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Exact relations which connect the order parameters, k = 0 Fourier
transforms of the direct correlation function harmonics and parameters
of the single-particle distribution function for the uniaxial fluids are
proposed. These relations are an algebraic represetation of the Lovett
equation in anisotropic fluids. It is shown that in the anisotropic (ori-

entationally ordered) phase the transverse correlations of spins in mag-
netic fluids and the correlations of the director transverse fluctuations
in nematics become of long-range character.

Anisotropic fluids have no long-range positional order, but they do ex-
hibit orientational order. As a consequence, the single-particle distribution
function p(1) does depend only on the molecular orientation w = (6, ¢) and
p(1) = pf(wy), where p is the density of molecules. These systems are polar
liquids, magnetic fluids and the simplest of the liquid crystals — nematics.
Anisotropic fluids without the presence of an external field are the systems
with spontaneously broken symmetry, because the direction of the orien-
tational ordering is not predetermined. The spontaneous ordering breaks
the continuous symmetry (rotational invariance that is intrinsic in isotropic
systems) and leads to orientational excitations, or Goldstone modes, which
rotate the direction of ordering without any energy cost. This results in the
peculiar physical properties of anisotropic fluids.

1. Stability analysis and the Lovett equation in anisotropic fluids

From the density functional theory the following stability condition of equi-
librium systems is known [1]

//d(l)d(2) [‘5;1(’1? _o(1,2)] 5p()ip2) > 0, (1.1)

where ¢(1,2) is the direct pair correlation function, 1 (or 2) being spatial
and orientational coordinates of particle 1 (or 2). The equation (1.1) follows
directly from the condition of the free energy minimum with respect to
arbitrary variations in the particle distribution dp(7):

3F
//W&)(l)f?p(?)d(l)d@) > 0. (1.2)

But in the anisotropic fluids without the presence of external fields some
variations (connected to rotations of the director: dp(1) ~ V, p(w1)) keep
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the free energy of the system unchanged. It means that in (1.1) we should
require equality for the corresponding variations. Therefore, one has to
supplement the rigorous inequality (1.1) with the equality

V..p(1) _
Tert) - /0(1, 9)V..p(2)d(2) = 0. (1.3)

The equation (1.3) is identical to the Lovett-Mou-Buff-Wertheim (Lovett)
equation for [2] spatially uniform systems

v(wy)
U kT

V., Inp(w)+V = /C(r,wl,wQ)Vpr(wQ)dedr (1.4)

in the case of zero external field v(w;).

Thus, the Lovett equation is closely connected with the broken rotational
invariance and correctly treats the symmetry of anisotropic fluids. We will
show now that equation (1.4) also provides natural treatment for Goldstone
modes in systems with spontaneously broken symmetry. In such systems
the susceptibilities to external field v rotations (transverse susceptibilities)
are infinite in the zero-field limit. In anisotropic fluids the orientation of the
molecules breaks the continuous rotational symmetry (but not the transla-
tional invariance) and results in a spontaneous partial order. Therefore [3],
the transverse susceptibility in anisotropic fluid is infinite in the limit of a
zero wave vector. As the total pair correlation function hA(k,w,w’) is di-
rectly related to the susceptibility, then h(k,w,w’) also becomes infinite as
k — 0. In [3] it was shown from the Ornstein-Zernike (OZ) equation that
h(k — 0,w,w') — oo corresponds to the existence of a unit eigenvalue of the
integral operator C'(k = 0,w;,w;) = p*/?(wy) [ C(r,w,w,)drp*/?(w,). One
can see that the Lovett equation (1.4) for v(w;) = const is an eigenequation
for the operator C(k = 0,w;, ws)

/dwlé(k: — 0,0, w0 )i (k = 0,wn) = Ai(k = 0)hi(k = 0,w)  (L5)

with eigenvector 1;(k = 0,w) = p~'/?(w)V, p(w) and unit eigenvalue \;(k =
0) = 1. Therefore, the direct correlation function and the single-particle
distribution function complying with the Lovett and OZ equations treat
correctly Goldstone modes in the system. But there are great difficulties
in the obtaining of a self-consistent solution to this system of equations.
The most difficult confusion is connected with the treatment of the integro-
differential Lovett equation. In the next section we present the algebraic
representation of the Lovett equation for an uniaxial fluid in the form of
exact relations. It will be shown that this representation correctly treats
Goldstone modes.

2. Exact algebraic representation of the Lovett equation in uniaxial
fluids

In uniaxial fluids the orientational distribution function f(w) is axially sym-
metric around a preferred direction n and depends only on the angle 6 be-
tween the molecular orientation w and n. It allows us to write f(w) in the
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form
flw) = —eXP{ZAl 10( } (2.1)

where the constant Z can be found from the normalization condition

[ fw)iw =

Spherical harmonics Y},, (w) satisfy the standard Condon and Shortley phase
convention [4].
The nematic ordering is defined by the parameters

S; = (P(cos 6)) /dwf )P (cos 6), (2.2)

where P;(cos ) are the Legendre polynomials.
In this note we shall discuss the exact relations between S;, A; and

ot = <= [ arcitiw) (23)

where C**(r) are the coefficients of the orientational expansion of the direct
correlation function C'(r,w;,ws).
In the space-fixed coordinate system with z-axis parallel to n the pair

direct correlation function of linear molecules can be written in the form

Clrywi,w) = Y Onii(r) Yo (@)Y, (@) Yia(wy), (2.4)

mnl A

r is a separation-vector of molecules mass centres, w, being its orientation.
It should be noted, that for axially symmetric system p+ A = v.

For our purposes we use the Lovett-Mou-Buff-Wertheim equation which
for anisotropic fluids can be written in the form [5]

V., Inp(w) = /C(wl,WQ)VW2p(w2)dw2 (2.5)

where C'(wy,ws) = [ C(r,w;,wy)dr, V,, is the angular gradient operator for
a linear molecule. The space-fixed X, Y and Z components are given by
V., =l, where [l is the angular momentum operator. Using the relations

[4]
(Vo)y = —5—; (2.6)

iiYmu(w) =[m(m+1) — p(p+ 1)]1/2Ymui1 (w) (2.7)
and expansions (2.1), (2.4) the y-component of (2.5) is obtained in the form:

SOV MM + 1) Ay [Yan(wi) = Yaroi (wh)] =

MZ;(] Z /C””Y Y (w)y/M(M! + ) Ay x (28)

[YM'l(w2) — Y1 (w2)] p(wa)dws.
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Taking into account that only independent of the azimuthal angle ¢ quan-
tities yield nonzero average values and using the orthogonality of Y;,,s, one
gets the following matrix equation

L=CYL, (2.9)

where L is a column consisting of Ly, = /M (M + 1)Ay;, C and Y are of
order (N x N) with matrix elements C;. and Y,! | where

Yot = p [ dwf (@)Y (@)Y @) (2.10)

can be expressed via S;, N is a number of values of index m (or n) such

that CL # 0.
Since the angular momentum operator ! is hermitian we can write eq.
(2.5) in the equivalent form:

V., Inp(w) = /[VWC’Q(wl,u&)] p(ws)dws. (2.11)

In the similar manner from (2.11) we can obtain a matrix equation for the
coefficients of the function f(w)

L=CP, (2.12)

where P contains order parameters of the system:

p/ITF VAT
Vin l

Thus, the symmetries of the angular gradient operator and the nematic
system yield two matrix relations (2.9) and (2.12) which connect the system
order parameters, zero Fourier transforms of the direct correlation function
harmonics and coefficients A; of the single-particle distribution functions of
the system.

Joint use of (2.9) and (2.12) allows us to express f(w) via the order
parameters only:

P = (2.13)

L=Y'P (2.14)

The obtained relations can be very useful for the calculation of the cor-
relation functions of the anisotropic phase and serve to verify the fitness
of chosen models and approximations. For the illustration we suppose that
the expansion (2.4) may contain at Ygo(wr) only Yi,,(w:i), Y, (w) with
m,n = 0,2. Then the eq. (2.9) and (2.12) yield

in(pC) = ML 148, - 2,

p

o) = 2R

47\' A2

(2.15)

For the isotropic Sy = Sy = 0, Y;5' = £, and the first of eq. (2.15) brings
out the instability point of the isotropic phase (that is identical to the result

of the density functional theory [6]):

1= (47)" p/Cm(“") r, (2.16)
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021213 (éa) (r) is the corresponding harmonic of the isotropic direct correlation

function. As the single-particle distribution function in this case has the
11
Mayer-Saupe form, we equate % with the first non-trivial value of the

self-consistency equation % = 1.1142 with S, = 0.3236 [7] and obtain
the bifurcation point of the nematic solution for our model:

1.114271 = (47r)*%p/021;3(”6m)( )dr, (2.17)
where Caao"™ (r) is the corresponding harmonic of the direct correlation
function for the nematic phase. It is worth to note that equations (2.15)
determine an independent of A, relation between S, and S, since in this
case A, is a single-valued function of S, (see (2.2)). The same situation is
observed in the computer simulation for the system of thin hard platelets
[8].

The task becomes more complicated if C}! # 0 for several values of m

and n, for instance, 1 and 2. Now C is a nonsingular matrix 2 x 2. Using
relation (2.14) we get

(%ﬁ;%@(%&f@g) 1%;91_?3) )(%%SS) (2.18)

Equation (2.12) takes the form

(V) -2 (G ) (88, 0.19)
via,) = v el el )\ vaos,

Equations (2.18) and (2.19) yield

47T( 1-5, 5 (81— S3) )_1<\/651>:
i(5’1_5’3) 1+ 2 V3058,

cHCHY (Vs
- (G o ' (220

One can see that equation (2.20) determines C via the order parameters as
soon as the cross terms C}; and Cj] are negligibly small. In a general case
we have two equations for three unknown values C}, C}3 = C3}* and C;;.

In order to examine the exact relations we consider the OZ equation for
anisotropic fluids:

h(1,2) = C(1,2) +/p 1(3,2)d(3), (2.21)

where C(1,2) and h(1,2) are the direct correlation function and the pair
correlation function respectively; d3 = dRs;dws, where R is mass center
coordinates of the particle, w = (#, p) means the orientation of the molecule.
As p(3) does not depend on Rj3 then the Fourier-component (k = 0) of (2.21)
can be rewritten in the form of the matrix equations:

m = W Gy g (2.22)
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where
1) = [ARK(R), (223)
o = [ drcuy ), (224
Vit = [ o @)V (@)Y, 0). (2.25)

One can verify (2.22) taking into account that the uniaxial fluid is in-
variant with respect to rotations around z axis.
Equation (2.22) can be presented in the form:

-~ ~ -~ ~ —1 ~ -~
VYW HW\y (1) = {1 — \/Y(u)é(“)\/Y(u)} VYW CWVY W), (2.26)

~ A

The matrix H® is singular if det <1 — \/Y<H)C’(”)\/Y(u)> = 0. The lat-

ter condition is satisfied for ¢ = 1 in uniaxial fluids due to the obtained
relation (2.9). Thus, Goldstone modes are connected with the correspond-
ing harmonics of the pair correlation function (h}!% (k = 0)). Since these
harmonics are coupled with the transverse correlations of spins in magnetic
fluids and the correlations of the director transverse fluctuations in nemat-
ics, the peculiarities h1% (k = 0) — oo are responsible for a long-range

character of the above-mentioned correlations in the ordered phases.
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TOUYHI CIIIBBITHOINIEHHSA
B TEOPII AHI3OTPOITHUX PIOINH

T.TI".Cokonoscrvka, M.D.["onosko

s OTHOOCHUX IJIMHIB 3aMPOIOHOBAHO TOYHI CIiBBITHOIIEHHS,
O NOB’A3YIOTH HapaMeTpPu HOPAIKY, pyp €-00pa3u rapMOHIK Ips-
Moi kopessaninuoi ¢pyukuii npu k = 0 1 napamMeTpu OTHOYACTUHKO-
BOi ¢yukuii posnoniny. Ili cuniBBinnomenns € aareGpaiuaum mpen-
CTaBJIEHHAM DiBHAHHSA JloBeTTa mia amizoTponuux mamHiB. Iloka-
3aHO, IO B aHI30TPOMHI# (OpieHTANIHO BIOPAIKOBaHI) (asi mo-
mepeuHi Kopeaanii CHiHiB y MarHiTHUX pigmHax i KopeJsarii mome-
pevHnX (GIyKTyamill IMPEeKTOpa y HEMATUKAX HAOYyBAIOTL [aJIEKO-
CAZKHOTO XapakTepy.



