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Motivated by the compound LiHo𝑥Y1−𝑥F4, we consider the Ising chain with random couplings and in the
presence of simultaneous random transverse and longitudinal fields, and study its low-energy properties at
zero temperature by the strong disorder renormalization group approach. In the absence of longitudinal fields,
the system exhibits a quantum-ordered and a quantum-disordered phase separated by a critical point of infinite
disorder. When the longitudinal random field is switched on, the ordered phase vanishes and the trajectories
of the renormalization group are attracted to two disordered fixed points: one is characteristic of the classical
random field Ising chain, the other describes the quantum disordered phase. The two disordered phases are
separated by a separatrix that starts at the infinite disorder fixed point and near which there are strong quantum
fluctuations.
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1. Introduction

Quantum fluctuations play an important role in characterising the physical properties of systems in the
vicinity of a quantum phase-transition point, which takes place at zero temperature by varying a control
parameter, such as the strength of a transverse field [1]. In the presence of quenched disorder, which
is connected to the energy density, such as having random (ferromagnetic) couplings and/or transverse
fields, the combined action of quantum and disorder fluctuations generally results in a new type of a phase
transition. This is often controlled by a so-called infinite disorder fixed point (IDFP) [2]. The prototype
of such systems is the random transverse-field Ising (RTFI) chain with nearest neighbour interactions, the
low-energy properties of which was calculated asymptotically exactly [3, 4] by a so-called strong disorder
renormalization group (SDRG) method [5, 6], for reviews see [7, 8]. It was shown that at the IDFP, the
renormalized couplings and transverse fields have an extremely broad distribution, so that the ratio of
renormalized parameters at the neighbouring sites is either zero or infinity. Thus, the critical properties
are fully dominated by disorder fluctuations. Using an efficient numerical implementation of the SDRG
technique [9], the RTFI model was studied in higher dimensions [10–17] and IDFP behaviour is observed
in these cases, too. On the contrary, the RTFI model with long-range interactions has a conventional
random critical behaviour [18, 19].

An experimental realization of the RTFI model is the compound LiHo𝑥Y1−𝑥F4, which is a dipole
coupled random Ising ferromagnet [20–24]. If this system is placed in a magnetic field, which is transverse
to the Ising axis, it acts as an effective transverse field, which, however, also induces a random longitudinal
field [25–27]. This experimental example motivates our study in this paper about the properties of the Ising
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model with random couplings and in the presence of simultaneous random transverse and longitudinal
fields. Here, we consider the one-dimensional problem with nearest neighbour interactions and use an
SDRG approach, in which the well known decimation rules for the random couplings and the random
transverse fields [7, 8] are extended to those for the random longitudinal fields [28, 29]. We apply an
efficient numerical algorithm and study the RG phase-diagram from the properties of the RG flow. In
the vicinity of the IDFP, we also investigate the scaling behaviour of the excitation energy and the
magnetization moment for large finite samples.

The rest of the paper is organised in the following way. The model is introduced in section 2 and then
in section 3 the SDRG method is explained. Numerical results for finite random longitudinal fields are
presented in section 4 and discussed in section 5.

2. The model

We consider the Ising chain with random couplings and in the presence of simultaneous random
transverse and longitudinal fields, defined by the Hamiltonian:

�̂� = −
𝐿∑︁
𝑖=1

𝐽𝑖𝜎
𝑧
𝑖
𝜎𝑧
𝑖+1 −

𝐿∑︁
𝑖=1

Γ𝑖𝜎
𝑥
𝑖 −

𝐿∑︁
𝑖=1

ℎ𝑖𝜎
𝑧
𝑖
, (2.1)

Here, the𝜎𝑥,𝑧
𝑖

are Pauli matrices at site 𝑖 and we use periodic boundary conditions:𝜎𝑧
𝐿+1 ≡ 𝜎𝑧

1 . The nearest
neighbour couplings are ferromagnetic, 𝐽𝑖 > 0 and random, the transverse fields Γ𝑖 > 0 are random,
the longitudinal fields ℎ𝑖 are random and are taken from a symmetric distribution: 𝑝(ℎ) = 𝑝(−ℎ), so
that there is no induced global magnetization in the longitudinal direction. In the numerical work, we
generally used the following box-like distributions:

𝜋1(𝐽) =
{

1, for 0 < 𝐽 6 1,
0, otherwise,

𝜋2(Γ) =
{

1/Γ0, for 0 < Γ 6 Γ0,

0, otherwise,

𝑝(ℎ) =
{

1/ℎ0, for − ℎ0/2 6 ℎ 6 ℎ0/2,
0, otherwise.

(2.2)

Note that the non-random model, with 𝐽𝑖 = 𝐽 and Γ𝑖 = Γ in the presence of a staggered longitudinal field
ℎ𝑖 = ℎ(−1)𝑖 , is equivalent to the antiferromagnetic Ising model in transverse and longitudinal fields. This
model was studied theoretically in references [30–33] and experimentally in reference [34]. For random
couplings and random transverse fields, but with non-random staggered longitudinal fields, the model
is studied in references [28, 35]. Variations of the model were also studied in the context of many-body
localization [36–42].

3. SDRG calculations

In the SDRG procedure [7, 8], we consider the separated local degrees of freedom, say at position 𝑖.
These are couplings or sites having the value of the characteristic parameters: 𝐽𝑖 and

𝛾𝑖 =

√︃
Γ2
𝑖
+ ℎ2

𝑖
, (3.1)

respectively. These parameters and the related gaps are sorted in descending order and the largest one,
denoted by Ω, which sets the energy-scale in the problem, is eliminated and between the remaining
degrees of freedom new terms in the Hamiltonian are generated through perturbation calculation. This
procedure is successively iterated, during which Ω is monotonously decreasing. At the fixed point, with
Ω∗ = 0 one makes an analysis of the distribution of the different parameters and calculates the scaling
properties. In what follows, we describe the elementary decimation steps.
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Figure 1. (Colour online) Illustration of the SDRG decimation steps for strong-coupling (left-hand panel)
and strong field (right-hand panel) decimation.

3.0.1. Strong-coupling decimation

In this case, the largest local term in the Hamiltonian is a coupling, say Ω = 𝐽𝑖 , connecting sites 𝑖 and
𝑖 + 1 as illustrated in figure 1, and the two-site Hamiltonian is given by:

�̂�𝑐𝑝 = −𝐽𝑖𝜎𝑧
𝑖
𝜎𝑧
𝑖+1 − Γ𝑖𝜎

𝑥
𝑖 − Γ𝑖+1𝜎

𝑥
𝑖+1 −

(
ℎ𝑖𝜎

𝑧
𝑖
+ ℎ𝑖+1𝜎

𝑧
𝑖+1

)
. (3.2)

The spectrum of �̂�𝑐𝑝 contains four levels. The two higher levels are omitted, which corresponds to a
merger of the two strongly coupled sites into a spin cluster in the presence of a (renormalized) transverse
field Γ̃ and a longitudinal field ℎ̃. The magnetic moment of the cluster is given by ˜̀ = `𝑖 + `𝑖+1, where
the initial magnetic moments are `𝑖 = `𝑖+1 = 1. The remaining two lowest energy levels are given by
second-order degenerate perturbation method as the eigenvalues of the matrix:[

−𝐽𝑖 − ℎ𝑖 − ℎ𝑖+1 −Γ𝑖Γ𝑖+1/𝐽𝑖
−Γ𝑖Γ𝑖+1/𝐽𝑖 −𝐽𝑖 + ℎ𝑖 + ℎ𝑖+1

]
(3.3)

having a gap

Δ𝐸𝑐𝑝 = 2
√︃
(Γ𝑖Γ𝑖+1/𝐽𝑖)2 + (ℎ𝑖 + ℎ𝑖+1)2. (3.4)

Comparing it with the gap of the spin cluster, 2�̃� in equation (3.1), we obtain for the renormalised values
of the parameters:

Γ̃ =
Γ𝑖Γ𝑖+1
𝐽𝑖

, ℎ̃ = ℎ𝑖 + ℎ𝑖+1. (3.5)

3.0.2. Strong field decimation

In this case, the largest local term is associated to a site, say 𝑖 as illustrated in figure 1, and the
corresponding parameter of the one-site Hamiltonian is 𝛾𝑖 . Due to the large gap this site does not contribute
to the longitudinal magnetisation and therefore it is eliminated. However, the longitudinal magnetic field
should be transformed at the remaining neighbouring sites. To calculate the new renormalized coupling
between the remaining sites 𝑖 − 1 and 𝑖 + 1, we calculate the energy levels with fixed spins at these sites.
Denoting by 𝑠𝑖±1 = +(−) and ↑(↓) the boundary state, the eigenvalue problem with different boundary
conditions has the lowest energy:

𝐸𝑠𝑖−1 ,𝑠𝑖+1 = −
√︃
Γ2
𝑖
+ (𝑠𝑖−1𝐽𝑖−1 + 𝑠𝑖+1𝐽𝑖 + ℎ𝑖)2. (3.6)

The renormalised coupling between the remaining sites is given by:

𝐽 = −
(
𝐸↑↑ + 𝐸↓↓ − 𝐸↑↓ − 𝐸↓↑

)
/4 ≈

𝐽𝑖−1𝐽𝑖Γ
2
𝑖(

Γ2
𝑖
+ ℎ2

𝑖

)3/2 , (3.7)

where the last relation is calculated perturbatively.
We obtain similarly for the excess longitudinal fields:

Δℎ𝑖−1 = −
(
𝐸↑↑ − 𝐸↓↓ + 𝐸↑↓ − 𝐸↓↑

)
/4 ≈ 𝐽𝑖−1ℎ𝑖√︃

Γ2
𝑖
+ ℎ2

𝑖

, (3.8)
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and
Δℎ𝑖+1 = −

(
𝐸↑↑ − 𝐸↓↓ − 𝐸↑↓ + 𝐸↓↑

)
/4 ≈ 𝐽𝑖ℎ𝑖√︃

Γ2
𝑖
+ ℎ2

𝑖

, (3.9)

so that
ℎ̃𝑖±1 = ℎ𝑖±1 + Δℎ𝑖±1. (3.10)

Note that in our numerical implementation, we use the direct expressions with the energies, instead of the
simpler perturbative approximation. We also note that setting the longitudinal field ℎ𝑖 = 0, the decimation
equations in equations (3.5) and (3.7) are in the standard form, see in references [7, 8].

3.1. Infinite disorder fixed point at 𝒉0 = 0
The properties of the system in the absence of random longitudinal fields were studied previously and

several asymptotically exact results are known through the solution of the SDRG equations [3, 4].
The control parameter is defined as:

𝛿 =
ln Γ − ln 𝐽

var(ln ℎ) + var(ln 𝐽) , (3.11)

where 𝑥 and var(𝑥) stands for the average and the variance of the random variable 𝑥, respectively. The
critical point is at 𝛿 = 0, which corresponds to Γ0 = 1 in the distribution in equation (2.2). The energy
scale, 𝜖 , which is the smallest gap, scales with the length 𝐿 at the critical point as:

ln 𝜖 ∼ 𝐿𝜓, (3.12)

with a critical exponent
𝜓 = 1/2. (3.13)

The magnetization moment, ` has also a power-law 𝐿-dependence at the critical point:

` ∼ 𝐿𝑑 𝑓 , (3.14)

where the fractal dimension of the magnetization is given by:

𝑑 𝑓 =
(
1 +

√
5
)
/4, (3.15)

which is just half of the golden ratio.
In the disordered phase 𝛿 > 0, the average correlations decay exponentially with the true correlation

length b ∼ 1/𝛿2, implying the correlation length exponent

a = 2 (3.16)

for the random chain. On the other hand, the decay of the typical correlations involves a different exponent:

atyp = 1. (3.17)
Next to the critical point in the disordered phase, in the so-called Griffiths phase, the energy-scale tends
to zero as:

𝜖 ∼ 𝐿−𝑧 , (3.18)
which results in singularities in the dynamical quantities, such as in the magnetic susceptibility or in the
autocorrelation function. In equation (3.18), 𝑧 is the dynamical exponent, which is given by the positive
root of the equation [43–45]: (

𝐽

Γ

)1/𝑧
= 1, (3.19)

which is an exact expression in the entire Griffiths region. In the vicinity of the critical point, the dynamical
exponent to the leading order is given by [46]

𝑧 ≈ 1
2|𝛿 | , |𝛿 | � 1. (3.20)
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4. Numerical results for 𝒉0 > 0
4.1. Properties of the RG flow

In this section, we switch on the random longitudinal fields and study their effect on the renormaliza-
tion flow. First, we study the behavior of the logarithmic excitation energy as a function of the remaining
sites, 𝑛, and compare its behavior in the unperturbed system with ℎ0 = 0 to the behavior with finite
perturbation ln ℎ0 = −6. The results for a chain of length 𝐿 = 1024 and averaged over 10 000 samples
are shown in figure 2 at three different points: Γ0 = 0.5 (starting from the ordered unperturbed phase),
Γ0 = 1.0 (critical point) and Γ0 = 1.5 (disordered unperturbed phase). In these figures, we also monitor
the renormalized value of the logarithmic longitudinal fields, which are involved in a site decimation.
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-25

-20

-15

-10

-5

 0

h0=0

ln(h0)=-6

h

-10

-5

 0

 1  10  100  1000
n

Figure 2. (Colour online) Renormalized value of the log-energy excitations as a function of the remaining
sites, 𝑛, for the non-perturbed model with ℎ0 = 0 (green symbols) and for the model with a random
longitudinal field (ln ℎ0 = −6, blue symbols). The value of the log random field at a site decimation
is shown by orange symbols. The results are obtained on a chain with 𝐿 = 1024 and the log-variables
are averaged over 10 000 random samples. Upper panel: starting from the ordered unperturbed phase
Γ0 = 0.5; middle panel: starting from the unperturbed critical point Γ0 = 1.0; lower panel: starting from
the disordered unperturbed phase Γ0 = 1.5. The horizontal line at ln ℎ0 = −6 shows the parameter of the
original distribution of the random longitudinal fields.

We can identify an initial period of the renormalization, in which the excitation energies look similar
for the two models, which is due to the fact that the renormalized longitudinal fields are comparatively
small and do not influence the decimation rules. This behaviour is changed when the value of the renor-
malized longitudinal fields becomes comparable with the excitation energy. If we start from the ordered
unperturbed phase, then in the initial period the couplings are dominantly decimated and the transverse
fields will be renormalized to an exponentially small value. In the second part of the renormalization, in
the concluding RG steps (which means small values of 𝑛) the random longitudinal fields play a dominant
role and the system finally renormalizes to a classical random-field Ising chain. On the contrary, if we
start from the disordered phase, then in the initial period the fields are dominantly decimated and the
couplings will be renormalized to an exponentially small value. In the concluding RG steps, the renor-
malization is influenced but not dominated by the random longitudinal fields and the system approaches
a quantum disordered phase. Finally, if we start from the critical point of the unperturbed system, then in
the initial period the couplings and fields are decimated in a symmetric way. In the concluding RG steps,
the grown-up longitudinal fields will stop a further rapid decrease of the log excitation energy and the
final state will be the result of all three parameters in the Hamiltonian.

The evolution of the average cluster moment during renormalization is shown in figure 3 for three
values of the initial transverse field distributions. As seen in this figure, in the initial period there is a
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slow increase of `, which will turn to a fast increase when the random longitudinal fields also show an
increase. In the final state, where the couplings are very rarely decimated, ` shows a plateau, the height
of which is larger for smaller values of Γ0, as the remaining clusters stop growing and become gradually
eliminated.

 1

 10

 100

 1  10  100  1000

µ

n

Γ
0
=0.5

Γ
0
=1

Γ
0
=1.5

Figure 3. (Colour online) Evolution of the average cluster moment as a function of the remaining sites, 𝑛,
for the model with a random longitudinal field (ln ℎ0 = −6) and for three values of the initial transverse
field distributions: Γ0 = 0.5, 1.0 and 1.5. The calculation details correspond to those in figure 2.

4.2. RG phase-diagram

Figure 4. (Colour online) Schematic RG phase-diagram in the 𝐿 → ∞ limit. In the absence of random
longitudinal fields at ℎ0/𝐽 = 0, the IDFP (denoted by red circle) separates the quantum ordered phase
(Γ0/𝐽 < 1) from the quantum disordered phase (Γ0/𝐽 > 1). At finite random longitudinal fields, there is
a separatrix, indicated by a dashed red line, which starts from the IDFP and bends downwards. Below the
separatrix, the RG flows (indicated by green lines) are attracted by the fixed point of the classical random
field Ising model, which is shown by a green circle. Above the separatrix, the RG flows (indicated by
blue lines) scale towards the quantum disordered phase.

Based on the previously observed properties of the RG flow, we suggest an RG phase-diagram which
is shown in figure 4. In the absence of a random longitudinal field, at ℎ0/𝐽 = 0, the phase-diagram is
described in section 3.1. It consists of an ordered phase, with a fixed point at Γ0/𝐽 = 0 and is indicated
by a black circle in figure 4 and a quantum disordered phase, with a fixed point at Γ0/𝐽 → ∞, illustrated
by a blue circle. The IDFP at Γ0/𝐽 = 1, which is shown by a red circle, separates the two phases.
Switching on the random longitudinal field, the ordered phase will disappear. In the classical limit, at
the line Γ0/𝐽 = 0, the properties of the system are controlled by the fixed point of the classical random
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field Ising model, which is located at ℎ0/𝐽 → ∞ and illustrated by a green circle. For general values of
the parameters, the system has two disordered phases, which are separated by a separatrix indicated by a
dashed red line, which starts from the IDFP and bends downwards, due to the fact that the gap increases
with increasing ℎ0, see in equation (3.1). Below the separatrix, the RG flows are attracted by the fixed
point of the classical random field Ising model, while above the separatrix, the RG flows scale towards
the quantum disordered phase.

Here, we are going to study the properties of the system along the separatrix in figure 4 more in detail.

4.3. Scaling behaviour in the vicinity of the IDFP

Here, we perform a detailed numerical analysis of the renormalization results on finite periodic chains
with lengths 𝐿 = 2𝑘 , 𝑘 = 7, 8, . . . , 14, and for each length 100 000 random samples are considered. To
treat such large samples, we used an efficient numerical algorithm which works in linear time as a function
of 𝐿, up to a logarithmic correction.
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Figure 5. (Colour online) Average magnetization moment (left-hand panel) and average log-gap (right-
hand panel) as a function of ln ℎ0 for different lengths of the chain.

Having in mind the observation in the previous subsection, we consider the critical point of the system
at ℎ0 = 0, which corresponds to Γ0 = 1, and monitor the behaviour of the system at small values of ℎ0. It
turned out that the appropriate variable is ln ℎ0 and we made the calculations at − ln ℎ0 = 0, 3, 6, . . . , 30.
We measured the average value of the magnetization moment, `, as well as the average parameter of the
log-gap, ln 𝜖 , where 𝜖 is given by the last decimated site value: 𝜖 = �̃� =

√︁
Γ̃2 + ℎ̃2.

According to the numerical results (see in figure 5), large sizes are needed to observe the final state,
meaning that a large enough number of RG steps are performed. Equivalently, for a fixed chain length,
𝐿, the random longitudinal field should be sufficiently large, ℎ0 > ℎ̃0(𝐿). For relatively small values of
the longitudinal fields, ℎ0 < ℎ̃0(𝐿) the influence of the original fixed point with ℎ0 = 0 is still strong
and the system stays in the initial phase. Deep in the disordered phase, the average quantities have an
approximately linear dependence on ln ℎ0. Thus, between two close points, ℎ (2)0 and ℎ

(1)
0 , we have the

relations:

`𝐿

(
ℎ
(2)
0

)
− `𝐿

(
ℎ
(1)
0

)
≈ −^ ln

[
ℎ
(2)
0 /ℎ (1)0

]
,

ln 𝜖𝐿
[
ℎ
(2)
0

]
− ln 𝜖𝐿

[
ℎ
(1)
0

]
≈ 𝛼 ln

[
ℎ
(2)
0 /ℎ (1)0

]
. (4.1)

The prefactors, −^ and 𝛼, have a weak ln ℎ0 dependence, as shown in the estimated values in figure 6.
This asymptotic regime ends at a limiting point, ℎ̃0(𝐿), which is approximately signalled by an

inflection point, so that:
𝜕2`𝐿

𝜕 ln ℎ2
0

�����
ℎ̃0 (𝐿)

≈ 𝜕2ln 𝜖𝐿
𝜕 ln ℎ2

0

�����
ℎ̃0 (𝐿)

≈ 0. (4.2)

The positions of these inflection points are shown in figure 7. We notice an approximate relation:
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Figure 6. (Colour online) Left-hand panel: estimated values of the local exponents in equations (4.1)
and (4.4) for different parameters of the distribution of the random longitudinal field, ℎ0. Right-hand
panel: ratio of the local exponents ^/𝛿 and 𝛼/𝑧 for different values of ln ℎ0.
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Figure 7. (Colour online) The boundary of the disordered phase as signalled by an inflexion point in
the ` and ln 𝜖 vs ln ℎ0 curves, see in equation (4.2). The full line illustrates an ∼ 𝐿1/2 dependence.
Inset: size dependence of the average magnetization moment and the average log-gap at a fixed value
of the longitudinal field ln ℎ0 = −6. The straight lines have the slopes 𝛿 = 1.2 and 𝑧 = 0.817, see in
equation (4.4).

| ln ℎ̃0(𝐿) | < 𝐿1/2, (4.3)

which can be explained as follows. At the IDFP (with ℎ0 = 0), the value of the typical excitation energy 𝜖0
scales as | ln 𝜖0 | ∼ 𝐿1/2, see in equation (3.13). If | ln ℎ̃0(𝐿) | > | ln 𝜖0 |, then the perturbation caused by
the random longitudinal field is much smaller than the smallest excitation energy. Consequently, it cannot
influence the critical properties of the system. If we try to fit the measured values as | ln ℎ̃0(𝐿) | ∼ 𝐿𝜔 , we
have𝜔 < 0.5. The effective exponent is observed to decrease with 𝐿, c.f. at 𝐿 = 2048, we have𝜔eff ≈ 0.3.
This is due to the fact that during renormalization the typical value of

√
Γ2 + ℎ2 will be larger than the

typical value of 𝐽. Thus, the system moves to the disordered phase. Here, almost always strong field
decimations take place (see in section 3.0.2) and as a consequence ln 𝜖 will have a weaker (presumably
logarithmic) 𝐿 dependence.

If we consider the curves at a fixed value of ℎ0 for different values of 𝐿, these are merely shifted.
Thus, for two lengths, 𝐿2 and 𝐿1 we have the relations:

`𝐿2 (ℎ0) − `𝐿1 (ℎ0) ≈ 𝛿 ln(𝐿2/𝐿1),
ln 𝜖𝐿2 (ℎ0) − ln 𝜖𝐿1 (ℎ0) ≈ −𝑧 ln(𝐿2/𝐿1). (4.4)

This behaviour is illustrated in the inset of figure 7 and the estimated prefactors are shown in figure 6,
which have also a weak ln ℎ0 dependence.
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Combining the relations in equations (4.1) and (4.4), we obtain for the magnetic moment:

`𝐿`
(ℎ0) ≈ `𝐿1

(
ℎ
(1)
0

)
− ^ ln

[
ℎ0/ℎ (1)0

]
+ 𝛿 ln(𝐿`/𝐿1), (4.5)

and similarly for the average log-gap:

ln 𝜖𝐿𝜖
(ℎ0) ≈ ln 𝜖𝐿1

(
ℎ
(1)
0

)
+ 𝛼 ln

[
ℎ0/ℎ (1)0

]
− 𝑧 ln(𝐿 𝜖 /𝐿1). (4.6)

Let us fix 𝐿1 and ℎ
(1)
0 at some reference value and keep the same value for the average magnetic

moment, `𝐿`
(ℎ0) ≈ `𝐿1

(
ℎ
(1)
0

)
. This is satisfied if we have a relation between the length associated to

magnetic moments, 𝐿` and the distance from the fixed point, ℎ0 as:

𝐿` ∼ ℎ
−a`
0 , a` = ^/𝛿. (4.7)

Similar analysis of the expression for the log-gap in equation (4.6) leads to the relation:

𝐿 𝜖 ∼ ℎ
−a𝜖
0 , a𝜖 = 𝛼/𝑧, (4.8)

where 𝐿 𝜖 is the length associated to the energy gap.
Estimates for the correlation length exponents a` = ^/𝛿 and a𝜖 = 𝛼/𝑧 are shown in the right-hand

panel of figure 6. For small values of ℎ0, within the error of the approximation, these are in agreement
with the values a` ≈ 2 and a𝜖 ≈ 1. These relations can be interpreted in the following way. Let us first
consider the magnetization. At a given value of ℎ0 > 0, the sites after 𝐿 → ∞ RG steps are typically
decimated out so that the average magnetization vanishes: 𝑚 = lim𝐿→∞ `𝐿 (ℎ0)/𝐿 = 0. After a finite
number (𝐿 < ∞) of RG steps, however, effective spin clusters are formed having an average moment:
`𝐿 (ℎ0). The typical distance between such two clusters defines the length-scale 𝐿` (ℎ0) and, according
to the previous measurement, 𝐿1/a`

` ℎ0 ∼ ℎ̃ = O(1). Consequently, a` is the critical exponent of the
(average magnetization) correlation length. We can estimate a` assuming that the increase of ℎ̃ during
renormalization is dominantly due to the process in equation (3.5), which would mean the sum of ∼ 𝐿`

random numbers with the distribution in equation (2.2). As a consequence, a` = 2 according to the central
limit theorem. This result agrees with the correlation length exponent at ℎ0 = 0, see in equation (3.16).
The finite-size magnetization is related to average fluctuations of the parameters, while the smallest
energy gap is due to extreme fluctuations of the parameters in a rare region. In such a rare region, the
renormalized longitudinal field grows in an extreme way, which means a linear relation with its size.
Thus, the ℎ𝑖 parameters here have dominantly the same sign. The renormalized longitudinal fields start
to enter in the decimation process, if at some site ℎ̃𝑖 ∼ ℎ0𝐿 𝜖 = O(1). Consequently, the typical size of
such rare region is 𝐿 𝜖 ∼ ℎ−1

0 , thus a𝜖 = 1. This is just the critical exponent of the typical correlations in
equation (3.17).

5. Discussion

In this paper, we considered the Ising model with random couplings and in the presence of simul-
taneous random transverse and longitudinal fields. This investigation is motivated by experimentally
realized compounds, such as LiHo𝑥Y1−𝑥F4, which is placed into a magnetic field, transverse to the Ising
axis. Here, we considered the one-dimensional system with nearest neighbour interaction and studied its
low-energy properties by the strong disorder renormalization group approach. A similar model, although
with a staggered non-random longitudinal field was studied recently [28, 35], while other versions were
studied in the context of many-body localization [36–42].

In the absence of longitudinal field, the model exhibits an ordered and a quantum disordered phase,
which are separated by an infinite disorder fixed point (IDFP). Switching on the random longitudinal field,
the ordered phase disappears and the RG trajectories are attracted by two disordered phases, as shown
in figure 4. There is a separatrix, which is connected to the IDFP and below which the RG trajectories
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are attracted by the classical random field Ising chain fixed point. Above the separatrix, the trajectories
approach a disordered phase, dominated by transverse-field effects.

We have studied the scaling properties of the system in the vicinity of the IDFP more in detail,
since the SDRG is expected to be more accurate in this region. Approaching the IDFP on the separatrix,
the correlation length, b`, measured as the distance between two non-decimated magnetic moments,
diverges as b` ∼ ℎ

a`

0 , with a` ≈ 2. On the other hand, the distance between two non-decimated rare
events of low-energy excitations, b𝜖 diverges with a different exponent: a𝜖 ≈ 1. Since the value of a`
and a𝜖 corresponds to the exponents along the ℎ0 = 0 line for the average and typical correlation lengths,
respectively, we expect that scaling at the IDFP is isotropic. We have also measured the value of the
dynamical exponent, which is found to be ℎ0 dependent and which approaches the value 𝑧 ≈ 0.9, as
ℎ0 → 0. Since 𝑧(ℎ0 = 0) is formally infinity, this means that the dynamical exponent has a discontinuity
at ℎ0 = 0.

In our model, the distribution of the random longitudinal field is symmetric: 𝑝(ℎ) = 𝑝(−ℎ). A
non-symmetric distribution with a non-zero mean value ℎ =

∫
ℎ𝑝(ℎ) dℎ ≠ 0 has a different effect close

to the IDFP. As shown previously [3, 4, 7], longitudinal magnetization is induced and the corresponding
susceptibility scales as

𝜒(ℎ) ∼

���ln ℎ

���−𝑥𝑚/𝜓

ℎ
, (5.1)

with 𝑥𝑚 = 1 − 𝑑 𝑓 , see the exponents in equations (3.13) and (3.15).

Figure 8. (Colour online) Expected schematic RG phase-diagram for the three-dimensional model with
short-range interactions. In the absence of random longitudinal fields, at ℎ0/𝐽 = 0, the IDFP (denoted by
red circle) separates the quantum ordered phase, Γ0/𝐽 < (Γ0/𝐽)𝑐 , from the quantum disordered phase,
Γ0/𝐽 > (Γ0/𝐽)𝑐 . Without transverse fields, at Γ0/𝐽 = 0, the ordered phase survives until (ℎ0/𝐽)𝑐 ,
indicated by a yellow circle. The red line connecting the red and yellow circles indicates the border
between the ordered and the disordered phases. The RG flows, blue and black lines, are illustrations, their
concrete form depends on the stability of the fixed points.

One might ask the question about the possible modification of the RG phase-diagram in higher
dimensions. In 𝑑 = 2, the phase-diagram is expected to be qualitatively the same as in figure 4, since the
random-field Ising model has no ordered phase [47] in this case, either. In 𝑑 = 3, however, where the
ordered phase survives for small values of ℎ0/𝐽 < (ℎ0/𝐽)𝑐 [48, 49], the phase-diagram should contain
an ordered and a disordered phase. The expected phase-diagram is shown, see figure 8. Another problem
to study is whether the random interaction is long-ranged, as c.f. in the compound LiHo𝑥Y1−𝑥F4, having
dipole couplings. This problem in the absence of random longitudinal fields has a conventional random
fixed point [18, 19] and further detailed studies are needed to obtain the phase-diagram for a complete
model.

Acknowledgements

This paper is dedicated to Bertrand Berche on the occasion of his sixtieth birthday. One of us F. I.
has known Bertrand for more than thirty years and they have several works together. Bertrand’s profound

13102-10



Random Ising chain in transverse and longitudinal fields

knowledge and interest in various areas of physics and his social commitment are greatly appreciated.
This work was supported by the National Research Fund under Grants No. K128989 and No. KKP-

126749, and by the National Research, Development and Innovation Office of Hungary (NKFIH) within
the Quantum Information National Laboratory of Hungary.

References

1. Sachdev S., Quantum Phase Transitions, 2nd ed., Cambridge University Press, Oxford, 2011.
2. Fisher D. S., Physica A, 1999, 263, 222–233, doi:10.1016/S0378-4371(98)00498-1.
3. Fisher D. S., Phys. Rev. B, 1995, 51, 6411–6461, doi:10.1103/PhysRevB.51.6411.
4. Fisher D. S., Phys. Rev. Lett., 1992, 69, 534–537, doi:10.1103/PhysRevLett.69.534.
5. Dasgupta C., Ma S., Phys. Rev. B, 1980, 22, 1305–1319, doi:10.1103/PhysRevB.22.1305.
6. Ma S., Dasgupta C., Hu C., Phys. Rev. Lett., 1979, 43, 1434–1437, doi:10.1103/PhysRevLett.43.1434.
7. Iglói F., Monthus C., Phys. Rep., 2005, 412, 277–431, doi:10.1016/j.physrep.2005.02.006.
8. Iglói F., Monthus C., Eur. Phys. J. B, 2018, 91, 290, doi:10.1140/epjb/e2018-90434-8.
9. Kovács I. A., Iglói F., J. Phys.: Condens. Matter, 2011, 23, 404204, doi:10.1088/0953-8984/23/40/404204.

10. Karevski D., Lin Y. C., Rieger H., Kawashima N., Iglói F., Eur. Phys. J. B, 2001, 20, 267–276,
doi:10.1007/PL00011100.

11. Kovács I. A., Iglói F., Phys. Rev. B, 2009, 80, 214416, doi:10.1103/PhysRevB.80.214416.
12. Kovács I. A., Iglói F., Phys. Rev. B, 2011, 83, 174207, doi:10.1103/PhysRevB.83.174207.
13. Kovács I. A., Iglói F., Phys. Rev. B, 2010, 82, 054437, doi:10.1103/PhysRevB.82.054437.
14. Lin Y. C., Iglói F., Rieger H., Phys. Rev. Lett., 2007, 99, 147202, doi:10.1103/PhysRevLett.99.147202.
15. Lin Y. C., Kawashima N., Iglói F., Rieger H., Prog. Theor. Phys. Suppl., 2000, 138, 479–488,

doi:10.1143/PTPS.138.479.
16. Motrunich O., Mau S. C., Huse D. A., Fisher D. S., Phys. Rev. B, 2000, 61, 1160–1172,

doi:10.1103/PhysRevB.61.1160.
17. Yu R., Saleur H., Haas S., Phys. Rev. B, 2008, 77, 140402, doi:10.1103/PhysRevB.77.140402.
18. Kovács I. A., Juhász R., Iglói F., Phys. Rev. B, 2016, 93, 184203, doi:10.1103/PhysRevB.93.184203.
19. Juhász R., Kovács I. A., Iglói F., Europhys. Lett., 2014, 107, No. 4, 47008, doi:10.1209/0295-5075/107/47008.
20. Brooke J., Bitko D., Rosenbaum T. F., Aeppli G., Science, 1999, 284, No. 5415, 779–781,

doi:10.1126/science.284.5415.779.
21. Dutta A., Aeppli G., Chakrabarti B. K., Divakaran U., Rosenbaum T. F., Sen D., Quantum Phase Transitions in

Transverse Field Spin Models: From Statistical Physics to Quantum Information, Cambridge University Press,
Cambridge, 2015.

22. Reich D. H., Ellman B., Yang J., Rosenbaum T. F., Aeppli G., Belanger D. P., Phys. Rev. B, 1990, 42, 4631–4644,
doi:10.1103/PhysRevB.42.4631.

23. Wu W., Ellman B., Rosenbaum T. F., Aeppli G., Reich D. H., Phys. Rev. Lett., 1991, 67, 2076–2079,
doi:10.1103/PhysRevLett.67.2076.

24. Wu W., Bitko D., Rosenbaum T. F., Aeppli G., Phys. Rev. Lett., 1993, 71, 1919–1922,
doi:10.1103/PhysRevLett.71.1919.

25. Schechter M., Stamp P. C. E., Europhys. Lett., 2009, 88, No. 6, 66002, doi:10.1209/0295-5075/88/66002.
26. Schechter M., Phys. Rev. B, 2008, 77, 020401, doi:10.1103/PhysRevB.77.020401.
27. Tabei S. M. A., Gingras M. J. P., Kao Y. J., Stasiak P., Fortin J. Y., Phys. Rev. Lett., 2006, 97, 237203,

doi:10.1103/PhysRevLett.97.237203.
28. Lajkó P., d’Auriac J. C. A., Rieger H., Iglói F., Phys. Rev. B, 2020, 101, 024203,

doi:10.1103/PhysRevB.101.024203.
29. Alcaraz F. C., Hoyos J. A., Pimenta R. A., Phys. Rev. B, 2021, 104, 174206, doi:10.1103/PhysRevB.104.174206.
30. Lajkó P., Iglói F., Phys. Rev. B, 2021, 103, 174404, doi:10.1103/PhysRevB.103.174404.
31. Ovchinnikov A. A., Dmitriev D. V., Krivnov V. Y., Cheranovskii V. O., Phys. Rev. B, 2003, 68, 214406,

doi:10.1103/PhysRevB.68.214406.
32. Sen P., Phys. Rev. E, 2000, 63, 016112, doi:10.1103/PhysRevE.63.016112.
33. de Alcantara Bonfim O. F., Boechat B., Florencio J., Phys. Rev. E, 2019, 99, 012122,

doi:10.1103/PhysRevE.99.012122.
34. Simon J., Bakr W. S., Ma R., Tai M. E., Preiss P. M., Greiner M., Nature, 2011, 472, 307–312,

doi:10.1038/nature09994.
35. Lin Y. P., Kao Y. J., Chen P., Lin Y. C., Phys. Rev. B, 2017, 96, 064427, doi:10.1103/PhysRevB.96.064427.
36. Imbrie J. Z., Phys. Rev. Lett., 2016, 117, 027201, doi:10.1103/PhysRevLett.117.027201.

13102-11

https://doi.org/10.1016/S0378-4371(98)00498-1
https://doi.org/10.1103/PhysRevB.51.6411
https://doi.org/10.1103/PhysRevLett.69.534
https://doi.org/10.1103/PhysRevB.22.1305
https://doi.org/10.1103/PhysRevLett.43.1434
https://doi.org/10.1016/j.physrep.2005.02.006
https://doi.org/10.1140/epjb/e2018-90434-8
https://doi.org/10.1088/0953-8984/23/40/404204
https://doi.org/10.1007/PL00011100
https://doi.org/10.1103/PhysRevB.80.214416
https://doi.org/10.1103/PhysRevB.83.174207
https://doi.org/10.1103/PhysRevB.82.054437
https://doi.org/10.1103/PhysRevLett.99.147202
https://doi.org/10.1143/PTPS.138.479
https://doi.org/10.1103/PhysRevB.61.1160
https://doi.org/10.1103/PhysRevB.77.140402
https://doi.org/10.1103/PhysRevB.93.184203
https://doi.org/10.1209/0295-5075/107/47008
https://doi.org/10.1126/science.284.5415.779
https://doi.org/10.1103/PhysRevB.42.4631
https://doi.org/10.1103/PhysRevLett.67.2076
https://doi.org/10.1103/PhysRevLett.71.1919
https://doi.org/10.1209/0295-5075/88/66002
https://doi.org/10.1103/PhysRevB.77.020401
https://doi.org/10.1103/PhysRevLett.97.237203
https://doi.org/10.1103/PhysRevB.101.024203
https://doi.org/10.1103/PhysRevB.104.174206
https://doi.org/10.1103/PhysRevB.103.174404
https://doi.org/10.1103/PhysRevB.68.214406
https://doi.org/10.1103/PhysRevE.63.016112
https://doi.org/10.1103/PhysRevE.99.012122
https://doi.org/10.1038/nature09994
https://doi.org/10.1103/PhysRevB.96.064427
https://doi.org/10.1103/PhysRevLett.117.027201


T. Pető, F. Iglói, I. A. Kovács

37. Imbrie J. Z., J. Stat. Phys., 2016, 163, 998, doi:10.1007/s10955-016-1508-x.
38. Biroli G., Tarzia M., Phys. Rev. B, 2020, 102, 064211, doi:10.1103/PhysRevB.102.064211.
39. Tarzia M., Phys. Rev. B, 2020, 102, 014208, doi:10.1103/PhysRevB.102.014208.
40. Abanin D. A., Bardarson J. H., De Tomasi G., Gopalakrishnan S., Khemani V., Parameswaran S. A., Pollmann F.,

Potter A. C., Serbyn M., Vasseur R., Ann. Phys., 2021, 427, 168415, doi:10.1016/j.aop.2021.168415.
41. De Tomasi G., Khaymovich I. M., Pollmann F., Warzel S., Phys. Rev. B, 2021, 104, 024202,

doi:10.1103/PhysRevB.104.024202.
42. Berkovits R., Phys. Rev. B, 2022, 105, 104203, doi:10.1103/PhysRevB.105.104203.
43. Iglói F., Phys. Rev. B, 2002, 65, 064416, doi:10.1103/PhysRevB.65.064416.
44. Iglói F., Rieger H., Phys. Rev. E, 1998, 58, 4238–4241, doi:10.1103/PhysRevE.58.4238.
45. Iglói F., Juhász R., Lajkó P., Phys. Rev. Lett., 2001, 86, 1343–1346, doi:10.1103/PhysRevLett.86.1343.
46. Iglói F., Kovács I. A., Phys. Rev. B, 2008, 77, 144203, doi:10.1103/PhysRevB.77.144203.
47. Binder K., Z. Phys. B: Condens. Matter, 1983, 50, 343–352, doi:10.1007/BF01470045.
48. Bricmont J., Kupiainen A., Phys. Rev. Lett., 1987, 59, 1829–1832, doi:10.1103/PhysRevLett.59.1829.
49. Imry Y., Ma S., Phys. Rev. Lett., 1975, 35, 1399–1401, doi:10.1103/PhysRevLett.35.1399.

Випадковий ланцюжок Iзiнга у поперечному та
поздовжньому полях: РГ-дослiдження при сильному безладi

Т. Пето1, Ф. Iглої2,1, I. А. Ковач3,4
1 Iнститут теоретичної фiзики, Сегедський унiверситет, H-6720 Сегед, Угорщина
2 Фiзичний дослiдницький центр iм. Вiгнера, Iнститут фiзики та оптики твердого тiла, H-1525 Будапешт, 49,
Угорщина

3 Факультет фiзики та астрономiї, Пiвнiчно-Захiдний унiверситет, Еванстон, Iллiнойс 60208, США
4 Пiвнiчно-Захiдний iнститут складних систем, Пiвнiчно-Захiдний унiверситет, Еванстон, Iллiнойс 60208,
США

Маючи на увазi сполуку LiHo𝑥Y1−𝑥F4, розглянуто ланцюжок Iзiнга з випадковими зв’язками та за на-
явностi одночасних випадкових поперечних i поздовжнiх полiв, та вивчено його низькоенергетичнi вла-
стивостi при нульовiй температурi за допомогою ренормгрупового пiдходу в умовах сильного безладу. За
вiдсутностi поздовжнiх полiв у системi спостерiгаються впорядкована або невпорядкована квантовi фази,
роздiленi критичною точкою безмежного безладу. Коли вмикається поздовжнє випадкове поле, впоряд-
кована фаза зникає i траєкторiї ренормгрупи притягуються до двох невпорядкованих фiксованих точок:
одна з них характерна для класичного ланцюжка Iзiнга у випадковому полi, iнша описує квантову невпо-
рядковану фазу. Двi невпорядкованi фази роздiленi сепаратрисою, яка починається у фiксованiй точцi
безмежного безладу, поблизу якої спостерiгаються сильнi квантовi флуктуацiї.

Ключовi слова: магнiтнi системи, невпорядкованi системи, квантовi спiновi моделi, фазовi переходи,
спiновi стекла
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