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We study the temperature dependence of dielectric permittivity along the polar axis for ferroelectric ammonium
fluoroberyllate (AFB) crystal in the vicinity of its phase transition points. The experimental data within incom-
mensurately modulated phase of AFB is compared with the predictions of phenomenological models known
from the literature: the Curie-Weiss (CW) law, the generalized Curie-Weiss (GCW) law, and the models by Le-
vanyuk and Sannikov (LS) and by Prelovšek, Levstik and Filipič (PLF) suggested for improper ferroelectrics. It is
shown that the LS approach describes the temperature behavior of the dielectric permittivity for the AFB crystal
better than the CW, GWC and PLF models. The main physical reasons of this situation are elucidated.
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1. Introduction

Ammonium fluoroberyllate (NH4)2BeF4 (or AFB) is an improper ferroelectric crystal that belongs
to a large A2BX4 family. It undergoes two phase transitions (PTs) approximately at the temperatures
𝑇C ≈ 177 K and 𝑇i ≈ 183 K [1–6], which separate a low-temperature ferroelectric phase, an intermediate
incommensurate phase and a high-temperature paraelectric phase. Although the AFB crystals have been
thoroughly studied during decades (see, e.g., [6–11]), some problems of their PTs and critical phenomena
still remain a matter of dispute.

In particular, AFB reveals an intriguing temperature dependence of its dielectric permittivity: unlike
the optical birefringence and many other characteristics, dielectric anomaly at 𝑇i is in fact absent, while
the 𝑇C point is marked by only a weak dielectric peak [2–5, 12]. The dielectric properties of AFB have
been the main subject of theoretical studies by Levanyuk and Sannikov [3] and by Prelovšek, Levstik
and Filipič [5] (abbreviated respectively as LS and PLF), which are both based upon the hypothesis of
improper ferroelectricity in AFB. In spite of this fact, the final expressions obtained in [3, 5] turn out to
be different in many respects.

The other notable fact is that there has been no study where an experimental temperature dependence
of the dielectric permittivity for the AFB crystals would be simultaneously compared with different
theoretical formulae in order to estimate the advantages and shortcomings of the latter. The only exception,
our recent work [13], represents a short technical report based upon contemporary methods of nonlinear
fitting and statistical techniques (see the works [14, 15]). Although a number of weak methodical points
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Figure 1. (Colour online) Experimental temperature dependence Y(𝑇) of dielectric permittivity for the
AFB crystals (circles) and its fitting (lines) with the theoretical models (1), (2) (panel a) and (3), (4)
(panel b) within the incommensurate phase.

associated with fitting [16–18] are omitted in this work, no physical reasoning and data interpretation
have been made there.

In the present study we compare all of the available phenomenological approaches which can, in
principle, be applied to describe the dielectric properties of the AFB crystals and explain why the LS
theory [3] exceeds the performance of other approaches and perfectly fits the experimental data for
dielectric permittivity.

2. Experimental data and short description of theoretical models

A single crystal of AFB for our studies was grown from aqueous solution of a stoichiometric mixture
of NH4 and BeF2, using a standard method of slow cooling. The dielectric permittivity was measured
along the polar axis with an automated capacitive apparatus (the temperature region 170–200 K, the
tolerance of temperature measurement ∼0.1 K, and the working frequency 1 kHz). Figure 1 displays the
experimental temperature dependence of the dielectric permittivity for the AFB crystals. As seen from
figure 1, no anomaly is visible at 𝑇i, in compliance with the main bulk of experimental data known from
the literature.

Note also that the maximum dielectric permittivity detected by us (Ymax ≈ 55) correlates well with the
data obtained in the earlier measurements for the improper AFB crystals (Ymax ≈ 35–160 [1–5, 12, 19]).
This is contrary to the proper ferroelectrics where the values Ymax ∼ 103 − 105 are often detected
(see [10]). Such a small Ymax peak can indeed be successfully interpreted using the idea that the dielectric
anomaly in improper ferroelectrics is a secondary effect while a true order parameter has the symmetry
different from that of spontaneous electric polarization. For the same or somewhat different reasons,
weak dielectric anomalies are also typical of ferroelastics [20], multiferroics [21] and ferroelectrics with
noticeable amounts of structural defects [14, 15, 22].

Now we proceed to phenomenological consideration of the dielectric properties of AFB. Since the
both LS [3] and PLF [5] models have not dealt with the Y(𝑇) function within the ferroelectric phase, we
analyze the dielectric data only within the incommensurate and paraelectric phases. Another important
point is a so-called ‘background’ dielectric permittivity Yb which can be independent of the PTs. The
problem of the background versus the PT-driven anomaly is familiar in examining the specific heat
of ferroics, since the appropriate anomaly is often comparable with the lattice contributions (see, e.g.,
[23, 24]). However, this is not so in the field of dielectric studies of proper ferroelectrics where huge
anomalous peaks are mostly observed, so that neglecting the background would not hinder the possibility
of obtaining highly accurate fitting data. As a consequence, even a constant background term Yb has
rarely been considered in the dielectric studies of ferroelectrics, not to mention a temperature dependent
background Yb(𝑇). Still, a few relevant exceptions are known from the literature [14, 25]. Of course,
consideration of Yb can become very important when improper ferroelectrics like AFB are addressed.
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Finally, the both LS and PLF models [3][5] treat the dielectric function as temperature-independent
within the paraelectric phase and this is consistent with our both experimental results and the whole bulk
of the literature data (especially with that obtained in a broad temperature range [20]). Therefore, we
restrict ourselves to the simplest assumption Yb = const.

Next, the dielectric permittivity within the incommensurate phase can, in principle, be described by
one of the following theoretical models.

Model (1). A canonical Curie-Weiss law with a constant background Yb and a Curie constant 𝐶CW:

Y(𝑇) = Yb +
𝐶CW
𝑇 − 𝑇C

. (2.1)

Model (2). A power law representing generalization of the Curie-Weiss formula (2.1), with the
exponent 𝛾 > 1:

Y(𝑇) = Yb +
𝐶𝛾

(𝑇 − 𝑇C)𝛾
. (2.2)

Model (3). The LS model [3] for the incommensurate phase which in fact states that

Y(𝑇) = Yb + Y2
b𝐴 𝑡

6 + 𝑡
4 − 𝑡 , (2.3)

where 𝐴 is a constant and 𝑡 implies the reduced temperature:

𝑡 =
𝑇i − 𝑇
𝑇i − \

,

with \ (𝑇C < \ < 𝑇i) being an instability point for the order parameter. It can be defined in terms of the
distance Δ𝑇 from the 𝑇C point (\ = 𝑇C + Δ𝑇). Note that Δ𝑇 can be expressed in terms of the free-energy
expansion [3] (see section 4).

According to formula (2.3), the Y(𝑇) function diverges at 𝑡 = 4 and tends to Y = Yb at 𝑇 = 𝑇i. Since
the model predicts the same constant value Y = Yb in the paraelectric phase, the dielectric function
is continuous at the incommensurate–paraelectric PT, while the slope of Y(𝑇) curve suffers an abrupt
change at 𝑇i. Although the authors [3] themselves have defined the applicability limits of formula (2.3)
as a narrow temperature region below the 𝑇i point (e.g., as a region of small 𝑡 in terms adopted in this
work), we have checked the model (3) in the overall range between the temperatures 𝑇C and 𝑇i.

Model (4). The PLF model [5] for the incommensurate phase:

Y(𝑇) = Yb +
Yb
𝑐

{
𝐸 (𝜏)

(1 − 𝜏2)𝐾 (𝜏)
− 1

}
, (2.4)

where 𝑐 is a constant, while 𝐾 (𝜏) and 𝐸 (𝜏) denote the complete elliptic integrals of the first and second
kinds, respectively. The authors [5] have not linked the elliptic modulus 𝜏 with the PT parameters.
Nonetheless, the relation 𝜏 =

𝑇i−𝑇
𝑇i−𝑇C

can be postulated due to the properties 𝜏 → 0 and 𝜏 → 1 holding
respectively at𝑇 → 𝑇i and𝑇 → 𝑇C [5]. According to the PLF approach [5], formula (2.4) can be assumed
to be applicable within the entire incommensurate phase. A criticality at 𝑇C in formula (2.4) is due to the
behaviour of the terms (1− 𝜏2) and 𝐾 (𝜏) at 𝜏 → 1. Since the equality 𝐾 (𝜏) = 𝐸 (𝜏) takes place at 𝜏 = 0,
we have Y = Yb at 𝑇 = 𝑇i. Finally, the 𝑇i point, which corresponds to the anomaly found experimentally
in the specific heat, is hardly detectable in the dielectric permittivity. Similarly to the LS model, the
only track of this PT is a change in the Y(𝑇) slope, which can be detected in a smoothed temperature
dependence dY(𝑇)/d𝑇 (not shown in figure 1).

It is worthwhile that, contrary to the models (1) and (2), the temperature-independent background Yb
is introduced into the formulae (2.3) and (2.4) directly from the expansion of free energy Φ (in fact, via
the relation Φ ∼ 𝑃2/(2Yb), with 𝑃 being the electric polarization [3] — see section 4). Notice also that,
in case of AFB, we have evidently different experimental background levels found in the paraelectric and
ferroelectric phases (see figure 1). Finally, theoretical considerations [3] testify that it is unnecessary to
retain any temperature-dependent Yb(𝑇) terms.
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3. Fitting the results and their discussion

Now we fit our experimental data Y(𝑇) using the phenomenological models (1)–(4), determine the
best model and explain in detail the practical advantages and disadvantages of those models. Procedures of
nonlinear fitting are implemented according to a standard Levenberg–Marquardt algorithm. A goodness-
of-fit is evaluated with 𝜒2 and Wald–Wolfowitz statistical tests. Finally, the error margins for the model
parameters are found with a bootstrap technique, using 2000 synthetic datasets. The appropriate details
are elucidated elsewhere [13]. Figure 1 illustrates the fitting results and table 1 displays a short account
of the main model parameters.

Table 1. Some of fitting parameters of the Y(𝑇) dependence corresponding to phenomenological mod-
els (1)–(4).

Model Results
Parameter Value

(1) 𝐶CW 0.179

(2) 𝐶𝛾 7.392
𝛾 0.326

(3) 𝐴 0.0094
Δ𝑇 , K 4.01

(4) 𝑐 30.373

The Curie-Weiss law underestimates the experimental Y(𝑇) curve at the temperatures more or less
distant from the PT (figure 1a) and so fails to appropriately fit the dielectric permittivity. Moreover, the
Curie-Weiss fit reveals too large Z-score (see table 2). The PLF model (4) has the characteristics similar to
those of the Curie-Weiss law (see figure 1b and table 2). The other pattern takes place for the model (2),
which corresponds to generalized power-law for the temperature dependence Y(𝑇). Here, the fitting
function overestimates most of the experimental data point values and fails to catch the background (see
figure 1a), whereas the Z-score is just as large as that for the other models mentioned above. Moreover,
the model provides a 𝛾 value noticeably less than unity (see table 1), which is a physically shallow result.
Hence, the generalized power law for the dielectric permittivity of AFB is also insufficient.

Table 2. Results of 𝜒2 and Wald–Wolfowitz tests for phenomenological models (1)–(4).

Model Statistical Tests
Parameter Value

(1)
𝜒2 5252.33

Reduced 𝜒2 165.22
Z-score −3.45

(2)

𝜒2 1525.25
Reduced 𝜒2 47.66

Z-score −4.85
Correlation(𝐶𝛾 , 𝛾) −0.87

(3)

𝜒2 320.87
Reduced 𝜒2 9.72

Z-score 0.34
Correlation(𝐴, Δ𝑇) −0.95

(4)
𝜒2 2189.92

Reduced 𝜒2 72.99
Z-score −4.39
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Figure 2. Temperature dependences of reciprocal dielectric permittivity (a) and log-log plots of dielectric
permittivity (b). Circles correspond to experimental data and lines correspond to different theoretical
models: Curie-Weiss (CW), LS and PLF (see the legend). In the both cases, the background term Y𝑏 is
extracted from the experimental data.

On the contrary, the theoretical curve referred to the LS model (3) fits fairly well the experimental
data, and the appropriate statistical tests provide quite satisfactory results (see figure 1b, table 1 and
table 2). Moreover, it becomes evident that the model (3) can in fact be applied in the entire temperature
range under study, contrary to the cautions of the authors [3]. Finally, the term Yb = 7.12 found from
the LS fitting (not shown in table 1) turns out to be very close to the experimental dielectric background
averaged over the paraelectric phase. In other words, the LS phenomenology obviously exceeds the
performance of the other models. For completeness, we list the PT points derived with the model (3),
which are not displayed in table 1 for the sake of brevity: 𝑇C = 177.64 K (found from the dielectric peak),
𝑇i = 183.19 K and \ = 181.65 K. Finally, the confidence intervals for the model parameters 𝐴 and Δ𝑇

are given respectively by −0.0053–0.0272 and 3.668–4.366 (cf. with the data of table 1).
Now, we wish to clarify more scrupulously why, contrary to the model (3), the models (1), (2) and (4)

agree worse with the experimental results for the AFB crystals. For this purpose, we display both the
experimental and theoretical data Y(𝑇) either in the ‘Curie-Weiss’ coordinates (Y−Yb)−1 vs. (𝑇 −𝑇C) (see
figure 2a) or on the double logarithmic scale log(Y − Yb) vs. log(𝑇 − 𝑇C) (see figure 2b). To prevent the
overloading of these figures, we do not show the data obtained with the generalized power law (2.2). The
results for this model differ only by insignificant details from those illustrated in figure 2a and figure 2b
for the models (1) and (4).

Although the data of figure 2 can hardly be used for a thorough quantitative interpretation (see the
discussion in section 2 and [16–18]), it illustrates well the main practical tendencies for the above models.
The Curie-Weiss law for the dielectric permittivity implies a straight line in the (Y − Yb)−1 vs. (𝑇 − 𝑇C)
coordinates and a straight line with the slope −1 on the log-log scale (see the dot lines in figure 2a and
figure 2b). A close examination of the behavior of theoretical PLF function 2.4 involving the elliptical
integrals testifies that there exists a temperature region where the model (4) can be approximately reduced
to the inverse power law, i.e., the Curie-Weiss relation. Namely, this is an intermediate region above the PT
temperature𝑇C given by𝑇 −𝑇C ≈ 10−1–100 K (see a dashed line in figure 2a and, especially, in figure 2b).
It corresponds to moderately large reduced temperatures 𝜏 (𝜏 ≈ 0.82–0.98). Note that formula (2.4) was
used in the work [26] for interpretation of the dielectric properties of incommensurate Rb2ZnCl4 crystals,
and the authors [26] actually confirmed that, in the region of intermediate relative temperatures (𝑇 −𝑇C),
the relation (2.4) yields the results very close to the Curie-Weiss law.

At the temperatures more distant from 𝑇C (i.e., in the region defined by the inequality 𝑇 − 𝑇C > 1 K,
or at 𝜏 ≈ 0–0.82), one can observe severe deviations of the PLF model from the inverse power law (see
figure 2a). Finally, the predictions of the PLF model become progressively different from those of the
Curie-Weiss law also in the region given by 𝑇 − 𝑇C < 0.1 K, i.e. at 𝜏 > 0.98 (see figure 2b). Eventually,
both the Curie-Weiss and the PLF models do not claim to consider the fluctuation corrections in the
critical region since they correspond to the mean-field theory, which is inapplicable in the closest vicinity
of the PT points.
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Now that we have ascertained the main formal differences among the theoretical models, we are in
a position to compare better the experiment with all the theoretical predictions. As seen from figure 2a,
the experimental dependence Y(𝑇) without the background deviates significantly from the Curie-Weiss
law and, moreover, from any other inverse power law. The latter fact is also evident from figure 2b, since
the slope of the experimental curve on the log-log scale changes continuously. Of course, the PLF model
predicting nearly inverse power law would fail in describing such data. On the contrary, the LS model
(see dash-dot lines in figure 2) is governed by a combination of terms linear in temperature, which enter
both the numerator and the denominator of formula (2.3). This mathematical structure provides a gradual
change in the slope of the LS curve in both figure 2a and figure 2b and so satisfactorily describes the
experimental data.

4. Comparison of LS and PLF models for the dielectric permittivity

The fact that the LS model describes better the dielectric permittivity of the AFB crystals than
the PLF model is unexpected and even counter-intuitive. Indeed, the LS approach looks simpler than
the PLF model [5] which was developed later, the authors [5] may have been familiar with the LS
results [3] and, moreover, they supposed their model to be applicable in a wider temperature region of the
incommensurate phase, compared with the LS model. To understand better these problems, we elucidate
in brief the main differences in the physical assumptions underlying the two models. To do that, we
outline the main points of derivation of formulae (2.3) and (2.4).

The authors [3, 5] started from the same free-energy expansion in the framework of the mean-field
theory. In polar coordinates, it can be written as follows:

Φ =
𝛼

2
𝜌2 + 𝛽1

4
𝜌4 + 𝛽2

4
𝜌4 cos 4𝜑 − 𝜎𝜌2 d𝜑

d𝑧
+ 𝛿

2

[(
d𝜌
d𝑧

)2
+ 𝜌2

(
d𝜑
d𝑧

)2]
− 𝐸𝑃 + ^

2
𝑃2 + 𝑎𝜌2𝑃 cos 2𝜑. (4.1)

Here, 𝛼 = 𝛼′ (𝑇 − \), 𝜌 and 𝜑 are respectively the amplitude and the phase of the order parameter,
𝐸 is the electric field, 𝑃 is the polarization, \ is the temperature point of structural instability, and
𝛼′, 𝛽1, 𝛽2, 𝜎, 𝛿, ^ and 𝑎 denote temperature-independent constants (see also section 2). The most
fundamental fact is the availability in formula (4.1) of a Lifshitz invariant proportional to 𝜎, which is
symmetry-allowed for incommensurately modulated media. Due to nonzero 𝜎 term in (4.1), the initial
high-temperature phase does not lose its stability under the condition 𝛼 = 0 (i.e., at 𝑇 = \). This occurs
with respect to inhomogeneous displacements at some other value 𝛼 = 𝛼0 = 𝜎2/𝛿 corresponding to a
higher paraelectric–incommensurate temperature 𝑇i.

Note that the 𝛽2 term in formula (4.1), which is associated with spatial anisotropy of the order
parameter, notably complicates the problem of finding a steady-state solution for the free energy. Since
the above approach is focused first of all on some (small but not too small) vicinity of 𝑇i, as is always
the case with the mean-field theory, strongly anisotropic higher-order terms in the order parameter are
omitted in (4.1). They drive a lock-in commensurate PT at 𝑇C rather than the incommensurate PT at 𝑇i
(see, e.g., the work [26]).

Probably, the main difference in the LS and PLF models [3, 5] is the approaches adopted by the
authors to solve the system of Lagrange–Euler equations

𝜕Φ

𝜕𝜌
− d

d𝑧
𝜕Φ

𝜕𝜌′
= 0, (4.2)

𝜕Φ

𝜕𝜑
− d

d𝑧
𝜕Φ

𝜕𝜑′
= 0, (4.3)

where 𝜌′ =
d𝜌
d𝑧 and 𝜑′ =

d𝜑
d𝑧 . This system of equations allows one to find the values of 𝜌 and 𝜑

corresponding to stationary state. Following the work [27], PLF use a constant-amplitude approximation,
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according to which the amplitude of the order parameter does not depend on the coordinates [𝜌(𝑧) = 𝜌0]:

𝜌2
0 =

𝛼′

𝛽1
(𝑇i − 𝑇). (4.4)

This enables the authors [5] to come to something like a time-independent sine-Gordon equation,

d2𝜑

d𝑧2
=
𝛽2
4𝛿
𝜌2

0 sin 4𝜑. (4.5)

The explicit solution of this equation is found for the temperature behavior of the phase 𝜑 (see also [28–
30]:

2𝜑 = am(2𝑞𝑧, 𝜖), (4.6)

with 𝑞2 = 2𝛽2𝜌
2
0/(𝛿𝜖

2), 𝜖2 = 2𝛽2𝜌
4
0/(𝐶 + 𝛽2𝜌

4
0) and 𝐶 being an integration constant. Here, am(2𝑞𝑧, 𝜖)

represents the Jacobian elliptic function with the modulus 𝜖 (0 ⩽ 𝜖 ⩽ 1). Such an approach would imply
a full-scale consideration of anisotropy 𝛽2.

LS treat the same problem in another manner. They completely neglect the anisotropy (𝛽2 = 0) in the
initial stage so that the equation (4.5) is simplified to d2𝜑/d𝑧2 = 0. This yields a standard formula for the
plane-wave region of incommensurate phase [31]:

𝜑 = 𝑘0𝑧, (4.7)

with the wave vector 𝑘0 = |𝜎 |/𝛿. On the other hand, in fact LS also start from the constant-amplitude
approximation (4.4) under the condition 𝛽2 = 0. As a result, their approach seems to be notably simpler
than that of PLF. However, after that LS take into account higher-order corrections to formula (4.7)
given by a power series in 𝛽2 (more exactly, in the parameter Δ =

𝛼′ 𝛿 |𝛽2 |
𝜎2𝛽1

(𝑇i − 𝑇) =
|𝛽2 |
𝛽1
𝑡 ≪ 1), the

lowest-order of which is proportional to Δ2 [3]. This corresponds to what can be termed as a ‘weak
anisotropy approximation’, which would eventually affect the final solution for the amplitude, too.

Since the dielectric permittivity Y is defined as Y = d𝑃/d𝐸 , we obtain

Y =
1
^
− 2𝑎𝜌

^

(
𝜕𝜌

𝜕𝐸
cos 2𝜑 − 𝜕𝜑

𝜕𝐸
𝜌 sin 𝜑

)
. (4.8)

It is obvious that, unlike the PLF model, the phase in (4.7) does not depend on thermal changes in the
approximationΔ = 0. Taking derivatives in (4.8), we arrive at a temperature-independent expression Y(𝑇)
which coincides with that obtained for the commensurate phase [3]:

Ycom(𝑇) =
1
^
+ 2𝑎2

^2(𝛽′1 − |𝛽′2 |)
, (4.9)

with 𝛽′1 and 𝛽′2 being renormalized coefficients (𝛽′1 = 𝛽1 − 2𝑎2/^ and 𝛽′2 = 𝛽2 − 2𝑎2/^). Having left a
zero approximation, one can obtain a more complex expression in some vicinity of the incommensurate
PT (at Δ ≪ 1) (cf. also with the earlier, less correct formula in the work [32]):

YLS(𝑇) =
1
^
+ 𝑎2

^2𝛽′1
𝑡
6 + 𝑡
4 − 𝑡 . (4.10)

Formula (4.10) coincides with (2.3) with the notation Yb = 1/^ and 𝐴 = 𝑎2/𝛽′1. Finally, formulae (4.4),
(4.6) and (4.8) obtained in frames of the PLF model result in

YPLF(𝑇) =
1
^
+ 𝑎2

^2𝛽′1

(
𝐸 (𝜏)

(1 − 𝜏2)𝐾 (𝜏)
− 1

)
, (4.11)

where the substitutions Yb = 1/^ and 𝑐 = ^𝛽′1/𝑎
2 lead to formula (2.4).
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Now we are in a position to compare the physical backgrounds of the LS and PLF models for the
dielectric properties of AFB. At the first glance, the PLF result (4.6) underlying the formula (4.11) looks
stronger compared to formula (4.7) obtained by LS, which is limited to a narrow vicinity of paraelectric–
incommensurate PT. However, as pointed out in the work [30], any phenomenological model like those
suggested by LS and PLF [3, 5] is anyway applicable only near the PT point𝑇i, where the spatial anisotropy
is small enough. In some sense, the approximations of constant amplitude and weak anisotropy have close
applicability regions. Then, the decision of PLF to maintain the exact solution for the phase 𝜑 and, at the
same time, restrict themselves to the limit 𝜌(𝑧) = 𝜌0 can prove to be partly inconsistent, as if someone
would exceed the accuracy of a given approximation. Probably, this is the main reason why the PLF
formula is less accurate in describing the Y(𝑇) function for the AFB crystals.

On the other hand, the fact that the LS model has turned out to work fairly well in the overall range of
incommensurate phase can be explained, at least partly, owing to the following circumstance: in terms of a
variable (𝑇i−𝑇C)/𝑇i characterizing the temperature width of this phase, the latter is very narrow (∼ 0.03).
Eventually, this factor also degrades a potential advantage of the PLF model associated with consideration
of the spatial anisotropy, which would have played a more significant part in a wider temperature region.
In this respect, we suppose that an LS-like model could hardly succeed when describing the dielectric
properties of Rb2ZnCl4 where the incommensurate phase is very wide ((𝑇i−𝑇C)/𝑇i ∼ 0.36) and, moreover,
the experimental data in the vicinity of 𝑇i are scarce [26].

5. Potential influence of fluctuations and structural defects

It is well known that the incommensurate phases in A2BX4 crystals are highly sensitive to any
structural imperfections, e.g., due to pinning of the phase of the order parameter [33]. This implies that
the dielectric permittivity can manifest some dependence on crystal samples or experimental conditions
(heating or cooling run, temperature change rate, etc.). This poses a question of the potential influence
of these phenomena on our data and conclusions. The next question is associated with the effect of the
order-parameter fluctuations on the dielectric data.

As stressed above, both the LS and PLF models represent mean-filed approaches. The temperature
region 𝛿𝑇 = 𝑇 −𝑇C (or 𝛿𝜏′ in terms of a redefined reduced temperature, 𝛿𝜏′ = 𝛿𝑇/𝑇C) around the phase-
transition point where the fluctuations and the critical phenomena begin to dominate and the Landau
theory can no longer be employed is given by a so-called Ginzburg parameter 𝐺: 𝜏′ ≪ 𝐺 or, at least,
𝜏′ < 𝐺 — see, e.g., [34, 35]). The corresponding results derived by us for AFB with a highly sensitive
optical-birefringence technique (see [36]) will be reported elsewhere. Here, we only state that they yield
in 𝐺 ≈ 0.0026. Then, we have the conditions 𝛿𝑇 ≪ 0.5 K or 𝛿𝑇 < 0.5 K. Inspection of the data in
figure 1 (or, better, in figure 2b) testifies that some eight data points correspond to the region 0.5 K above
𝑇C and only three data points correspond to the region 0.1 K. In other words, our study does not directly
address the scaling region and includes, at the most, a region where the mean-filed theory can be applied
with small fluctuation corrections. Then, the order-parameter fluctuations can hardly affect our results.

The next point is concerned with ‘frozen-in fluctuations’, i.e., with structural defects (see [37]).
Having no direct facilities for estimating a defect state of our sample, we rely upon indirect methods.
Namely, it is known that the influence of structural defects can disguise itself as a fluctuation effect in
a close vicinity of PT. Therefore, the defects usually widen the ‘fluctuation’ region, i.e., they contribute
additively to the Ginzburg parameter (see [14, 36]). This enables us to perform a rough comparison of the
structural perfection for different samples of a given crystal: the larger is the Ginzburg number obtained
for a crystal sample, the higher is the concentration of its defects. The following fact is worthwhile in this
respect. When comparing our results with the corresponding data for the other A2BX4 crystals [36], one
observes that the Ginzburg parameter for our AFB crystal (𝐺 ∼ 0.003) is relatively small (although the
same in the order of magnitude). This indirectly indicates that the structural imperfection typical of our
crystal sample is not so high to dominate the temperature dependences of its physical properties.

Moreover, the defects with heavy concentrations can even ‘smear’ the divergent-like anomalies
detected at the PT points. However, we observe no such situation with our sample, thus confirming
again that the effects studied by us are nor defect-driven. Another similar argument against a significant
contribution of the defects into the dielectric behavior of our AFB crystal is as follows. One of the
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common consequences of strong influence of structural defects is a decrease in the dielectric peak Ymax.
However, our parameter Ymax ≈ 55 is very close to the average value Yavg

max ≈ 57 found from [1–5, 12, 19]
at comparable electric frequencies. This is another evidence that the structural defects should play only
a secondary role in the dielectric behavior of our crystal sample.

We would also like to emphasize that, in some other terms, our main conclusion is that the temperature
anomaly of the dielectric permittivity in the incommensurate phase of improper ferroelectric AFB near
the 𝑇C point is ‘slower’ than that predicted by the inverse power law (see, e.g., a gradual decrease in the
slope — i.e., the power-law ‘exponent’ — with approaching 𝑇C, which is seen in the double logarithmic-
scale plot in figure 2b), although this law is a common regularity known in the theory of PTs. A (very
loose) analogy with the situation occurring in proper uniaxial ferroelectrics can be mentioned: therein, the
leading temperature-dependent terms are also ‘slower’ than those given by the inverse power law, being
described by logarithmic corrections. However, there is still no theory predicting such a ‘slow-down’ in
the dielectric divergence near the PT point as a result of structural defects.

Finally, an important question arises in view of a potential effect of structural defects on the dielectric
properties of the AFB crystals: is the LS model universally better than the PLF model — or some
experimental data could be found in the literature which prefer the latter model? Since we cannot rule
out completely the sample dependence of the dielectric permittivity, it would be difficult to expect a
straightforward answer. However, this situation seems to be quite unlikely because both of the LS and
PLF models refer to defect-free crystals. Then, the application of these models to essentially imperfect
crystal samples might have rather resulted in the failure of both models than in changing the balance of
their efficiencies [13].

6. Conclusions

We have studied the dielectric properties of improper ferroelectric AFB crystals in their paraelectric,
incommensurately modulated and commensurate ferroelectric phases. Similar to the previous experimen-
tal studies, the dielectric permittivity of AFB is not affected by the incommensurate PT at 𝑇i but reveals
a weak peak at the commensurate PT point 𝑇C. The experimental results for the incommensurate phase
of AFB are compared with the data following from the four phenomenological theories: the Curie-Weiss
and generalized Curie-Weiss laws and the LS and PLF models [3, 5]. It is ascertained that the PLF
model provides the results very similar to those of the inverse power laws given by the Curie-Weiss
and generalized Curie-Weiss formulae. According to the results of rigorous statistical tests, all of these
models provide a much worse fit of the experimental data than the LS model. In addition, the latter model
can be efficiently applied within the overall temperature range of the incommensurate phase.

The analysis of the experimental data shows that the temperature slopes of both the reciprocal
permittivity with subtracted dielectric background and the permittivity plotted on the double logarithmic
scale change continuously with temperature. However, any inverse power law would have implied a
constant slope. This is a formal reason why the models (1), (2) and (4) fail in describing the experimental
results. On the contrary, the temperature dependence of the permittivity in frames of the LS model (3) is
governed by a combination of terms linear in temperature, including a divergent term in the denominator.
Then, the peak at the PT point 𝑇C is ‘damped’ by the temperature-dependent terms in the numerator.
This mathematical structure provides a necessary change in the slope and so appropriately describes the
experimental data.

In order to compare different phenomenological models more in detail, the main physical hypotheses
underlying the LS and PLF approaches are elucidated. In particular, it is stressed that the LS model is
based upon the approximation of weak spatial anisotropy of the order parameter and small corrections to
the approximation of constant amplitude of the order parameter. These approximations are fully justified
only within the plane-wave region of the incommensurate phase. On the other hand, the PLF model
employs the constant-amplitude approximation and finds an exact solution for the phase of the order
parameter, thus not relying on the assumption of weak anisotropy. However, the two approximations
partly contradict each other, which may be the reason of a lower efficiency of the PLF model, compared
to the LS model. Most likely, the LS model remains applicable within the entire incommensurate phase
in AFB due to a very narrow temperature range of the latter. This fact also undermines a potential
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advantage of the PLF approach, i.e., its applicability outside the plane-wave region, when it is applied to
the incommensurate crystals like AFB.

Possible contributions of the structural defects and the critical fluctuations into the Y(𝑇) function of
our AFB crystals are discussed. It is shown that the influence of the defects can hardly be decisive, while
the fluctuations typical of a very close vicinity of the PT point are out of the scope of our study and so
cannot affect its main conclusions.
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Температурна залежнiсть дiелектричної проникностi в
несумiрно модульованiй фазi фторберилату амонiю

Б. I. Горон1,2, О. С. Кушнiр2, П. А. Щепанський1, В. Й. Стадник1
1 Кафедра загальної фiзики, Львiвський нацiональний унiверситет iменi Iвана Франка,
вул. Драгоманова, 23, 79005 Львiв, Україна

2 Кафедра оптоелектронiки та iнформацiйних технологiй, Львiвський нацiональний унiверситет
iменi Iвана Франка, вул. ген. Тарнавського, 107, 79013 Львiв, Україна

Дослiджено температурну залежнiсть дiелектричної проникностi вздовж полярної осi сегнетоелектрично-
го кристала фторберилату амонiю (ФБА) в околi точок його фазових переходiв. Експериментальнi данi для
несумiрно модульованої фази ФБА порiвняно з передбаченнями феноменологiчних моделей, вiдомих з
лiтератури: закону Кюрi–Вейса (КВ), узагальненого закону Кюрi–Вейса (УКВ), а також моделей Леванюка i
Саннiкова (ЛС) i Преловшека, Левстiка та Фiлiпiча (ПЛФ), запропонованих для невласних сегнетоелектри-
кiв. Показано,що пiдхiд ЛС краще описує температурну поведiнку дiелектричної проникностi для кристала
ФБА, нiж моделi КВ, УКВ i ПЛФ. З’ясовано основнi фiзичнi причини такої ситуацiї.

Ключовi слова: фазовi переходи, несумiрнi фази, невласнi сегнетоелектрики, дiелектрична
проникнiсть, фторберилат амонiю
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