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The dependence of the current density on the phase difference is investigated considering the layered super-
conducting structures of a SIS'IS type. To simplify the calculations, the quasiclassical equations for the Green's
functions in a t-representation are derived. An order parameter is considered as a piecewise constant function.
To consider the general case, no restrictions on the dielectric layer transparency and the thickness of the inter-
mediate layer are imposed. It was found that a new analytical expression for the current-phase relation can be
used with the aim to obtain a number of previously known results arising in particular cases.
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1. Introduction

In the microscopic theory of superconductivity, a layered superconducting structure of a SIS’IS type (S
and S’ are the superconductors, I is an insulator) is also called a double-barrier superconducting junction.
For certain values of the intermediate layer thickness, the so-called resonant tunneling modes [1, 2] can
arise in the layered superconducting structures of a SIS’IS type. In paper [3], an interesting feature of
the supercurrent flow is investigated considering the layered superconducting structures of a SIS’IS type.
Using a microscopic approach, the features of the charge transport in a three-dimensional SIS’IS junction
are theoretically investigated in the absence of nonmagnetic impurities. Depending on the thickness of the
intermediate layer, there are two electron transport modes in the layered superconducting structures of a
SIS’IS type. The first mode is also called a coherent mode. In the case of a coherent mode, the supercurrent
of the junction is directly proportional to the dielectric layer transparency D. When the thickness of the
intermediate layer is increased, there is a mode with a broken coherence. This is the second mode. In the
case of the second mode, the supercurrent of the junction becomes directly proportional to D?.

Considering a double-barrier Josephson junction as a coupled three-level quantum system, a Feynman-
like method [4} 5] can be generalized for the layered superconducting structures of a SISIS type. It is
significant to note that the three superconductors have the same Cooper pair density [[6]. In the paper [7],
a modified Ohta’s model [8]] is applied with the aim to explore the stationary properties of the SISIS
junctions.

The effects of the phase coherence in the layered superconducting structures are also important in
terms of practical application [9-13]]. This is experimentally demonstrated by the possibility to construct
the Josephson junctions with desirable engineering properties using the known layering methods [[14}[15].

A double-barrier Josephson junction of a SIS’IS type is fabricated from Nb/AI-AlO,-Nb/Al-AlO-
Nb/Al structures deposited in the same vacuum with the aim to provide the identical material parameters
of the films and the tunnel barriers. In the paper [[16]], the fabrication procedure is described more in detail.
In the paper [2], an absolute value of a Josephson current in a double-barrier Josephson junction with
very thin middle electrodes is studied experimentally. The two junctions are separated by the distance of
an order of a superconducting coherence length. It is also concluded that the maximum value J. of the
current density in a Josephson junction of a SIS’IS type is higher than the corresponding maximum value
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Je in a single S’IS junction from the stack. This effect is explained by a model that takes an Andreev
reflection [[17]] in a SIS’IS double-barrier stack into consideration.

The main purpose of our paper is to explore the stationary properties in the layered superconducting
structures of a SIS’IS type. An order parameter of the superconductor S’ is different from an order
parameter of the superconductor S. Unlike the above-mentioned papers, a general case will be considered
in our investigation. This means that no restrictions on the dielectric layer transparency and the thickness
of an intermediate layer are imposed. The main task of the investigation is to obtain the dependence of
the supercurrent on the phase difference. The dependence of the supercurrent on the thickness of the
intermediate layer S’ must also be analyzed.

A research is conducted using a Green’s function method [18]. To obtain an analytical expression
for the Green’s function, a spatial smoothing procedure on the length scales of an order of an atomic
size is performed. This enables us to derive the quasiclassical equations describing the spatial behavior
of the Green’s functions on the length scales of an order of the superconducting coherence length. It is
shown that the most compact form of quasiclassical equations can be found using a 7-representation [[18].
In this representation, an expression for the current density can also be obtained. Considering an order
parameter as a piecewise constant function, the solutions of the quasiclassical equations for the Green’s
functions are found in the three superconductors. The absolute value of an order parameter is equal to A
for a superconductor of the intermediate layer. The absolute value of an order parameter is equal to A for
other superconductors.

The proposed calculation scheme enables us to obtain a new analytical expression for the dependence
of the current density on the phase difference. A current-phase relation is true for arbitrary values of
the dielectric layer transparency and an intermediate layer thickness. A new analytical expression for the
current-phase relation also enables us to obtain a number of previously known results for the following
junctions: SNS, SINIS, SISIS and SIS. Thus, a thorough verification of the correctness result is performed.

2. Model and basic equations

Let a plane XOY be a middle of an intermediate layer S°. The thickness of an intermediate layer
is equal to d. The insulator films are placed on the planes z = +(d/2). The left-hand superconductor
and the right-hand superconductor have a location |z| > d/2. On the plane XOY, there is a translational
invariance. The spatial homogeneity is broken in the direction of the OZ axis. It is significant to note that
the insulator films can be modelled by a potential field

U(z):%[é(z—§)+6(z+§)

In the microscopic theory of superconductivity, the Matsubara Green’s functions are considered to
be a powerful mathematical tool. The thermodynamic quantities of a superconductor can be represented
via the Matsubara Green’s functions. It is significant to note that these Green’s functions [[18] are the
elements of a matrix

s U()>0.

@2.1)

= = _r =
G (77 =( Gun (77)  —Fu, (2 77) )

_Fwn('_’:?’) Gwn(’_’:’_ﬂ)

Let us consider the absence of an external magnetic field A(F) and the presence of a potential field U(z).
In this particular case, a matrix Green’s function (2.1)) is a general solution of the second order differential
equation

[iwn . (5 + U(z)) - A(z)] G, 7)) = 6(F 7). 2.2)

In the differential equation (2.2)), there are the odd Matsubara frequencies w, = aT(2n + 1) dependent

A 2
on the numbers n € Z. We also have a Pauli matrix o, = ({ , ), a differential operator & = £~ — y and

a matrix A(z) = ( A*?z) AE)Z) ) containing an order parameter A(z).
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In the superconductor, the motion of the Cooper pairs can be considered to be a quasiclassical
motion, because the Fermi momentum po is much greater than the momentum mu, related to the
motion of a Cooper pair. Such a conclusion can be made considering an estimator of a physical quantity
v$ ~ A/po ~ T,/ po. As aresult, there is a fraction mvs /pg < T, /Ep ~ a/&y containing an atomic length
a. In the theory of low temperature superconductivity, the above-mentioned fraction is an infinitesimal
parameter. As aresult, a spatial smoothing procedure on the length scales of an order of an atomic size can
be performed for an order parameter and some other functions. This enables us to neglect the small-scale
changes. Only the large-scale changes on the length scales of an order of a superconducting coherence
length must be taken into account. The second order differential equations for the Green’s functions can
be transformed into the first order differential equations by a spatial smoothing procedure. We are now
talking about the so-called quasiclassical equations. In the book [18]], a way to derive the quasiclassical
equations is demonstrated for the superconducting junctions of an SIS type. In our case, the way to derive
the quasiclassical equations for the layered superconducting structures of an SIS’IS type is analogous to
the way demonstrated in a book [18]]. Considering the layered superconducting structures of an SIS’IS
type, it was found that the first order differential equations for the Green’s functions in a ¢-representation
are analogous to the first order differential equations for the superconducting junctions of an SIS type.

3. Quasiclassical equations

Let us consider the second order differential equation
[E+ U@ v @) = &u () 3.

2
containing a dispersion relation §5 = f—m — u. A superscript k can acquire values of 1 and 2. A general
solution of the second order differential equation (3.1) is a three-dimensional wave function

®)zy - o (k)
U (1) = - exp(ipr)xp, (2)- (3.2)

In the formula 1| , anotation for the so-called transverse momentum p, = pyéx+p,€, is introduced.
Substituting the three-dimensional wave function (3.2) into a second order differential equation (3.1)), we
can derive a one-dimensional second order differential equation with the following solutions:

1 [C . d d
)(l(,lz?(z) = E [716"”22 +i(C, - 1)e“”1%sign (z + E) sin p, (z + 5)
. d d 1+Cy
ricw et o= gJsnp. s 5+ F5Eere| iR =aica 63

In the formula (3.3), there is a momentum p, > 0. We also have constant coefficients defined by the
formula C; = (Cy — 1)e =4 4 C3, Cy = (1 + %) Ci. C3 = 4K CyeiP+ and

e—ipzd

Cy = 5 5 .
( i) -ip.d 4 (L) eip=d
1+ 2p- e 2p: )
Here, we have a notation K = mUy. The coefficient C4 can be used with the aim to calculate the
dielectric layer transparency

-1

2 2
K K
D= |C4|2= 1+ (—) (cospzd+—sinpzd)
P

z 2p,
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and the reflection coefficient R = |C;|> = 1 — D. A three-dimensional wave function (3.2) can be used
with the aim to obtain an expansion of the matrix Green’s function (2.1). Thus,

Gon'. *’)-Zfdpj G (5w P @) (34

The expansion (3.4) must be substituted into the second order differential equation (2.2). This enables
us to derive the equations for the Green’s functions in the momentum representation

(iwn=028) Gl (ﬁ,ﬁ’)—ZJdﬁ” Ud?w;“)(?)A(zwg?(?)]G:;’;f (Y5 = 6o (F=p).  (3.5)

In fact, the spatial homogeneity is broken only in the direction of the axis OZ. Thus, the order
parameter A depends only on the coordinate z. As a result, the matrix elements A contain the function
1 (ﬁ L — P"). The Green’s function in the momentum representation has the same property Gﬁu]; pp) =
GL,’Z (PL, Pz PL)S(PL — P')). According to the above-mentioned, the equation for the Green’s function in
the momentum representation can be presented as follows:

(lwn - O—Zé:) GZ)I:, (ﬁJ-’ Pz p;)

+00

.
—}:f@!fduﬁde@ﬂzw(%ﬂﬁmﬁﬁhﬂmﬂm—%f (3.6)
i 0

—00

It is well known that the characteristic values of the momentum are close to the Fermi momentum py.
Hence, the identity & = pz/ 2m — pg/ 2m = vg (p — po) can be used with the aim to derive the following
identities: p = po + &/vo, p’ = po + & Jvo. Using the conservation law for the transverse momentum
P, = p.or psin@ = p’sin@’, we obtain the following relationships between the angles:

£-¢ £-¢

)sin@, cos@’ = cosf — -
Polo Povo

sin @’ = (1 + sinftan 6.
The derived identities are linear functions dependent on the difference & — &’. The approximation for the
difference p, — p/ can be derived from the relation

, 1 ’ ’ /
£-¢ = — (p:—p}) (p- +pL) = vocos@ (p. — pl) .

2m
’ _ d ’
Thus, there are the approximations p, —p, = &£-¢ anddp’ = i Here, we have the following notation:
Vo X Vo X
cosd = x, 0 < x < 1. The derived approximations are used with the aim to derive the equations for the
Green’s functions dependent on the variables & and &’. Then, the equation (3.6) can be transformed into

the equation

(iwn — %QG . (&6

o dé”z jdzx;i”(z)ﬁ(z)x;?(@ G (€ €) = wwous € =€) ()

&’. To do this, we introduce a full set of functions: (2:&)1 72 (2: _ift). 7. The equation (3.7) should be

multiplied by 2m)0x exp (iét — i€’t’) . The obtained equation should be integrated over the variables ¢ and
&’. As aresult, we can derive the equations for the Green’s functions in the ¢-representation

Then, we perform an inverse Fourier transformation into the space of variables conjugate to & and
T

@W+HQ§)GkUt)—JdW§:04A&Hﬂ’SG (", 1)y =6;,6(t—1"). (3.8)

—00
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Here, we have the notation

+00 +00
A ’ 1 )AL N QiEr—i&t
Gii)lf, (1) = Trvox Idf J dé GZ,’; (& &) e e,

+00

+00 +

A 1 i’ Sig it al

(il AR) ]It = —— J d¢ J‘ de’ J dZA(Z))(*(l) (Z)X<r)(Z) i€t
2mupx Pl

\— 00

Calculating the matrix elements (z,i| A (z) |i’,#”"), we obtain the following property: (¢,i| A (z)|i’,.t"") =
8 (1" — 1) A" (1, x) . This enables us to evaluate the integral over the variable 1"’ in the equation ( . As
a result, we can derive the quasiclassical equations for the Green’s functions in the ¢-representation

(1wn+10'z§)G’k(tt) ZA”(r X)GLK( ) = 5,0(t = 1), (3.9)

To calculate the matrix functions A*" (¢, x), the spatial smoothing procedure on the length scales
of an order of an atomic size must be performed. Considering the exponents exp [i (pz+1';) z]
and exp [i (pZ -p';) z], we may note that the exponents of the first type are approximately equal to
exp (2ipp cos z) and oscillate on the length scales of an order of an atomic size. In the exponents of
the second type, the large values of the Fermi momentum are annihilated. As a result, these exponents
are approximately equal to exp {i[(¢£ — &) /vpx] z} and oscillate on the length scales of an order of the
superconducting coherence length &y > a. The goal of our investigation is to take only the large-scale
changes into consideration. Thus, the exponents of the first type should be neglected.

As a result, we obtain the following formulae:

AV, x) = 6 (—g - r) Alvoxt) + [9 (t + ;) 0 (t - -)] [P Awoxt) + |Cs[2A(=upxt)]
+0 (t - %) [RA(—voxt) + DA(voxt)] ,
AL2(, x) = [0 (t+ ;) 0

a
+CIC48 (z—z)

‘- —)] [CiC3A(uoxt) + CLCA(—vpxr)]
A(—voxt) — A(voxt)]

A2z, x) = [9 (z+ ) 01— )] [C;CAox1) + C3CsA(=vpxt)]

(

A

(

+CIC48 (t - -) [Avoxt) - A(=vpx1)]

B2, x) = 0/(~5 = 1) At=voxn) + lo(r+ 2)-oe- —)] [|CaPA(=voxt) + |C3 [P A(woxr))|
+6 (t - 5) [DA( voxt) + RA(ont)]

Here, we have a notation a = d/vgx . A physical quantity vy = po/m is called a Fermi velocity. The
constant coefficients C1, C,, C3, C4, R and D are calculated using the approximations p, = pox and
P, = pox. In this paper, a spatial behavior of an order parameter is considered within the so-called model
with a piecewise constant order parameter [18]]. This model is a widely applicable method to explore the
superconducting junctions. In fact, this is the way to neglect the order parameter changes caused by the
influence of the current density or the dielectric layer transparency. Considering the order parameter as
a piecewise constant function, we may write down a formula

d d
9(z+2) H(Z 2)} (3.10)

A(z):A[e(—g—Z)e-if+a(z—§) i7

However, for the temperature close to the critical, such a reduced model cannot be used. In this region
of temperature, the spatial nonhomogeneity of the order parameter near IS interface must be taken into
account [[19} 20].

+ A
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The approximation (3.10) of the order parameter A(z) enables us to calculate the matrix

o d
A(z) = Ao cos g + Aoy sin g +6 (z - 5) (Ao-x cos g - Ao sin g - Alo'x)

d
+6 (z ¥ E) (A1 - A cos £ — Ac sin g) . 3.11)

Here, we have the Pauli matrices o = (9}) and o, = (9 ). The matrix (3.11) must be used with the

aim to calculate the matrices A(voxt), A(—vox) and A (¢, x). The equation 1) is the second order
differential equation, whereas the equation (3.9) is the first order differential equation. This is the main
advantage of the so-called quasiclassical equations for the matrix Green’s functions in a 7-representation.
It is significant to note that the first order differential equation (3.9) can be transformed into the first order
differential equation

a A Ao At
(iE + iwnffz) Gt - Z o A (6, )G (1, 1) = 6140t = 1) (3.12)

for the matrix Green’s function G"*(¢,1') = GAZ)IZ (t,t")o,. In the configuration representation, there is a
matrix

G, 7))  F,,F7F)

an(”)z( FunBF) ~Cun,F) | (3-13)

Considering the matrix (3.13), we can see that the element in the first column of the first row is the
Green’s function G,,, (7, 7’). It is significant to note that the current density j(F) can be represented via
the Green’s function G, (7, 7).

4. Current density

We have to find the current density expressed via the Green’s functions in a z-representation. The
representation of the current density j(7) via a Green’s function G,,, (7, 7’) is a well-known formula

J® = =T 3 lim(V; = V7)Go, (. 7). @.1)
m on P o7

The expansion (3.4) of the Green’s function G,,, (7, 7’) must be substituted into the expression for the
current density 1| with the aim to derive a formula j(7) = j(z)é, containing the notation

1 +00 +00
y_le / ik o, o ki /
jz) = ng(O)TZ de J dr J dr Z GEE (1, )% (x,1,1). 4.2)
wWn 0 —oo —oo i,k
Here, we have the electron density of states at the Fermi surface N(0) = m?vy/2n* and the integrals
+00 +00
Mxtt) = J dé J dg’e EMET R (2)

containing the four quantities

ki oy = Oy s Dy D ys K
S (D) = X (DPaXp.(2) = Xp-(DPex,, (),
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because the superscripts i and k can acquire values of 1 and 2. To calculate the quantities J ! (z)
a spatial smoothing procedure on the length scales of an order of an atomic size must be performed
Only the large-scale changes should be taken into account. As a result, we consider only the exponents
dependent on the difference p, — p, = (£ —&’) /vox. It is significant to note that we have to neglect
the exponents dependent on the sum p, + p’. The constant coefficients should be calculated using the
approximations p, = pox and p, = pox. The calculated quantities J;Zi,p- (z) should be used with the aim to
calculate the integrals I%7(x, £, #"). After that, the calculated integrals I*(x, , ') should be substituted into
the expression for the one-dimensional current density (4.2). Considering the one-dimensional current
density j(z) on the plane z = d/2, we can derive a formula

j(g)—nevoN(O)Tfodx[lCzlG (‘2’—) IG5]2G 1! (5 ;)

Wn 0

1003 (3.8)+cici (3:8)- i (4 -2) -cic ()
et (58) oo (4 9ok (52) o (4 3
e (39) - o (-5-5) e (39|

Thus, an expression for the current density at the junction is obtained.

5. Boundary conditions

The four equations (3.12) can be separated into two independent systems of differential equations: the
first system of two differential equations for the Green’s functions G"(1,¢) and G>'(1,1’); the second
system of two differential equations for the Green’s functions G>2(z,#’) and G"2(t,’). It is significant
to note that the first system can be transformed into the second system by the substitutions ¢ — —¢,
Ghl(t, 1) —» G*(t,t') and G2 (1,1') — GVA(1,1)).

Letus consider a system of two differential equations for the Green’s functions Gh(r,t")and G>'(1,1").
In the case r < —a/2, we may write that

(% + A(—so)) Gt t) = 6(t —t"),

R R (5.1
(2 +A@)ig* ) =0
In the formula (5.1)), a notation for a matrix A(go) = wpo;—Aoy cos (¢/2)-Acy sin(p/2) is introduced.

We can also derive a useful identity (A(¢))> = &2 containing a notation for a frequency @, = Vwz + A2
The system of two differential equations (5.1)) has a general solution presented by the formula

21 1) = gon(erd) (@) BB
Gy =) [0 HE)

; , (5.2)
GM(1, 1) = e@n(1+5) N@) ol )) + 5 [@nsign(t — 1) + A(—g)] em@n =11,

—b'yi(t)  61(1) 2Hion

Op+wy
A

In the formula 1| a notation for a complex number b = i exp [—i(¢/2)] is introduced.
Considering the case t > a/2, we can derive a system of two differential equations
(i% +iw, oy — A + 2iARo sin % ) Gl ) - 21AC;Cy 0y sin “’gz Wty =6(t-1"),

(5.3)
(i% + iwno; — Ay, — 2iAR0 sin £ ) G1(t, ') + 2ACCrore sin £G1(1,17) =
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In the formula li a notation for a matrix &p = iA [o-x sin (¢/2) + o, cos (¢/ 2)] is introduced. The
system of two differential equations (5.3)) has a general solution presented by the following formulae:

g"l,l(t’ 1) = e—wn(z—%) (
1

2iw,

Das(t') + Ry>(t")  Rboa (1) — Db*ﬁz(t’))
1(t) = Fax(t’)  DBa(t') + R:(t')

+ [@nsign(r — ') + DA(g) + RA(-¢)| e @I, (5.4)

G2 (1,1') = €1 Che @ (9) ( o) -n@) b)) - b52(f'))

() = gya(t’)  Balt) = 6a(1')

CiCy . . o
+ 5 [Ap) = A=) e (5:5)
1w,

In the case |f| < a/2, we have a system of two differential equations

(i% +iwnos — (|G + 1G5 ?) iaym) SN (1, 1) — (CoC; + CCa)iay A 11, 1) = 6(t — 1),
(i% +iwno = (1G] +1Gs) icrym) G>l(1,1") — (CoCy + CiGa)ioy A G- (1,17) = 0.

(5.6)
The system of two differential equations (5.6) has a general solution presented by the formula
SV ) + (=G> (1) = e~ Ar(@n)(1+%) [91,1 (_g’t/) +(=1)kG>! (_g’t/)]
+ % [sign (g + t') + sign(t — t’)] e~ Ar(@n)t=1), (5.7)

In the formula 1] the index k can acquire values of 1 and 2. There is a matrix Ak((un) = wnoy —
|Ak|20'yA1 containing the notations Ay = C; — C3 and A, = C + C3. We can also derive a useful

identity (Ax(wn))? = (Qi(wp))? containing a notation for the frequency Qi (w,) = | [w? + A% |Ak|*. In the
matrix equality (5.7), the Green’s functions G ! (—a/2,t’) and G>' (-a/2, ") must be calculated using a
formula (5.2). We can do this, because the Green’s functions are considered to be continuous functions.
Considering the elements in the first row and the first column of the matrix equality (5.7), we can derive
the formula

GEL(1,1') + (~1FGEL (1,1) = { cosh O (z + ‘l) ~ 9 Ginh Oy (z + 9)
n n 2 Qk 2

* {%(I,) + (D) + l~ (wn — @ysign (t’ + g)) e_wnlt%'}

2id,,
iA]|Ag|? sinh Qg (7 + £ - T
_ l| kl k( 2) —b*’)/l(t/)+(—1)kba(1(t,)—b*wn.~wne_wn|t +7
Qp 2idp
1
+ % (sign (g + t’) + sign(s — t')) {cosh Q-1 - ;;—z sinh Q (¢ — t’)} . (5.8)

The unknown constants «;(¢") and vy (¢") should be found with the aim to find the Green’s functions (5.8)).
To do this, a general solution (5.7) in the case |f| < a/2 should also be considered on the bound ¢ = a/2.
As a result, we obtain a boundary condition

G ()G () - [0 () et 6 ()

+ % [sign (g + t’) + sign (g - t’)] e Acwn)(§-1), (5.9
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The Green’s functions G"! (a/2,t’) and G*' (a/2,1’) should be calculated using the formulae li
and 1) The formula l-b 2) should be used with the aim to calculate the Green’s functions G ! (-a/2, 1)
and G>! (—a/2,t"). Thus, the boundary condition (5.9) enables us to derive the equalities

(c;‘ + Cj{(—l)") [Ca(=DFan(t’) + Crya(t)] + + @psign (g - t)] e @nlr'-4]

[wn - @,sign (% + t')] e‘:’"|’/+‘5|}

1
- {cosh Qa— L sinh Qka} {yl(t') + (=D () + —
Qk 2id

iA1|Ag|? sinh Qa

n

{—b*yl(t’) + (=D ba (') - b*%e—@nlﬂa‘l}

Qr n
1 s1n( +t’)+sin(a—t’)] cosh Q (a—t)— sinh Q ( —t) (5.10)
2 g 3 g 7 k\3 % k(3 .
and
Ci(-1) 5 a4\ CF S .
(Cl +C4(_1)k+1) g ( ) Me_wnh 21| + 1 '}’2(1‘/) + we—wnh -7
b* 2i®, b 2i®,
iA1|Ag|? sinh Q 1 g
_ il klgim K { 1) + (=D e (') + o [wn — @psign (% +t')] e‘wn|f+z|}
4 cosh Qea + 2 sinh Quat {=-byi (1) + (=1 ban () — b* L Pn-anlr+4
Qy 2id,
1 iA|Ax|>sinh Qg (£ -1
+Z[sign(g+t’)+sign(g—t')] 114 o (5 ) (5.11)

The equalities (5.10) and (5.T1) form a closed system of four linear equations for the following unknowns:
ai(t), ax(t’), yi1(t") and y»(¢’). To find the Green’s functions G}ui (t,') and Gi,l (t,t), the calculated
constants a(¢’) and y;(¢") should be substituted into a formula (5.8)). The other Green’s functions can be
found by the substitutions ¢ — —¢, Gi,i (t,t') - Gz,i (t,¢') and Ga’,,ll (t,t) — G}ui (t,1).

6. Current-phase relation

The four Green’s functions should be calculated in the cases t = t' = —a/2 and t = ¢’ = a/2. The
obtained results should be substituted into the formula (4.3). As a result, we obtain a dependence of the
current density on the phase difference in the layered superconducting structures of a SIS’IS type

DSil’l‘,D + 1+DEwn(x a, gp)] Azxdx
2 = revoN(O)T ol
( ) evoN(0) Zj wh + A% [1 - Dsin? ]+Fwn(xat,0) (6.1)

In the formula (6.1)), there are notations

Ey, (x,a,¢) = 2(coshQjacosh Qya — 1)sin ¢

_ sinhQ acoshQya . 4A _ coshQasinhQa .
+ —|A1|2a),, o smg + T|A2|2w" o, sm%
sinh Qa sinh Q»a

Q1 ’

4A , ,
+ [Tl (|A1 2+ |A2|2) w? smg -2 (w;ﬁ — A2|A, |2|A2|2) sin tp} (6.2)
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"= 0,00+
-0,05 ~
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Figure 1. The current-phase relation for the temperature 7 = 0.57/ and the dielectric layer transparency
D = 0.1 with various values of an intermediate layer thickness d. T/ is the critical temperature of an
intermediate layer S’.

A2

Fo, (x,a,¢) = {wi + > [l + cos? g]}(coshﬂlacoshﬁza -1

+ % (a)ﬁ + AjAJA; | cos g) sinh Qa cosh Qpa + ;ﬁ ((uﬁ + A1A|Ay)? cos %) cosh Qasinh Qya
! 2

4

+ { (wfl + AA|A? cos 5) (wfl + AA|As | cos %)

1
Q1
+ 2 (02 4 02140 1A P sin? £ sinh Quasinh © 6.3

> w;, + A7|A1|7|Az] smz sinh Qa sinh Qya. (6.3)

It is significant to note that the current-phase relation (6.1)) is the main result of our investigation. It
was found that the formula (6.1 can be used with the aim to consider the particular cases.

In figure |1} the dependence of the dimensionless current density j/jo on a phase difference ¢
in the layered superconducting structures of a SIS’IS type is presented using the current-phase rela-
tion ([6.1) obtained in our investigation. All required calculations are performed considering the relation-
ship 7. = 7.4T/ between the critical temperatures 7, and T}. It is significant to note that the above
presented relationship is a relationship between the critical temperatures of niobium (Nb) and aluminium
(Al) in the junctions of a NbJAI|Nb type. The current density j is also dependent on the thickness d of
an intermediate layer S°. The particular cases d = 0.014&, d = 0.044¢&p and d = 0.1&; are analyzed
with the aim to obtain the figure [I] A common feature of the three intermediate layer thicknesses is the
dimensionless current density j/jo with the maximum shifted into the area ¢ > 7t/2. It is also important
to note that the absolute value of the critical current in the case of the thickness d = 0.044& is higher
than the corresponding absolute value of the critical current in case of the thickness d = 0.014&p. This
interesting fact can be explained by the dependence of the dielectric layer transparency D on the thickness
d of the intermediate layer S’ because the above-mentioned dependence is a periodic function. For certain
values of the intermediate layer thickness d, the dielectric layer transparency D can be equal to 1 (see
figure[2)). These are the so-called resonant tunneling modes in the layered superconducting structures of a
SIS’IS type. The most striking manifestation of the resonant tunneling modes can be observed in figure 3|
containing the dependence of the critical current at the junction on the thickness d of the intermediate
layer S’. The current density j is presented via the dielectric layer transparency D. However, the current
density j is also presented via the functions E,,, (x, a,¢) and F,, (x,a, ¢). As a result, the damped
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Figure 2. The dependence of the dimensionless critical current j. / jo on the thickness d of the intermediate
layer S’.
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Figure 3. The dependence of the dielectric layer transparency D on the thickness d of the intermediate
layer S’.

oscillation of the critical current can be observed. When the thickness d of the intermediate layer S’ is
increased, the average value of the critical current decreases.

Let us consider a particular case A; = 0. As a result, the superconducting junction of a SINIS type is
obtained. Formula (6.1) can be transformed into the formula

1
ADssi
j (E) = 2nevoN(0)TZI ) 5 — 311.1(,0 3 X
oy (@7 + w;) cosh2w,a + 20, w,, sinh 2w, a + A*>(R + D cos ¢)

dx. (6.4)
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In the asymptotical case R < 1, formula can also be considered. This enables us to neglect the
reflection coefficient R. We obtain a superconducting junction of a SNS type. The current-phase relation
is defined by the formula

A?sin ¢

; J
i | = | = 2mevgN(0)T xdx.
J (2) oN(0) ; J (@% + w3) cosh 2wya + 2@ ,w, sinh 2w,a + A2 cos @

In the asymptotical case d > &, formula (6.1) can be transformed into the formula

ay (xa(p)
j (5) _ —eUON(O)TZJx(l +D m dx

containing the notations

4A; (1A1]2 |As)?
1(| 1] +|2|)a~)ns.<§

Ewn(x,a,ga) 251ngo+T o o

1 4A
+ an, XAt (IA I* + | As| )w smg—z(wfl_AﬂA”zlez) Singo],
Fo,(x,a,¢) = wj, +A_2 [1+c052"0 +—(w +A1A|A1|2cos£)+—<w +A1A|A2I2cosf)

+ ! (a)2 + A1A|A1|2 cos f) (a)2 + A1A|A2|2cos f) + A—z (w2 + A2|A1|2|A2| )sm2 L4
Q1 (V" 2\ 2) T T 2

In the asymptotical case d < &, the functions and are considered to be infinitesimal

quantities. The approximations E,, (x,a,¢) = 0 and F,, (x,a,¢) = 0 can be used with the aim to
transform formula (6.1). A well-known identity

T tanh —
Z wi+a? 2« 2T

enables us to derive the current-phase relation [21]]

1 .
d\ = AxD(x)dx A\j 1= D(x)sin* §
j (E) = EeUON(O)I tanh T
o \ /1= D(x)sin? £

7. Conclusions

In this paper, a theoretical study is devoted to considering a three-dimensional superconducting
junction of a SIS’IS type. It is significant to note that an order parameter is considered to be a piecewise
constant function. It is understood that a model with a piecewise constant order parameter cannot be
applicable at the temperatures close to the critical temperature 7,.. The spatial behavior of an order
parameter must always be considered at the temperatures close to the critical temperature 7,.. As a result,
a self-consistency condition must be applied. Using the Matsubara Green’s functions, a mathematical
description of a three-dimensional SIS’IS junction is realized by the second order differential equations
that are also known as the Gorkov’s equations. It was found that the model with a piecewise constant
order parameter enables one to transform the Gorkov’s equations into the quasiclassical equations for the
Green’s functions in a #-representation. It is significant to note that the quasiclassical equations are the
first order differential equations. This is the main advantage of quasiclassical equations. The proposed
calculation scheme enables one to obtain a new analytical expression for the dependence of the current
density on the phase difference. It was also found that a new current-phase relation is much different
from a sinusoidal current-phase relation. It is also important to note that a new current-phase relation is
true for arbitrary values of the dielectric layer transparency and the intermediate layer thickness.
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A. M. Shutovskyi, V. E. Sakhnyuk

Ctpym-das3oBa 3ai1€XHICTb Yy WHapyBaTUX HaANPOBiAHNX
CTPYKTypax Tuny SIS'IS

A. M. LLyToBCcbKuMiA, B. €. CaxHIOK

BonMHCbKMIA HauioHanbHWIA yHiBepcuTeT iMeHi Jleci YkpaiHku, npocn. Boni, 13, 43000 Jlyupek, YkpaiHa

JocnigxeHo 3anexHicTb ryCTUHW CTPYMY Big pi3HWLi ¢a3, po3rnsaatoun wapysaTi HAANPOBIAHI CTPYKTYpKW TNy
SIS'IS. MobyaoBaHO KBa3iknacUYHI PIBHAHHSA ANA GYHKLIRA [piHa B f-NnpeACTaBieHHI 3 METO CNPOLLeHHS obpa-
XYHKIB. [TapameTp BNopsAKyBaHHSA NOAaHO y BUrAAAi KyCKOBO-CTanoi GpyHkLii. PO3rnsHyTo 3arasbHWin BUNAaj0K,
He Haknajalum HifKMX 0bMeXeHb Ha NPOo30pPiCTb AieNeKTPUYHOro NPOoLIapKky Ta TOBLLUVHY NPOMKHOIO Haj-
npoBigHnKa. BusiBmnnocs, LWo HOBWIA aHaNiTUYHWI BUPa3 ANS CTPYM-(Pa30BOi 3aN1€XHOCTI MiCTUTb Y COBi HN3KY
paHille BiAOMUX pe3y/bTaTiB AR YaCTUHHUX BUNAAKIB.

KnrouoBi cnoBa: ¢yHkyia piHa, napameTp BMopsAAKYBaHHS, rycTUHa CTPYMY, Pi3HLS a3
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