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We study the finite-size scaling behaviour at the critical point, resulting from the addition of a homogeneous size-
dependent perturbation, decaying as an inverse power of the system size. The scaling theory is first formulated
in a general framework and then illustrated using three concrete problems for which exact results are obtained.
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Count your age by friends, not years.
Count your life by smiles, not tears.
Birthday card, 1927.

Foreword

I first met Bertrand in the mid-eighties when he was still undergraduate. Around 87-88 he joined our
small statistical physics group to prepare his PhD. It was a pleasant time when research did not mean
competition but collaboration. All along the years Bertrand was very efficient in keeping this state of
mind in our group. He was one of the main contributors to the development of external collaborations as
this volume bears witness. It is a pleasure to take part in this nice initiative of our Ukrainian friends and
to wish you, Bertrand, all the best for your 60th birthday.

1. Introduction

At a second-order phase transition a perturbation is relevant (irrelevant) when its amplitude increases
(decreases) under rescaling. In the relevant case, the fixed point initially governing the critical behaviour
of the system is unstable and a new behaviour sets in. When the perturbation is irrelevant, the fixed point
is stable and the critical behaviour remains unaffected. In between, when the perturbation amplitude does
not evolve at all under rescaling, the perturbation is said to be truly marginal. Then, the critical behaviour
of the perturbed system is generally governed by a line of fixed points in the critical surface, with varying
critical exponents, parameterized by the value of perturbation amplitude.

In the present work we study the critical behaviour associated with homogeneous size-dependent
perturbations, decaying as some inverse power of the system size, which deviate from the general trend
mentioned above in the marginal case.

This type of perturbation can be generated by a conformal transformation in two dimensions (2d).
Then, a conformally invariant infinite (semi-infinite) critical system transforms into a strip with periodic
(free) boundary conditions under the logarithmic transformation. As shown by Cardy [1]], the transforma-
tion of the two-point correlation functions provides an explanation for the gap-exponent relation [2H7].
When the system is initially perturbed by a marginal radial defect, it transforms into a strip with a
homogeneous, size-dependent perturbation [8-H10] (see appendix |Al for details).
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Another example of the occurrence of a size-dependent contribution to the Hamiltonian, but of a
quite different nature, is offered by (mean-field) fully-interacting systems with N spins. The number of
interacting pairs growing as N2, the double sum over the sites has to be divided by N in order to obtain
a finite energy per site in the thermodynamic limit [11H15]. Here, we shall consider the change in the
finite-size scaling behaviour when a size-dependent perturbation is added to the interaction amplitude K.

The outline of the paper is as follows: section[2] which contains the main results, presents the finite-
size scaling behaviour resulting from the introduction of a homogeneous size-dependent perturbation in
the three different cases of irrelevant, marginal, and relevant perturbations. This is illustrated with three
exactly solvable examples: percolation in 1d (section[3), the Ising chain in a transverse field corresponding
to a 2d classical system (section ) and the Ising model on the fully-connected lattice (section [3)). The
results are discussed in section [] The logarithmic transformation of a radial perturbation is presented in
appendix |Al In appendix [B] we consider a perturbation of the 1d percolation problem in which the size
of the system is replaced by the distance to the surface (Hilhorst—van Leeuwen perturbation). The two
last appendices give some calculational details.

2. Finite-size scaling

Let us consider a perturbed d-dimensional classical system with Hamiltonian / such that:

1
—pH =~pHo+A D &, B=1—. @2.1)

kgT
The system is finite, with size L > 1, in at least one of its d dimensions. The scaling field associated
with the perturbation, A, is size-dependent and given by

A:Liw, w>0, A=0(1). 2.2)

A is conjugate to the local operator ¢ with scaling dimension x, and the perturbation acts on a subspace
with dimension da. Thus, dy = 1 for a line defect and dx = d when the perturbation extends over the
whole system.

Under a change of the length scale by a factor b > 1, such that L’ = L/b, the perturbation transforms
according to:
p— A,
T e
Taking into account the size-dependence of the perturbation (2.2), the following behaviour is obtained
for the amplitude{T]

A/

=b"A, yan=dp—x;. (2.3)

A = pI@L (2.4)

Suppose now that Hj is at the bulk critical point and let us look for the finite-size scaling behaviour of
a local operator ¢, with scaling dimension x, under the influence of A acting on . At bulk criticality ¢,
depends only on two variables, the size-dependent perturbation amplitude A and the system size L. It
transforms according to

¢ =pe(N L) = b¥p.(A, L), 2.5)
so that:
@c(A, L) =b"" . (b" A, L/D). (2.6)
With b = L one obtains the following finite-size behaviour
0c(A L) =@ (A, L) = L™ (LY “A, 1) = L™ ¢, (u), u=L""“A, 2.7

where the scaling function ¢, () is a universal function of its argument [7], with ¢,(0) giving the
universal finite-size scaling amplitude of the unperturbed system:

®.(0,L) = ¢, (0) L. 2.8)

Depending on the value of w, three cases have to be considered:

IHereafter we assume that yp > 0.
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Scaling behaviour under the influence of a homogeneous size-dependent perturbation

* Irrelevant perturbation, w > ya: According to (2.4), the perturbation amplitude decreases under
rescaling, and the scaling function ¢, (u) in (2.7) can be expanded in powers of u giving:

A
q)c(A, L) = L_x‘p ¢¢(O) + m¢,(0) +...]. (29)

The leading contribution is the unperturbed one in (2.8) and the perturbation affects only the
sub-leading corrections to scaling.

* Marginal perturbation, w = ya: Then, the perturbation amplitude A is invariant under rescaling
and the argument of the scaling function in (2.7) no longer depends on L so that:

De(A, L) = ¢ (AL (2.10)

The scaling behaviour, L™*¢, is the same as for the unperturbed system but the finite-size scaling
amplitude, ¢, (A), is now continuously varying with A. It is actually a universal function of A.

» Relevant perturbation, w < ya: In this case, the perturbation amplitude grows under rescaling.
Let us consider the situation where w = 0 which, according to (2.2) corresponds to a constant
deviation A from the critical point. Then,

(A, L) = L™*¢ ¢, (LY A), w=0. 2.11)

In the thermodynamic limit, either limz _,co @ (A, L) = 0 or the exponent of L on the right-hand
side of (2.11) vanishes. This occurs when

X
Go(u) ~ ul*, |ul > 1, sz_Z' 2.12)

50 that @, (A, 00) ~ |A]*¢/Y. When 0 < w < ya, using (2.12) in (2.7), one obtains:

D (A, L) ~ L™%e/Un| A ¥/, (2.13)

3. Bond percolation in 1d

To illustrate the results of the preceding section, let us start with a simple example, namely the bond
percolation problem [[16] on a 1d lattice with a size-dependent bond occupation probability.

3.1. Percolation probability
We consider a finite chain with L bonds between neighbouring sites. The bonds are independently

occupied with probability:

A
r=p+oo. PLY<AS(-pILY, w20 G.D

The order parameter for the percolation transition is the percolation probability. It is given by the
probability Py () to find an open path from O to L. Thus, according to (3.1)), we have:

AL
Py (m) = (p+L—w) . 3.2)
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3.2. Unperturbed system

A change of the length scale by b can be exactly realized via decimation [17]. In the process,

b successive bonds with occupation probability p are replaced by a single bond with renormalized
probability

P =Rp(p) =p". (3.3)

This exact renormalization group transformation has two fixed points at p* = R,(p*) = 0 or 1. The
unstable point corresponds to the percolation threshold, p. = 1. A linearization of the transformation
about the fixed point at p* = 1 gives the transformation of the deviation from the percolation threshold:

, dR
—pc= é’(p) (p=pc) =b(p—pc). (3.4)
P p=pc=1
Thus, the dimension of the scaling field, p — p., is
yp=1. 3.5)

The percolation probability, Pz (p) = Rr(p) = p~, jumps from 0 to 1 at p. when L — co:

0, p<l,

Pm@>={1, R -l (3.6)

The percolation transition is discontinuous in 1d.
On a finite chain, the critical percolation probability is independent of the size, P;.(p.) = 1. Then,
according to (2.8)), the scaling dimension of the order parameter is

xp =0, 3.7

as expected at a discontinuity fixed point. The finite-size percolation probability reduces to its scaling
function, ¢p(0) = 1. Given (3.4)), the scaling variable can be defined as

u=L(p-p)=Lp-1<0, p=1+7. (3.8)
leading to
u\L u? u u?
PL(p)—(1+Z) —exp(u—i+...)—e (1_Z+”')’ (3.9)

when u?/L < 1. The scaling function of the percolation probability
op(u) =¢e*, u<0, u?/L<1, (3.10)

follows from this expression.
Note that the correlation function I',,(p), which is the probability that two sites at a distance n belong
to the same cluster, is simply given by

Ta(p) = Pa(p) e " PP po—p <1, (3.11)
according to l| and li Thus, the correlation length, &, = (pc — p)~!, diverges at p. with an
exponent v, = 1/y, = 1, in agreement with (3.5).

3.3. Perturbed system

We now consider the perturbed 1d percolation problem with a bond occupation probability 7. given
by (3.1) at p = p. = 1. The transformation of the perturbation amplitude follows from (2.4) and (3.5):

A =b¥r @A =plT@A. (3.12)
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Figure 1. Evolution of the critical percolation probability, given by (3.14), towards the universal scaling
function ¢p(u) = e* (dashed line), for increasing values of the size L. There is no rescaling of the
percolation probability since xp = 0 and the scaling variable is u = Li-@a,

Thus, the perturbation is irrelevant when w > 1, marginal at w = w* = 1 and relevant when w < 1. The
finite-size scaling variable is given by
u=L(n.—pe)=L"“A<0, (3.13)

in agreement with (3.12)). The critical percolation probability

Po(A,L) = Pr(n.) = (1 + %)L (3.14)

follows from (3.9). Let us examine its scaling behaviour depending on the value of w.

e Irrelevant perturbation, w > 1:
Then, |u| < 1 and a first-order expansion in (3.9) yields:

Po(AL) =1+ +0 (L—ZW—”), A <0 (3.15)

Lw-1

It should be compared to (2.9) with x, = xp = 0 and ya» = y,, = 1. The leading contribution
¢p(0) = 1 is the unperturbed critical percolation probability and the perturbation enters this
expression only through the sub-leading terms.

¢ Marginal perturbation, w = w* = 1f]

The scaling variable u = A so that:
P.(AL)=e*1+0(L7")], A<O. (3.16)

The leading contribution to the critical percolation probability is the universal scaling func-
tion (3.10) of the perturbation amplitude in agreement with (2.10) considering (3.7).
* Relevant perturbation, w < 1:

Then, |u]| is large but |u/L| remains small. The critical percolation probability following from (3.9)
reads:

A2
P.(A, L) =exp|AL'"¢ - 7L1—2w +.. ) ) (3.17)

2See appendix |B| where L is replaced by the distance n to the first site. Although the perturbation amplitude A scales in the
same way, a quite different behaviour is obtained when the perturbation is marginal.
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When w > 1/2, the second term in the series is small and leads to a correction to scaling Then,
one has
P.(A,L)=exp (AL'"™) [1+O(L7**)], 1/2<w<1, A<0, (3.18)

in agreement with (2.7)) given @I) since x, = 0 and yp = 1. The critical percolation probability
vanishes with an essential singularity as L — oo. This behaviour is expected for a system which is
in the non-percolating phase for A < 0.

The convergence of finite-size data to ¢ p is shown in figure[I]

4. The 1d Ising chain in a transverse field

In this section we consider a 1d Ising model in a transverse field [18] [19] with a size-dependent
perturbation of the first-neighbour interaction, looking for its influence on the surface spin magnetization.

4.1. Hamiltonian and surface magnetization
The quantum chain Hamiltonian reads

L-1 L
H=-A) oxor, - > ot A=/1+Liw, (4.1)
n=1 n=1
where o and o¢ are Pauli spin operators and the two-spin interaction 4 > 0 is perturbed by the
size-dependent term, A/L®, favouring order (disorder) when A is positive (negative).
We study the scaling behaviour of the surface magnetization which is given by the off-diagonal matrix
element of the surface spin operator

mg = [(0la7' D], 4.2)

between the ground state and the first-excited state of the quantum chain, with fixed boundary condition
at L. Using fermionic techniques it can be shown [20, 21] that, for a finite system with size L, the surface
magnetization takes the following form:

L-1
Sian
k=0

msp(A) =

4.3)

-12
[1-(+AL@)2 )
1= (A+AL-@)2L

4.2. Unperturbed system
In the infinite unperturbed system, i.e., when L — oo and A = 0, the series in @]) diverges and
ms = 0 when A < 1. In the ordered phase, corresponding to 4 > 1, the surface magnetization behaves as:

Myes(A) = (1= 272)"2, (4.4)

It vanishes at the critical coupling, 4. = 1, with a surface critical exponent 8 = 1/2. In a finite
unperturbed critical system, with A = 0 and A = 1, (.3)) yields the following scaling behaviour:

-1 \~1/2
msL(/lc):(Zl) =172, 4.5)

k=0

Thus, the scaling dimension of the surface magnetization is x,,s = 1/2. Given 85 = vx,s, the correlation
length exponent v = 1 and the bulk thermal exponent y; = 1/v = 1, too. A deviation from the critical
coupling transforms as

A=A =b¥% (A=) =b(A-2.), (4.6)

30therwise a non-scaling exponential factor enters the leading contribution to P, (A, L).
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Scaling behaviour under the influence of a homogeneous size-dependent perturbation

so that, in a finite-size off-critical system, the appropriate scaling variable is:

w=LA-2A)=LA-1), /1=1+%. @.7)
The surface magnetization (#.3) with A = 0 involves
_ 2
- u) 2 2u  3u
=(1+2) - 4.
A ( +7 7t 2 + (4.8)
and ) )
-2L
A‘ZL:(1+%) =exp(—2u+uz+...)=e_2”(1+uf+...), 4.9)

when u?/L < 1. Finally, one obtains the following finite-size scaling behaviour for the off-critical
unperturbed system:

1/2
2
mor (14 4) = 72 (_)

— .
e -1 2)2L

2
— 1+( " —§)” ] “f<<1. (4.10)
—e u

The leading contribution gives the scaling function of the surface magnetization

2

2u 2y
¢ms(u) = (m) , I < 1. (4] l)

The critical finite-size result in (4.3), ¢,,s(0) = 1, is recovered when u — 0.

4.3. Perturbed system

Since y; = 1, according to (2.4), the amplitude of the thermal size-dependent perturbation transforms
as:
A =bY @A =pl@A. (4.12)

As above for the percolation problem, the perturbation is marginal at w* = 1, irrelevant when w > 1 and
relevant when w < 1.

Let us study its influence on the finite-size scaling behaviour of the surface magnetization for
the critical value of the unperturbed coupling, 4 = A.. Then, the first-neighbour interaction in (.1)
is Ac = Ac + A/L® so that, according to (#.7) and in agreement with {@.12)), the associated scaling
variable is now

u=L(A:.—2.)=L"“A. (4.13)

The critical surface magnetization

2 1112
u 1-(1+u/L)~?
ALy =my (1+2) = , 4.14
Me( ) =mgL L [1—(1+u/L)‘2L ( )
is given by (@.10) and behaves in the following way in the three different regimes:
e Irrelevant perturbation, w > 1:
Then, both u and u?/L < 1 so that (4.10) yields:

mse(A, L) = L™1? (1 t 3Tt ) ) (4.15)

The leading term gives the unperturbed finite-size result in (@.5). The perturbation introduces
non-vanishing corrections to this leading behaviour.
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¢ Marginal perturbation, w = w* = 1:

The scaling variable is then u = A and uz/L remains small, thus (4.10) gives:

— /2
msc(A, L) = (—1 ) ) L 1+(ez 1 ——2)—2 +] (4.16)

The leading contribution to the surface magnetization has the same finite-size scaling with L as in
the unperturbed system, although with the varying universal amplitude ¢,,s(A) in (4.11).

* Relevant perturbation, w < 1:

The scaling variable u > 1 and the correction term u?/L = A>/L*®~! in (4.9) remains small only
when w > 1/2.

When u > 0, this non-scaling correction term is not dangerous because it enters a negative
exponential which can be neglected. Then, for 0 < w < 1, the critical surface magnetization
following from (4.14) behaves as:

3A

mge(A,L) = V2AL~“/? (1 T 1o +

..), A>0. (4.17)
It vanishes as L~“/? in agreement with 1| withxy, = Xps =1/2and yp =y, = 1. At w = 0,
the infinite system is in its ordered phase, with A giving a constant deviation from the critical
coupling. Thus, the surface magnetization behaves as mg . (A, c0) = V2A and vanishes with a
critical exponent B, = 1/2, as expected.

When u < 0, gives the dominant contribution to the denominator in {@.14). When w < 1/2,
the effect of u“/L is to generate a non-scaling exponential factor which is no longer negligible.
The surface magnetization keeps its scaling form (@.14) only when w belongs to the interval
1/2 < w < 1 for which

A2

mSC(A’L) :1/2|A|L*w/2exp (_lAlLlf"J) (1—W+ ..), A <O. (418)
The surface magnetization vanishes with an essential singularity. Such a behaviour is not surprising

since A < 0 drives the system into its disordered phase. Note that (#.18) has the expected scaling
form (2.7) with x, = 1/2 and yp = 1.

The convergence of finite-size data to ¢, is shown in figure 2]

Figure 2. Evolution of the scaled critical surface magnetization in (#.14) towards the universal scaling
function ¢ms (1) in @11), for increasing values of the size L. The dashed lines indicate the expected
behaviours for small and large values of the scaled amplitude, u = LI=®A ForA < 0, it has been shifted
upwards to be visible.
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5. Ising model on the fully-connected lattice

Let us finally consider another exactly solvable example provided by the Ising model on the fully-
connected lattice with N sites.

5.1. Hamiltonian, Ginzburg-Landau expansion and order parameter

The perturbed Hamiltonian takes the following form

1 C J
BH =K |— i, —K+—, K=pBJ=——, 1
BH «(ZN;UJJ) K=K+~ BJ e 5.1

where J > 0 is the ferromagnetic interaction between the Ising spins o; = +1. The factor 1/N is needed
to have a total energy proportional to N in the thermodynamic limit. The two-spin interaction is perturbed
by the size-dependent term C/N<.

Introducing the total magnetization M = Zf\i yoisothat 3 00y = M 2 _ N, the partition function
is given by:

g KM?
Zn =Tr(s) e AH = ¢~ KI2 Tr(,) exp . 5.2)
2N
Making use of the Stratonovich-Hubbard transformation [22, 23]]
xm2\ (NPT Ny in
exp( SN ) = (ﬂ) J dn exp (—zn + %K nM), 5.3)
the partition function can be rewritten as:
1/2 too N
N N
Zy = (%) e_mfdn exp (_5"2) Tro, X717, (5.4)
Z i=1
Summing on the spin states leads to
N 1/2 +00
Zy =2N (2—) e K12 Jdn e NI, (5.5)
T
where
2
f(K,m) = ’73 “Incosh (7(“%,) (5.6)

is the free energy per site.
Close to the critical point, the free energy density in (5.6) can be expanded in even powers of 7 as:

C n* c 2774 6
Kn)=—|K+—-1|=+|K+—| =+0(1"). 5.7
F(K,m) ( o )2( Nw)lz (n°) (5.7)
Taking || for the order parameter, its mean value is given by:
L‘)"’ne—Nf(W,n)dn
f;" e~ Nf(K.mdy ’

my (K) = (5.8)
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5.2. Unperturbed system
In the unperturbed system C = 0, and (5.7) reduces to:

2 4
F(K,7) = —(K - 1)% +K? % +O(%). (5.9)

In the thermodynamic limit, as N — oo, the order parameter in (5.8)) is given by the value of 7 minimizing
the free energy. It is non-vanishing when K > K. = 1 where

me(K) ~3(K-1), K> 1. (5.10)

As expected for a fully-connected lattice where a spin interacts with all the others, the Ising mean-field
critical behaviour, 8 = 1/2, is obtained.
At the critical point, the free energy density is given by:

4
f(Ke,m) = % +0(n°). (5.11)

The change of variable t = N;*/12 in (5.8)) immediately leads to:

12\ fy TP e,
NJ [t 3Metde T(1/4) '

my (K.) —( (5.12)

This finite-size scaling with N is an old result, first obtained by Kittel [[12]. It was later remarked [24} 25]]
that (5.12) is actually the standard scaling behaviour for the mean-field Ising model if one relates the
number N of sites in the fully-connected lattice to an effective size L through N = L% In this relation,
d. is the upper critical dimension above which the mean-field behaviour is obtained with short-range
interactions. For the Ising model, d. = 4, so that:

L =NYde = N4, (5.13)

Using this relation in (5.12)) and 8 = x,,,/y; = 1/2 yields the scaling dimensions of the mean-field Ising
model:
m=1, y=1/v=2. (5.14)

Let us now consider a finite-size off-critical system. According to (5.13) and (5.14), the scaling
variable takes the following form:

v=LY%(K-K.) = N%/%(K-K.)=N"*(K-1), 1+W (5.15)

The scaling of the order parameter in suggests the change of variable 7 = xN~/4 in (5.9). As a
function of x and v, the free energy density takes the following form:
Nf(1+v/N'"2 xN~V*) = Ngn (v, x) = —ux—z + al + et +O(N7). (5.16)
) 2 12 6N1/2
In this expansion, the non-scaling third term and the following terms can be neglected, so that (5.8)
yields:

© e Ngn(v,x)
my (1 +U/N1/2) _ N—1/4Iomxe dx _ _1/4J1(v) [1 ( 1/2)] . (5.17)
IO e~ Ngn (v,x) dy Jo(v)
Jn(v) is given by
r x4 l)xz (n+1)/4 n+1 31)2/8 3
Ju (l))— x" exp —E+7 6 r 2 D*(n+1)/2 - EU , (5.18)
0
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Scaling behaviour under the influence of a homogeneous size-dependent perturbation

where

(o]

2
_exp(=z°/4) je‘”‘xz/zx_”_ldx, [Re(u) < 0], (5.19)

Pul@) ==

is a parabolic cylinder function [26]]. Thus, (5.17) can be rewritten as:

. (“/g”)

my(1+o/N 2y = —— L L
N \/ED—l/z (_\/gv)

The off-critical finite-size behaviour of the order parameter has the standard scaling form N~'/4¢,,(v)
with a scaling function given by:
3
61/4 D, (_\/;U)

Pm(V) = —=———F——~
\/E D_1/2 (—\/gv)

The different limiting behaviours of the ratio R(v) of parabolic cylinder functions entering (5.21) are
studied in appendix [C|

(%)1/4 [1 +o(N—1/2)] : (5.20)

, v=N"*K-1). (5.21)

5.3. Perturbed system

Let us now consider a perturbed critical system with K = K. = 1 and C = O(1). The size-dependant
perturbation in (5.1) can be rewritten as C/L%“ and, according to (2.4) and (5.14), its amplitude
transforms as:

C' =p¥dewc = p>iec. (5.22)
The finite-size scaling variable is then
v=L>*C =N, (5.23)
leading to the following scaling behaviour for the critical magnetization:
me(C,N) =my (1+C/N®) = my (1 +U/N1/2) = N"4g,.(v), v=Ni"“C. (5.24)

According to (5.22)), the perturbation is irrelevant above w = w* = 1/2, marginal at w*, and relevant
below. Let us now look at the finite-size behaviour of the order parameter in the perturbed critical system
in these three regimes:

e Irrelevant perturbation, w > 1/2:

With C = O(1) and N > 1, the scaling variable v is small and the non-scaling correction term
in (5.16), behaving as Cx*/N“, can be neglected. A first-order expansion (C.4) of the ratio of
parabolic cylinder functions R(v) in the scaling function (5.21) yields:

N (12)1/4{“[1 r(3/4)} V3C }

mq(C,N) =

(5.25)

ra/4\n Vi T(1/4)| No-112

The perturbation only contributes a correction to the N~1/4

system.

scaling behaviour of the unperturbed
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¢ Marginal perturbation, w = w* = 1/2:

Then, v = C, so that the first correction term in (5.16) remains negligible. Thus, the leading

contribution to m. reads:
me(C,N) = ¢(C)N™'*. (5.26)

One recovers the unperturbed scaling with N with a C-dependent universal amplitude.

* Relevant perturbation, w < 1/2:

With a relevant perturbation, |v| is large and the leading contribution to R(v) depends on the sign
of the scaling variable. Using and (C.g)), one obtains:

. V3CN-@/2, C>0, 527)
me(C,N) = [[2 y-(1—w))2 :
mN (1-w)/ s C<O.

As before in the relevant case, the scaling exponent depends on w. This new scaling behaviour may
lead to a dangerous non-scaling correction to the free energy density in (5.16) since x is no longer
dimensionless. The problem is studied in appendix [D] where it is shown that remains valid
on the interval 1/3 < w < 1/2 when C > 0 and without restriction when C < 0 and w < 1/2.

The convergence of finite-size data to ¢,, is shown in figure 3]

~ T T T T T T T T T
F—— N2o”
2 ok — N:ZIJ
18
- — N=2 i
@)
\iL)(\) -
3
X i
=
o 1 . 1 . 1 . 1 . 1

N]/Z— O)C

Figure 3. Evolution of the scaled critical bulk magnetization, given by and with K = 1, towards
the universal scaling function ¢, (v) in (5.21), for increasing values of the number of spins N. The dashed
lines indicate the expected behaviours for small and large values of the scaled amplitude, v = N (1/2)-wc,
The convergence is quite slow for large positive values of v.

6. Discussion

Let us first consider the finite-size scaling behaviour which is obtained in (2.10) for a truly marginal
perturbation. Instead of a scaling dimension continuously varying with A, the behaviour is the same as
in the unperturbed system in (2.8).

A continuously varying critical exponent would be associated with a line of fixed points in the
critical surface. By definition, the critical surface is the set of points in the parameter space where
the correlation length diverges. Its mere existence requires an infinite-size system for which the size-
dependent perturbation (2.2)) vanishes. Thus, the critical Hamiltonians and its associated fixed points
remain the unperturbed ones, which explains the observed scaling behaviour.

The marginalism affects the amplitude which is continuously varying with A. Since ¢,(A) =
@ (A, 1), where @, is a finite-size scaling function, the variation of the amplitude with A is univer-
sal.
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Scaling behaviour under the influence of a homogeneous size-dependent perturbation

For a marginally perturbed finite-size 2d system in the cylinder geometry, the lowest gap, G (A, L),
which is an inverse correlation length associated with the local operator ¢, either the magnetization or
the energy density, scales as:

!’ 7’ A
Go(N L) = Gp(b" A L[b) =bGy(A, L), A= 6.1)

With b = L, one obtains:
Go(AL)=Gy,(A, )L™ (6.2)

Thus, comparing to (A.6) in appendix [A] the universal amplitude of the gap is given by
G, (A1) = 2mx,(A), (6.3)

where x,(A) is the varying local exponent associated with the marginal radial defect from which the
homogeneous size-dependent perturbation A is the conformal transform on the cylinder [8-10]].

A. Marginal size-dependent perturbation resulting from a conformal trans-
formation
In this section we show how a homogeneous marginal size-dependent perturbation may result from

the conformal transformation of a radial marginal perturbation in a 2d infinite system [8-10} 21].
The original system is critical and the radial marginal perturbation

A
A= —— (A.1)
(27r)ya
acts on the local operator £, in the plane with polar coordinates (r, 8), so that ya =2 —x,.
Under the conformal transformation [1]]
L i0 :
w(z) = —1Inz, z=re", w=x+iy, (A.2)
2n
the z-plane is mapped onto a w-cylinder with
L L6
x=—Inr, —-oco<x<+4c0, y=—, 0<y<L. (A.3)
21 2n
The associated local dilation factor is
r
b(z) =w' ()| = 2, (A.4)
so that the radial perturbation transforms into
A = [b(2)]"A = (A.5)
Lyr’ ’

i.e., a constant size-dependent deviation from the critical point.

Let ¢ be an operator which, in the original system, displays a varying critical exponent x,(A) under
the influence of the radial marginal perturbation. Comparing the expression of the critical two-point
correlation function {p(p1,01)¢(p2,62)) in the original system to the form obtained by transforming
back {(¢(x1,y1)@(x2,y2)) on the cylinder, one can show that x,(A) is given, up to a constant factor, by
the A-dependent universal amplitude of the associated lowest gap, G, = E, — Ey, in the transformed
system with a size-dependent marginal perturbation [8H10, [21]:

L
xy(A) = -G (A.6)
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B. Hilhorst-van Leeuwen perturbation of percolation in 1d

We consider the 1d bond percolation model on a finite system with size L with a perturbation of
the Hilhorst-van Leeuwen type [27]]. The bond occupation probability is a decreasing function of the
distance n to the left-hand surface:

A
Tp=p+Mp=p+—, w>0, -p<A<Il-p. B.1)
n

Evidently, the scaling behaviour of the perturbation amplitude A is the same as in (3.12) but the per-
turbation now involves the set of A,, (n = 1, L) instead of a single one, Ar. We shall only consider the
marginal case with w = 1. The critical percolation probability is then given by:

L A\ 1 T(L-|Al+1)
Pc(A’L)=1_[(1+;)=Ew, -1<A<O. (B.2)

n=1
When L is large, Stirling’s formula [28] yields:

1 [w = —|A|InL+O(L7Y). (B.3)

I'(L+1)

Finally, the critical percolation probability displays a traditional marginal behaviour

LAl A
P.(A L) ————— B.
with a perturbation-dependent finite-size scaling exponent, xp(A) = |A|.
C. Limiting behaviour of the ratio of parabolic cylinder functions
Let us study the asymptotic behaviour for small and large values of |v| of
o ()
R(v) = ————— (C.1)
D_1/2 (—\/gv)
in (521).
e v < 1t
The relation D_,_1/(x) = U(r,x) and the known values of U(r,0) and U’(r, 0) [28] lead to the
expansion
1-p
2/1/2\/E \/EF(T)
D, (x) = - x+0(x%)], (C.2)
a r(l‘_ﬂ) [(-u/2) o)
2
so that: ) _
I'(3/4) 1 T(3/4) 2
Rv)=——""—|1+|—=- 3v+0 . C3
(v) | +(\/E F(1/4) V3 + (u) (C3)
Making use of the reflection formula, I'(3/4)I"(1/4) = V2 &, one obtains
2M4g [ 1 T(3/4) |
R(v) = 1+ (— - V3u+0(?)]. C4
®=F |1+ (35 - ro7m)) o) v
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Scaling behaviour under the influence of a homogeneous size-dependent perturbation

e v>1:

For x > 1, the parabolic cylinder function behaves as [26]

2
D (~x) ~ %ex Myt 1+0(x7?)], (C.5)
leading to:
1/4
R(v) = (%) Vau [1+0(v7%)]. (C.6)
e —v> It
For x > 1, one has [26] ,
Du(x) ~ e MxH [1+0(x73)], (C.7)
so that: 4
R(v) = (%) o™ [1+0(1el )] - (C8)

D. Limits on the validity of (5.27)

When C > 0 the dimensionless variable x, can be defined through 57 = x,N~“/2. Then, according
to (5.7), Nf(1 + C/N®,x.N~®/?) yields the critical free energy of the perturbed system:
Ccx2  x? Cx?
_ arl-2 + + + 1-4
NgN(C,X+) =N w(—T E)'FW-I‘O(N w). (Dl)

It follows that the correction term is indeed small when w > 1/3. In the interval 1/3 < w < 1/2 the
leading contribution to the order parameter in (5.8)) is given by

_wnKi(C,N)
(C,N)y=N"©RP__—""~ D.2
m¢(C,N) Ko(C. ) (D.2)
where:
4 C 2
Ka(C,N) = Jx” exp [NH“) (—%+Tx)] dx. (D.3)

This integral is easily evaluated using Laplace method which gives:

3 T
~ n/2 “arl2w 2
Kn(C,N) ~ (3C) exp(4N C )1 /—Nl—ch’ C > 0. (D.4)

As expected, (D.2) gives back the first expression of m.(C, N) in (5.27).
Similarly, when C < 0 the dimensionless variable is x_ such that 7 = x_N~1=«)/2 and the critical
free energy now reads:

|C|x2 x* |C|x*

Non(C.x) ===+ 135170 ~ Nt

+O(N7). (D.5)

Thus, with w < 1/2 the first term alone survives. With the change of variable

[olE = T
{= = —|C|N'~® D.6
> =5Cl n (D.6)

in (5.8), the second expression of m.(C, N) in (5.27) is easily recovered.
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CkelniHrosa noBeAiHKa Nig BNAMBOM O4HOPIAHOro 36ypeHHs,
LLLO 3a/1e)KUTb Bif, pO3Mipy

YHisepcuTteT JlotapuHrii, CNRS, F-54000 HaHci, ®paHuis

BrBUaETbCSH CKiHYEHHO-BUMIpHA CKeliNiHroBa MoBejiHKa B KPUTWMYHINA Touli, L0 € pe3ynbTaToM AoAaBaHHS
O/ HOpiZHOr0 36ypeHHs, 3a71eXHOro Bij po3Mipy, fika Cnajae sk obepHeHa cTeniHb po3mipy cuctemu. Teopis
CKelniHry croyvaTtky GOpMYNOETLCA Y paMKax 3araibHOro Migxody, a noTiM iNFOCTPYETbCA Ha MPUKNagi TPbOX
KOHKPeTHUX 3ajaY, ANs AKNX OTPMMaHO TOYHi pe3ynbTaTu.

KntouoBi cnoBa: ckiHYeHHO-BUMIPHWUI CKeVlIHT, 3a/1€XHI Big pO3MIipy 36ypeHHS, MapriHa/ibHe 36ypeHHs,
YHiBepcanbHi amnaityan
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