®q , (5)

where
ε®k = E®k −

∑
λ, ®q

Ω
−1
λ |ϕλ( ®q)|

2 (6)

is an energy of new elementary excitations created by operator â+
®k
.

Introducing (at T = 0 K) a two-time retarded Green’s function

G(®k, t) = −iθ(t)
〈
0
��� [ Â®k(t), Â+

®k
(0)

] ��� 0〉 , (7)

taking into account (5) and the relationship between old and new operators

A®k = Sâ®kS+ = â®ke−σ̂ (8)

and using the Weyl operator equality [22], we obtain an exact expression

G(®k, t) = −iθ(t)
〈
0
���eσ̂+(t)eσ̂(0)��� 0〉 exp

(
−

iε®k t

~

)
= −iθ(t) exp

(
−

iε®k t

~
+ g(t)

)
. (9)

Here,

g(t) =
2∑
λ=1

αλ

{
exp

(
−

iΩλt
~

)
− 1

}
, (10)

where
αλ = Ω

−2
λ

∑
®q

|ϕλ( ®q)|2 (11)

is a dimensionless parameter, which characterizes the binding energy of quasiparticle with λ-th phonon
mode.

Now, the Fourier image of Green’s function (9) is written in the form

G(®k, ω + iη) = −
i
~

∞∫
0

exp

{
i
(
ω −

εk
~
+ iη

)
t +

2∑
λ=1

αλ

[
exp

(
−

iΩλt
~

)
− 1

]}
dt . (12)

Expanding exp[
2∑
λ=1

αλ exp(−iΩλt/~)] into a series and using Newton’s binomial [27], integral (12) is

calculated exactly. As a result, at ~ = 1, we obtain

G(®k, ω + iη) = e
−

2∑
λ=1

αλ
∞∑
p=0

p∑
l=0

α
p−l
1 αl

2

(p − l)! l!
[
ω − Ek +

2∑
λ=1

αλΩλ − (p − l)Ω1 − lΩ2 + iη
] . (13)
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Changing the order of summing in (13), we again obtain exact, but more convenient for physical analysis,
representation for Fourier image of Green’s function

G(®k, ω + iη) = e
−

2∑
λ=1

αλ


1

ω − Ek +
2∑
λ=1

αλΩλ + iη
+

2∑
λ=1

∞∑
lλ=1

αlλ
λ

lλ!
[
ω − Ek +

2∑
λ1=1

αλ1Ωλ1 − lλΩλ + iη
]

+

∞∑
l1,l2=1

αl1
1 α

l2
2

l1! l2!
[
ω − Ek +

2∑
λ1=1

αλ1Ωλ1 − l1Ω1 − l2Ω2 + iη
]

.

(14)

According to the general theory [1, 21, 22], at T = 0 K the retarded and casual Green’s functions
are the same, since the poles of G(®k, ω + iη) exactly determine the energy spectrum of the system. Thus,
energetic denominators of three components in formula (14) show that the renormalized energy spectrum
can be expressed within one exact analytical expression

El1,l2(
®k) = E®k −

2∑
λ=1

αλΩλ + l1Ω1 + l2Ω2, (l1, l2 = 0, 1, 2, . . . ,∞). (15)

From this formula it is clear that as far as there is no decay (η→ 0), then, the spectrum of the system
is real. Its main renormalized band (at l1 = l2 = 0)

E0,0(®k) = E®k −
2∑
λ=1

αλΩλ (16)

is shifted into low-energy range, with respect to the main band (E®k) of uncoupled quasiparticle, at the

magnitude
2∑
λ=1

αλΩλ. Besides, there is an infinite number of discrete groups of satellite levels, which

correspond to the bound states of quasiparticle with all possible combinations of a different number of
phonons of both modes. They can be classified: a) two infinite unmixed groups of equidistant levels at
El1 (l2 = 0; l1 = 1, 2, . . . ) and El2 (l1 = 0; l2 = 1, 2, . . . )

Elλ (
®k = 0) = E0 −

2∑
λ1=1

αλ1Ωλ1 + lλΩλ, (lλ = 1, 2, . . . ,∞; λ = 1, 2), (17)

which correspond to all possible bound states of a quasiparticle split by the energies as each phonon
mode b) infinite number of mixed groups of satellite levels

El1,l2,0(®k) = E®k −
2∑
λ=1

αλΩλ + l1Ω1 + l2Ω2 (l1, l2 = 1, 2, . . . ,∞) (18)

with all possible combinations of numbers of phonon energies, which correspond to the bound states
of quasiparticle with superposition of both phonon modes. We should note that if one mode is absent
in the system, one parameter αλ becomes equal to zero. Thus, in (14), in sum over λ there is only one
component and sums over l1 and l2 are equal to zero. Hence, the renormalized spectrum, as it should
be, is the same as that obtained for a one-mode system [22, 25, 26], and the combined mixed states are
absent.

An interesting property of renormalized spectrum (15) is that if the energy of one mode is p-multiple
with respect to the energy of the second mode, then the main and first p − 1 satellite levels are non-
degenerate while the rest are degenerate. Herein, the whole discrete spectrum is equidistant with the same
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energetic period which is equal to the smallest phonon energy. If the ratio between both phonon energies is
a rational number, then the satellite levels which satisfy the condition p1Ω1 = p2Ω2, (p1, p2 = 1, 2, . . . ,∞)
are degenerate while the rest are non-degenerate. If the ratio Ω1/Ω2 is irrational, then the whole discrete
spectrum is non-degenerate.

Renormalized spectrum of the system (15), the relationship between the Fourier image of retarded
Green’s function and mass operator [M(®k, ω)] within Dyson equation [1, 21, 22]

G(®k, ω) =
{
ω − E®k − M(®k, ω)

}−1
(19)

makes it possible to define the average number of phonons (Nst) in the so-called phonon “dress” of
quasiparticle in stationary states of the system with energies Est. It is well known [3, 20] that these
numbers are fixed by the expression

Nst =
{
1 −

[
M ′ω(ω = Est)

]−1
}−1
≡ 1 − G2(ω = Est)

{
G′ω(ω = Est)

}−1 (20)

and are calculated analytically exactly in this model. As a result, the exact analytical expression is obtained
for the average number of the phonons of ground band with E0,0(®k) the energy and two unmixed groups
λ = 1, 2 of satellite levels Elλ (0) of states of quasiparticle bound to each mode, separately

N(α1, α2; lλ) = 1 − αlλ
λ (lλ!)−1e−(α1+α2), (lλ = 0, 1, 2, . . . ,∞; λ = 1, 2) (21)

while for the average number of phonons in mixed groups of satellite states with El1,l2(
®k) energies

N(α1, α2; l1, l2) = 1 − αl1
1 α

l2
2 (l1! l2!)−1e−(α1+α2), (l1, l2 = 1, 2, . . . ,∞), (22)

where l1 and l2 are the numbers of energies (Ω1 and Ω2) of phonon modes which participate in the
formation of the corresponding mixed bound states of the system.

Expressions (21) and (22) prove that if there is only one mode in the system (for example, Ω2 =
0, α2 = 0), the average number of phonons in mixed groups of the states loses its sense due to their
absence. The average number of phonons with the energy Ω1 and coupling constant α1 in ground and
satellite states of the system

N(α1; l1) = 1 − αl1
1 (l1!)−1e−α1 (l1 = 0, 1, 2, . . . ,∞) (23)

in the limit case is identical to that, obtained for the one-mode system at T = 0 K [26].
The analysis of these formulae for arbitrary states and average numbers of phonons (N) calculated as

functions of α1 at α2 = const for several lower renormalized states of the system, presented in figure 1,
show the following. In the ground state with E0,0(k = 0) energy (for example, at α2 = const > 0,
l1 = l2 = 0), the average number of phonons, as function of α1 has analytical form

N(α1, α2 = const > 0, 0) = 1 − e−(α1+α2). (24)

Hence, if α1 increases from zero to infinity, it monotonously increases from the minimum magnitude
N(0, α2, 0) = 1 − exp(−α2) to the maximum one: N(α1 → ∞, α2, 0) → 1. It means that at small values
(α1 +α2 � 1), the average number of phonons in the “dress” is small (N ∼ α1 +α2). Thus, the “dressed”
quasiparticle, in this state, has the properties similar to those, which it had before the interaction with
phonons. If the sumof both constants approaches the vicinitywhereα1+α2 = ln 2, the number N(α1, α2, 0)
is equal to 1/2. Thus, according to the classification of bound states proposed in [3], it means that in
this state the system has the properties characteristic of the phonon-quasiparticle complex. If the value
(α1 + α2) essentially exceeds ln 2, then, N(α1, α2, 0) → 1. Therefore, this bound state of the system has
predominantly phonon properties.

Functional dependences of the average phonon numbers N on α1 at α2 = const in both unmixed
groups of satellite levels, as it is clear from (21) and figures 1a, b, differ from each other due to the
different positions of their minima in coordinates (α1, N). The numbers N(α1, α2 = const, l1) correspond
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Figure 1. (Colour online) The average number of phonons N as function of α1 at α2 = 0.25 (a), α2 =
0.5 (b) in the main (at α2 = 0 and α2 , 0) and four unmixed phonon satellite states (main panels in the
figure) and four mixed states (inserts in the figure).

to the group of levels with El1(
®k = 0) energies. They are minimal at integer α1 = l1 = 1, 2, . . . values.

Thus, their minimum magnitudes are fixed by the expression

min N(α1 = l1, α2 = const, l1) = 1 − ll11 (l1!)−1e−(l1+α2), (l1 = 1, 2, . . . ). (25)

The numbers N(α1, α2 = const, l2) correspond to the group of levels with El2(
®k = 0) energies. All

their minima are located at α1 = 0, with their magnitudes given by

min N(α1 = 0, α2 = const, l2) = 1 − αl2
2 (l2!)−1e−α2, (l2 = 1, 2, . . . ). (26)

The properties of the average number of phonons in both unmixed groups of satellite levels is clear
from formulae (25), (26) and figure 1a,b. The main property is that in all these bound-to-phonon states
of quasiparticle, the system has the properties more similar to the phonons one, the higher is the level in
any of both satellite groups.

Finally, the average number of phonons as function of α1 at α2 = const in all mixed groups of satellite
levels with El1,l2(α1, α2; l1, l2), energies, as it is clear from (22) and inserts in figure 1a, b, is similar to
that, corresponding to the group of the levels with El1(

®k = 0) energies, because their minima

min N(α1 = l1, α2 = const, l1, l2) = 1 −
ll11 α

l2
2

l1!l2!
e−(α1+α2), (l1 = 1, 2, . . . ) (27)

are also realized at integer α1 = l1 = 1, 2, . . . . This fact and figure 1a, b proves that in all these
bound-to-phonon states of quasiparticle, the properties of the system are very similar to the phonon ones.

3. Main results and conclusions

The renormalized energy spectrum and the average numbers of phonons are exactly calculated for
the model of quasiparticle (in two initial states) strongly interacting with the two-mode phonons at
T = 0 K. Within the exact calculation of Fourier image of retarded Green’s function of quasiparticle, we
established that the renormalized spectrum of two-mode system is discrete, as well as that known for the
one-mode system [22, 25, 26]. Furthermore, it does not decay, with respect to physical considerations. The
renormalized spectrum of multi-mode (the same for the two-mode) system obtained in [22] at T = 0 K
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turned out to decay due to approximated calculation of the Fourier image of retarded Green’s function.
However, from quantummechanical considerations, interaction of quasiparticle onlywith virtual phonons
should not produce a decay, in order not to violate the law of the energy conservation for the system
under study.

It is shown that the renormalized spectrum of the system contains the main band, which is shifted into
the low-energy region, and three groups of infinite series of equidistant levels of phonon satellites. Two
of them (unmixed) are produced by the bound states of quasiparticle with all numbers of each phonon
mode, separately, while the third one (mixed) is produced by quasiparticle bound with all possible sums
of numbers of both phonon modes. The properties of spectrum and the average phonon numbers are
analyzed as functions of the coupling constants for the main and all satellite states of the system.

The proposed method of analytical calculation of renormalized spectrum and the average number of
phonons can be generalized for the systems with an arbitrary number of modes, which will be done in
future.
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M.V. Tkach, Ju.O. Seti, O.M. Voitsekhivska, V.V. Hutiv

Перенормований спектр квазiчастинки, сильно

взаємодiючої з двомодовими поляризацiйними фононами

приT = 0 K, у моделi з обмеженням на її стани

Ткач М.В., Сетi Ю.О., Войцехiвська О.М., Гутiв В.В.
Чернiвецький нацiональний унiверситет iменi Юрiя Федьковича, вул. Коцюбинського 2,
58012 Чернiвцi, Україна
Унiтарним перетворенням гамiльтонiана фрелiхiвського типу iз застосуванням методу функцiй Грiна зна-
йдено точний перенормований енергетичний спектр квазiчастинки, що сильно взаємодiє з двомодови-
ми поляризацiйними фононами при T = 0 К у моделi системи з обмеженням на число її початкових
станiв. Також знайдено точнi аналiтичнi вирази середнiх чисел фононiв у основному i всiх сателiтних ста-
нах системи та проаналiзована їх залежнiсть вiд величин взаємодiї квазiчастинки з обома фононними
модами.
Ключовi слова: квазiчастинка, масовий оператор, фонон, спектр
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