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We analyze the scenario of modulating the potential strength of bound atoms in an optical honeycomb lattice
patterned by an electric field to emulate uniaxial strain. Thismodulation can be achieved by a combination of the
strength of the patterned electric field and gauge vector effects using the Floquet approach. We show that such
a modulation allows one to follow through a topological transition between a semi-metal and a band insulator,
when two non-equivalent 𝐾 points merge as a function of the electric field strength. We explicitly compute the
wavefunctions for themoving𝐾 points and the Chern numbers up to the transition. Anisotropic effectivemasses
and the insulating gap are described close to the semimetal-insulator transition.
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1. Introduction

Twistronics is the most recent field to generate surprises in condensed matter physics [1]. As it
turns out in bilayer graphene, with a relatively straightforward single electron physics, twisting one
layer with respect to the other produces a modulation in the bands such that non-trivial phases appear
that involve strong electron correlations [1]. The generic scenario seems to be that of band flattening
producing heavy fermions and making electron-electron interactions a prime ingredient. This way, non-
trivial superconducting and insulating phases arise in experiments [2, 3]. This transition is achieved by
fine tuning bilayer interactions by twisting to particular angles. Another role of deformation in graphene,
is the relative strength of its spin-orbit coupling (SOC), central in its topological properties. While ideal
flat graphene has a SOC in the µeV range, bending the sheet into nanotubes increases it three orders of
magnitude into the meV range [4]. The hydrogenation of graphene also produces local deformations that
enhance 𝜋–𝜎 coupling and thus the SOC [5].

In a realization of 𝑆𝑈 (2) gauge theories in deformed graphene, Vozmediano, Katsnelson and
Guinea [6] have shown how to phrase the lattice deformations into gauge fields. Such gauge fields
can be associated to spin-orbit magnetic and electric fields, that result in weak localization and Berry
phase effects, where the particular structure of the 2D lattice sets the stage to unify concepts from
elasticity and topology.

Finally, in the context of quasi-one dimensional systems, e.g., molecular electronics, the SOC also
arises from appropriate curvatures of the molecular system. The SOC has been proven to be the spin-active
coupling through deformation effects of hydrogen bond polarization [7, 8].

In this work we consider a recent proposal of an optical lattice with the structure of graphene [9, 10]
containing Alkaline atoms e.g., 40K with two mobile fermions per unit cell (half filling). They analyze the
band structure with simple uniaxial deformations of the optical lattice by way of patterned electric fields
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of attainable magnitudes. Within this model one can follow the excursion of the 𝐾 points as a function
of the electric field modulation, and as the Fermi level remains fixed, we can follow the Hamiltonian
spectrum and eigenfunctions as a function of the modulation strength. We can then explicitly compute
the topological Chern number for small deviations from the 𝐾 points and show how the topological
protection disappears when the next order is included or we approach the merging of the 𝐾 points.
The latter is also illustrated by the appearance of backscattering due to trigonal warping which is also
modulated by deformation. Finally, we consider additional weaker electric fields, generating phase effects
on the fermion motion. We can then see with finer detail the nature of the topological transition from
Dirac cones to parabolic bands.

We dedicate this work to Bertrand Berche on his 60th birthday. Bertrand, has been a close collaborator
for more than 16 years and much of our most impactful work was done with his collaboration, advice,
and his knack for mastering new mathematical tools to address exciting problems outside his traditional
field of expertise.

2. Modulation of bonding by patterned electric field

Optical lattices have been used for long time [11] to establish a 𝑑-dimensional binding potential
that organizes atoms into crystals in e.g., a Bose condensate [12]. For multilevel atoms, to achived the
appropriate potential, one uses appropriate laser detuning 𝛿 = 𝜔𝐿 −𝜔𝑎𝑡 , where 𝜔𝐿 is the laser frequency
and 𝜔𝑎𝑡 are the frequencies of the energy level splittings of the atom. If 𝛿 is much larger than any of the
atomic transitions, all such transitions will experience the same dipole potential of the form [10]

𝑉 (r) = ℏΓ

8
Γ

𝛿

𝐼 (r)
𝐼𝑠
, (2.1)

where 𝐼 (r) = 𝜀0𝑐 |𝐸 (r) |2/2 and 𝐼𝑠 is the saturation intensity of the particular atom. Γ is the angular
frequency width of the excited state in a particular transition, which in the high detuning limit will have
a common value. An interesting scenario is to introduce an appropriate superposition of electric field
phases and orientations to concoct the desired lattice potential. Following the formulation of optical
lattices in ref.[ [10]], we choose an electric field perpendicular to the resulting lattice plane of the form

E𝑎 = 𝐸0 ei(k𝑙 ·r−𝜙𝑎 )e−i𝜔𝐿 𝑡 𝑧, (2.2)

where 𝐸0 is the electric field intensity and the k𝑙 vectors with 𝑙 = 1, 2, 3 satisfy k1 + k2 + k3 = 0. In order
to build a potential of a honeycomb lattice with primitive vectors a1 = 𝑎/2(1,

√
3) and a2 = 𝑎/2(1,−

√
3)

and reciprocal vectors b1 = 2π/𝑎(1, 1/
√

3) and b2 = 2π/𝑎(1,−1/
√

3), we need the superposition of the
following k𝑙 vectors

k1 = K =

(
4π
3𝑎
𝜉, 0

)
=

b1 + b2
3

,

k2 = K − b1,

k3 = K − b2, (2.3)

satisfying the null sum, where K is the 𝐾 point vector of the Brillouin zone and 𝜉 = ±1.
All parameters of the electric field are chosen so that the energy minima of the optical potential fall at

the very sites of the graphene lattice. The coupling between these sites is now modulated by the optical
potential, whose phases 𝜙𝑙 can be chosen so that differences arise in the nearest neighbor coupling in a
chosen way that we specify in the next section.

This pattern of electric fields generates minima when the light is blue detuned from the atomic
resonance and 𝛿 > 0. The fermion bearing atoms are dropped in the potential and assume the minima,
thus organizing into a honeycomb lattice, with identical potential peaks separating A and B sublattice
atoms. For 40K alkali atoms, this differs from graphene in that we have an 𝑠-wave model, but addressing
strict two dimensional physics, like in-plane distortions, there is not a distinction to the 𝑝-wave physics
of material graphene.
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3. Graphene uniaxial modulation

Graphene [13–16] is a two-dimensional material composed of carbon atoms distributed in a honey-
comb structure. Here, we are interested in studying fermions on a honeycomb lattice when we induce
uniaxial [17] modulation of the dipole potential. As we have proposed, modulating the crystal potential
by a patterned electric field we equate to stretching and compressing the ‘bond’, meaning weaken-
ing/strengthening the overlap integral between two sites. To study the electronic properties of this model,
we use the tight-binding approach. By means of such approximation, we have the Hamiltonian given by

𝐻 (k) =
(

0 𝑓 (k)
𝑓 ∗(k) 0

)
, (3.1)

where 𝑓 (k) has dimensions of energy according to

𝑓 (k) = −
3∑︁
𝑙=1

𝑡𝑙eik·𝛿l , (3.2)

with 𝑡𝑙 the 𝑠 orbital overlaps (in plane rotational symmetric) to neighbor 𝑙 and 𝛿1 = (0, 1/
√

3)𝑎, 𝛿2 =

(1/2,−1/2
√

3)𝑎, 𝛿3 = (−1/2,−1/2
√

3)𝑎, where 𝑎 is the A–A or B–B distance. With these vectors, the
function 𝑓 (k) becomes

𝑓 (k) = −𝑡1 exp
(
i
𝑘𝑦𝑎√

3

)
− 𝑡2 exp

[
i
𝑎

2
√

3

(√
3𝑘𝑥 − 𝑘𝑦

)]
− 𝑡3 exp

[
−i

𝑎

2
√

3

(√
3𝑘𝑥 + 𝑘𝑦

)]
. (3.3)

We determined the corresponding energy by solving the secular equation det |𝐻 − 𝐸I| = 0, which gives
the energy dispersion 𝐸 (k) = ±

√︁
𝑓 (k) 𝑓 ∗(k). In turn, the wave function is

Ψ =
1
√

2

( 1
𝜉
| 𝑓 (k) |
𝑓 (k)

)
eik·r , 𝜉 = ±1. (3.4)

We define uniaxial stretching in the coordinate system chosen above as the change in the 𝑡1 vector keeping
𝑡2,3 fixed. This makes, for a particularly simple closed form, the evolution of the band parameters. We
then set 𝑡1 = 𝑡1 and 𝑡2 = 𝑡3 = 𝑡0. In this case, we have

𝑓 (k) = −𝑡0
[
𝑡1
𝑡0

exp
(
i
𝑘𝑦𝑎√

3

)
+ 2 exp

(
−i
𝑘𝑦𝑎

2
√

3

)
cos

(
𝑘𝑥𝑎

2

)]
. (3.5)

Note, this modulation is difficult to achieve on actual graphene with stretching patterns, but straightforward
on an optical lattice.

The energy dispersion is then

𝐸±
𝑡0

= ±

√√√
2 +

(
𝑡1
𝑡0

)2
+ 2 cos (𝑎𝑘𝑥) + 4

(
𝑡1
𝑡0

)
cos

(
𝑎𝑘𝑥

2

)
cos

(√
3

2
𝑎𝑘𝑦

)
. (3.6)

For convenience, we define dimensionless parameters 𝐸̃ = 𝐸/𝑡0, 𝑓 (k) = 𝑓 (k)/𝑡0 and 𝑡 = 𝑡1/𝑡0 through-
out.

4. The Dirac Hamiltonian with uniaxial deformation

In this section we study the behavior of fermions on the honeycomb optical lattice (for brevity we call
it optical graphene) under uniaxial modulation. For this, we follow the band properties near the Dirac
points. The Dirac points as a function of 𝑡 can be found by setting 𝑓 (K𝜉 ) = 0 in equation (3.5) and
solving for 𝐾𝜉 . For 𝑡 = 1, K𝜉 = (4π/3𝑎)𝑥, while for 1 < 𝑡 < 2

K𝜉 = 𝜉

(
2
𝑎

arccos
(
− 𝑡

2

)
, 0

)
, 𝜉 = ±1. (4.1)
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Figure 1. (Colour online) The energy dispersion for different values of 1 < 𝑡 < 2. Note, Fermi energy is
unchanged under deformation and the Dirac cone physics is preserved up to the topological transition.
The merging of the 𝐾 points occurs at G/2 = ±(b1 − b2)/2.

We define q = ℏk − ℏK𝜉 , then for small |q| to lowest order, we find

𝑓 (k) = 𝑎

2ℏ

(
𝜉
√︁

4 − 𝑡2𝑞𝑥 − i
√

3𝑡𝑞𝑦
)
. (4.2)

Writing 𝑞 in polar coordinates: q = 𝑞(cos 𝜑, sin 𝜑) the effective Hamiltonian is given by

𝐻̃ =
𝑎𝑞

2ℏ

(√︁
4 − 𝑡2𝜉 cos 𝜑 𝜎𝑥 +

√
3𝑡 sin 𝜑 𝜎𝑦

)
(4.3)

and the eigenvalue is

𝐸̃ = ±𝑎𝑞
2ℏ

√︃
𝑡2 − 2(𝑡2 − 1) cos 2𝜑 + 2 , (4.4)

13503-4



Merging of Dirac points through uniaxial modulation on an optical lattice

which displays an obvious anisotropy with respect to the momentum direction. The Berry phase around
the 𝐾 point, labelled by 𝜉 = ±1, is computed as [18–20]

𝛾 =
1
2

∮
∇q𝜃q · dq, (4.5)

where 𝜃q = tan−1 [Im 𝑓 (q)/Re 𝑓 (q)]. In the linear approximation gives 𝜉π, independent of the value of 𝑡.
Of course, this is an artifact of the linear approximation and the threshold for the topological transition
is evident in the next order in the deviation from the 𝐾 points.

When one goes beyond the lowest order, we find

𝑓 (k) =
𝑎

2ℏ

(
𝜉
√︁

4 − 𝑡2𝑞𝑥 − i
√

3𝑡𝑞𝑦
)

− 𝑎2

8ℏ2

(
𝑡𝑞2

𝑥 + 2i𝜉
√︂

4 − 𝑡2
3

𝑞𝑥𝑞𝑦 − 𝑡𝑞2
𝑦

)
. (4.6)

Thus, using the polar form for 𝑞 one obtains that the Hamiltonian reads

𝐻 =

(
𝜉

√
4 − 𝑡2
2ℏ

𝑎𝑞 cos 𝜑 − 𝑡𝑎2𝑞2

8ℏ2 cos 2𝜑

)
𝜎𝑥

+
√

3
6ℏ
𝑎𝑞 sin 𝜑

(
3𝑡 + 𝜉

√
4 − 𝑡2
2ℏ

𝑎𝑞 cos 𝜑

)
𝜎𝑦. (4.7)

The corresponding eigenvalue is then

𝐸̃ = ±𝑎𝑞
√

3
24

×
√︂(

48 + 𝑎2𝑞2) (
2 + 𝑡2

)
− 96

(
𝑡2 − 1

)
cos 2𝜑 + 2𝑎𝑞

[
−12𝑏𝑡

√︁
4 − 𝑡2 cos 3𝜑 + 𝑎𝑞

(
𝑡2 − 1

)
cos 4𝜑

]
. (4.8)

The wavefunction in its general form is

Ψ =
1
√

2

( 1
𝜉
| 𝑓 (k) |
𝑓 (k)

)
eik·r (4.9)

and can be written to the previous approximation. We depict the energy dispersion at the linear approxi-
mation in figure 1, where we can see that uniaxial deformation produces two lobes that pinch off as the
two 𝐾 points merge. As depicted in figure 2, we see the linear approximation and the effect of higher
order terms in the limit 𝑡 = 1. The angular dependence is known as trigonal warping [21] of the Dirac
cones as we go away from the Fermi energy.

The interest of following the Berry phase is that it yields a threshold for 𝑡 at which it becomes zero.
This signals the occurrence of a topological transition that coincides with the merging of two Dirac cones.
In the linear approximation, the Berry phase is computed as [see equation (4.6)]

𝜃p = tan−1

(
−
√

3𝑝𝑦√
4 − 𝑡2𝜉𝑝𝑥

)
. (4.10)

By changing to polar coordinates around the 𝐾 (𝑡) point, for 0 < 𝑡 < 2, we substitute 𝑝𝑥 = 𝑝 cos 𝜑 and
𝑝𝑦 = 𝑝 sin 𝜑 and we get

𝜃p = tan−1

(
−
√

3
𝜉
√

4 − 𝑡2
tan 𝜑

)
. (4.11)
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Figure 2. (Colour online) Dispersion in the full BZ as a function of deformation. When 𝑡 → 0, the
system breaks up into uncoupled chains (right-hand panel). Such a limit is achieved by the merging of
𝐾 points into a line. In the limit 𝑡 → 2, the system converges to a normal insulator through the topological
transition (middle panel).

∇ = p̂ 𝜕/𝜕𝑝 + 𝜑̂(1/𝑝)𝜕/𝜕𝜑 and dp = p̂d𝑝 + 𝑝𝜑̂d𝜑 so we arrive at the expression for the Berry phase as

𝛾(𝑡) = −𝜉
√

3
2

2π∫
0

√
4 − 𝑡2 sec2 𝜑

4 − 𝑡2 + 3 tan2 𝜑
d𝜑

= −𝜉π, (4.12)

for all values of 0 < 𝑡 < 2. Thus, there is a wide range of 𝑡 values where there is a single topological
phase untouched by modulations of the uniaxial coupling.

5. Backscattering amplitude

The scattering amplitude as a function of the momentum direction has a special significance in
graphene showing a backscattering protection related to the topological properties.

t=1.99

t=1.9

t=1.0

t=1.5

φ

-1 0 1 2 3 4

-2

-1

0

1

2

Figure 3. (Colour online) The unnormalized probability of scattering at an angle of 𝜑, |〈Ψ(𝜑) |Ψ(0)〉|2,
for uniaxial compression. In consistency with topological protection, backscattering is forbidden before
the topological transition.
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Figure 4. (Colour online) The unnormalized probability of scattering at an angle of 𝜑, |〈Ψ(𝜑) |Ψ(0)〉|2
for uniaxial stretching.

Figures 3 and 4 show |〈Ψ(𝜑) |Ψ(0)〉|2 in a polar plot. The undeformed case concentrates scattering in
the forward direction while forbidding 𝜑 = π or back scattering as a signature of topological protection.
Such signature is preserved in the range of uniaxial modulation 0 < 𝑡 < 2. For 𝑡 → 0 shows the tendency
to form isolated chains with a pronounced forward scattering while preserving topological protection.
When 𝑡 = 0, we have chains with a half sized primitive cell, as A–B become equivalent, and we arrive
at a one dimensional dispersion. For 𝑡 → 2, we get a highly peaked forward scattering amplitude when
the two Dirac cones approach each other. Topological protection disappears at 𝑡 = 2 with a quadratic
dispersion in the 𝑥 direction while keeping a linear dispersion (massless) in the 𝑦 direction. We see there
that the scattering occurs equally in all directions.

6. Effective mass

For deformations between 0 < 𝑡 < 2, the optical graphene Hamiltonian only exhibits massless Weyl
fermions close to the 𝐾 points. It is only when we have two merging Dirac points that a non-relativistic
effective mass arises. This occurs at the point 𝜉 (2π/𝑎, 0) on the edge of the Brillouin zone. As the
merging 𝐾 points have opposite topological charges, initially there is zero total topological charge and
after the merger this is conserved.

We can obtain the effective masses for each direction by approaching the merging point from close
to 𝑡 > 2 starting from the general relation for the energy equation (3.6). Taking 𝑡 = 2 + 𝛿𝑡 with 𝛿𝑡 > 0
and k = (𝑞𝑥 + 2π/𝑎, 𝑞𝑦) we obtain the expression

𝐸

𝑡0
= ±

(
|𝑡 − 2| +

3𝑎2𝑡𝑞2
𝑦

4|𝑡 − 2| +
𝑎2𝑞2

𝑥 sgn(𝑡 − 2)
4

+ · · ·
)
, (6.1)

where we can identify the gap as Δ = 2(𝑡 − 2) vanishing at the transition and the effective masses
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𝑚∗
𝑥 = 2ℏ2 sgn(t − 2)/𝑎2 and 𝑚∗

𝑦 = 2ℏ2 |𝑡 − 2|/3𝑎2𝑡. As can be verified by an expansion below the
topological transition at 𝑡 = 2, we have a relativistic dispersion in the 𝑦 direction, so the classical effective
mass vanishes and 𝑚∗

𝑥 does not depend on deformation close to the transition.

7. Driven scenario

Besides the dipolar field due to the patterned electric field, we can consider another linearly polarized
electric field in another frequency and power regime to modulate the A–B coupling in optical-graphene.
This way we have another route to drive the system through the topological transition, now involving
both the dipole field and the gauge field. Taking advantage of this combination, in this section we explore
a minimalist model for the dynamical realization of Dirac cone merging, by means of electromagnetic
radiation. To this end, we consider a monochromatic laser field, linearly polarized, which impinges
perpendicularly to the graphene plane. Therefore, within the tight binding formulation, using the Peierls
substitution k → k+ 𝑒A(𝜏), with 𝜏 being the time parameter, −𝑒 is the electron’s charge, and A(𝜏) gives
the vector potential, describing the electromagnetic radiation. We write the time-dependent Hamiltonian
from (3.1), which now reads

𝐻 (k, 𝜏) =
(

0 𝑓 (k, 𝜏)
𝑓 ∗(k, 𝜏) 0

)
, (7.1)

where we have defined

𝑓 (k, 𝜏) = −
3∑︁
𝑙=1

𝑡𝑙 exp {i[k + 𝑒A(𝜏)] · 𝛿𝑙} . (7.2)

To describe the anisotropic nature of the Dirac cone merging phenomena discussed within the static
scenario, we focus our analysis on the dynamical modulation of the system by means of a linearly
polarized radiation field, which without loss of generality, can be chosen along the 𝑥 direction, i.e.,
E(𝜏) = 𝐸 (cosΩ𝜏, 0), where 𝜏 represents the time parameter, whereas 𝐸 and Ω are the amplitude and
frequency of the radiation field, respectively. Then, using the relation E = −𝜕𝜏A(𝜏), the vector potential
is found to read A(𝜏) = 𝐸/Ω(sinΩ𝜏, 0). In the limit Ω → 0, we recover the static scenario previously
described and we can have a clear physical description of the role of the driving field in producing the
topological transition.

The generic driven scenario for periodically driven systems is treated within the Floquet formalism.
Although the Floquet theory has appeared more often in the literature, mostly thanks to the theoretical
proposals and experimental realizations of Floquet topological insulators (FTI) [22], which are the
nonequilibrium counterparts of topological insulators [23–29], we briefly give an account of the main
ingredients emerging within the driven regime (further details can be found in reference [30]). From
the time-dependent Schrödinger equation, the periodic Hamiltonian 𝐻 (𝜏) = 𝐻 (𝜏 + 𝑇) generates the
time evolution iℏ𝜕𝜏Ψ(𝜏) = 𝐻 (𝜏)Ψ(𝜏). The solution can be written as Ψ(𝜏) = exp(i𝜖𝜏/ℏ)Φ(𝜏), with
Φ(𝜏 + 𝑇) = Φ(𝜏) being the periodic part of the solution, which is termed the Floquet state and 𝜖 is the
quasi energy [31, 32].

The quasi energy spectrum stems from the fact that the Hamiltonian is time-dependent, implying
that the energy is not a conserved quantity and it is similar to the quasi momentum in spatially periodic
systems. In addition, given the periodic nature of the dynamical generator, the quasienergies are also
periodic since they are defined modulo ℏΩ. In general, the explicit evaluation of the quasi energy spectrum
can be achieved by Fourier expanding the Hamiltonian and Floquet states to obtain a time-independent
set of equations for the time independent Floquet Hamiltonian 𝐻F = 𝑃†(𝜏)𝐻 (𝜏)𝑃(𝜏) − iℏ𝑃†(𝜏)𝜕𝜏𝑃(𝜏).
This Floquet Hamiltonian generates the time-independent Schrödinger equation for the Floquet states
defined previously: 𝐻FΦ(𝜏) = 𝜖Φ(𝜏).

In order to generate the Dirac cone merging given in reference [19], within the driven scenario we
can obtain an effective Hamiltonian with differential hopping parameters along two directions in the
lattice, i.e., one requires breaking the rotational invariance of the static Hamiltonian. We can achieve
this condition by means of the linearly polarized radiation field, which permits the manipulation of the
hopping strength along the direction of the driving field. Moreover, to get a physical insight we focus
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on the so-called high frequency regime, where ℏΩ is much larger than the other energy scales in the
problem. Within this regime, we obtain an analytically solvable anisotropic quasi energy spectrum.

To this end, we write the explicit time-dependence of 𝑓 (k, 𝜏) as [30]

𝑓 (k, 𝜏) = −
[
𝑡1 + 𝑡2ei𝜉 sinΩ𝜏eik·a1 + 𝑡2e−i𝜉 sinΩ𝜏eik·a2

]
. (7.3)

Here, we have defined the effective dimensionless light-matter coupling strength 𝜉 =
√

3𝑒𝐸𝑎/2ℏΩ.
The phase factor can be rewriten by means of the Jacobi-anger expansion:

ei𝜉 sinΩ𝜏 =

∞∑︁
−∞

𝐽𝑛 (𝜉)ei𝑛Ω𝜏 ,

where 𝐽𝑛 (𝑥) is a Bessel function of the first kind of order 𝑛. In the long frequency regime, all but
the zero order terms oscillate very quickly and therefore, one gets exp(i𝜉 sinΩ𝜏) → 𝐽0(𝜉), with 𝐽0(𝑥)
representing the zeroth-order Bessel function of the first kind. Whence, if we define 𝑡0 = 𝑡2𝐽0(𝜉), we get
the effective expression

𝑓 (k) = −
[
𝑡1 + 𝑡0

(
eik·a1 + eik·a2

)]
. (7.4)

Upon the addition of a static contribution Δ𝜎𝑥 we can realize the topological phase transition proposed
in reference [19]. Within this realm, the evaluation of the quasi-energy spectrum for the high frequency
regime considered here gives 𝜀± = ±𝜀, with

𝜀 =

√√√
(𝑡1 + Δ)2 + 4𝑡0 cos

(√
3𝑘𝑥𝑎
2

) [
𝑡1 cos

(3𝑘𝑦𝑎
2

)
+ 𝑡0 cos

(√
3𝑘𝑥𝑎
2

)]
. (7.5)

The corresponding Floquet states are given by

|𝜙𝜇 (𝑘)〉 =
1
√

2

(
1
𝜇ei𝛽

)
, (7.6)

with 𝜇 = ±1 and the phase is defined through

tan 𝛽 =
Im 𝑓 (k)
Re 𝑓 (k) . (7.7)

The condition for realizing the Dirac cones merging is 𝑡1 = 2𝑡0 (i.e., 𝑡 = 2 in the dimensionless
notation defined before), which in turn implies that the radiation field parameter 𝜉 = 𝜉𝑐 should satisfy
𝐽0(𝜉𝑐) = 1/2 → 𝜉𝑐 ≈ 1.5. This in turn would correspond to an effective electric field intensity of the
order 𝐸 =

√
3ℏΩ/𝑒𝑎. Some theoretical works have set ℏΩ = 3𝑡1, with 𝑡1 = 2.9 eV being graphene’s

hopping parameter; yet, even if we set ℏΩ = 𝑡1 and using the carbon-carbon spacing 𝑎 = 0.142 nm, the
condition for realizing the driven Dirac cone merging topological phase would require an electric field
intensity of order 𝐸 ≈ 35 V/nm. This result is one order of magnitude higher than the experimental
electric field intensities 𝐸 = 2.4 V/nm employed in reference [33], where light-induced currents are
analyzed in graphene. However, photonic alternatives such as the microwave tight binding analogue
model, presented in reference [34], where the hopping energy can be properly tuned, could serve as test
bed for the experimental realization of our proposal.

At low frequencies, the higher-order Floquet replica become relevant and the evaluation of the quasi
energy spectrum requires a numerical evaluation of the Floquet Hamiltonian. For reference of the results
obtained at low frequencies, we show the resulting quasinergy spectrum for 𝑛 = 30, harmonics for a
frequency value smaller than the static bandwidth of pristine graphene. The left-hand (right-hand) panel
in figure 5 shows the quasi energy spectrum along the applied (perpendicular) direction of the radiation
field. The dashed thin lines correspond to the static spectrum which is wrapped in the first Brillouin
zone −Ω/2 < 𝐸 < Ω/2. The red (thick) and magenta (thin) continuous lines represent the low (high)
coupling regimes to the radiation field. In the low coupling regime, the effective dimensionless light-
matter interaction is set to 𝜉 = 0.25 and we already observe qualitative differences corresponding to the
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Figure 5. (Colour online) The dashed lines correspond to the static scenario, the red (thick) lines cor-
respond to the low coupling regime 𝜉 = 0.25 whereas the magenta (thin) lines give the strong 𝜉 = 1
coupling regime, at low frequencies. We have set the bias parameter Δ = 0 (see the main text).

anisotropic generation of bandgaps at finite values of momenta. In the strong coupling regime, at zero
momentum, the direction along the applied radiation field becomes gapless whereas the perpendicular
direction remains a gap and this is reminiscent of the previously discussed high frequency regime where
the anisotropy of the energy spectrum shows linear and parabolic spectra along the chosen momentum
directions. In order to highlight the role of the radiation field in inducing the bandgap modulation, we
have chosen a static bias term Δ = 0.

8. Summary and conclusions

Following the topological transition from a semi-metal and a band insulator in pristine graphene is
physically unfeasible through the modulation of C–C bonding since it would require large changes of
the overlap integrals [19]. On the other hand, honeycomb lattices can be achieved with cold atoms and
optical lattices [10] with reasonable patterned electric fields creating dipole potentials where one can
engineer potential anisotropies and tune them to the transition and beyond. Furthermore, with fields in a
very different frequency range and through gauge effects, one can also modulate the 40K–40K potentials
and finely walk across the transition. Although this setup builds an artificial s-wave graphene model, the
in-plane physics is indistinguishable and pristine one electron Dirac-cone physics ensue with negligible
electron-electron and spin-orbit interactions.

Uniaxial modulation of the 40K–40K potentials can be followed analytically and the Berry-phase
can be computed exactly for all coupling values from zero anisotropy to the uniaxial strain producing
the transition. We explicitly compute the consequences of the uniaxial modulation on the topological
protection from backscattering and compute the effective masses approaching the transition from above
(uniaxial strains beyond the merging of the 𝐾 points), showing non-zero effective masses in one direction
and massless dispersion in the perpendicular direction.
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Злиття точок Дiрака через одновiсну модуляцiю на оптичнiй
ґратцi

А. Лопес1, Б. Монтаньєс2, Е. Медiнa3
1 Вища полiтехнiчна школа Побережжя, факультет фiзики, природничих наук та математики, Кампус
Густаво Галiндо 30.5 км Вiа Перiметрал, 09-01-5863, Гуаякiль, Еквадор

2 Фiзичний центр Венесуельського iнституту природничих дослiджень, Каракас, Венесуела
3 Фiзичний факультет, Науково-технiчний коледж, Унiверситет Святого Франциска в Кiто, Дiєго-Робелес i
Вiа Iнтерокеанiка, Кiто, 170901, Еквадор

Проаналiзовано сценарiй модуляцiї параметра iнтенсивностi зв’язаних атомiв на оптичнiй стiльниковiй
ґратцi, створенiй електричним полем для iмiтацiї одновiсної деформацiї. Ця модуляцiя може бути дося-
гнута шляхом поєднання напруженостi структурованого електричного поля та калiбрувальних векторних
ефектiв за допомогою пiдходу Флоке. Ми показуємо, що така модуляцiя дозволяє прослiдкувати тополо-
гiчний перехiд мiж напiвметалом та зонним iзолятором, коли двi нееквiвалентнi 𝐾-точки зливаються в
залежностi вiд напруженостi електричного поля. Явним чином розраховано хвильовi функцiї для рухомих
𝐾-точок та чисел Черна аж до самого переходу. Анiзотропнi ефективнi маси та щiлина в спектрi описанi
поблизу переходу “напiвметал-iзолятор”.

Ключовi слова: холоднi гази на оптичних ґратках, графен, топологiчнi фазовi переходи, теорема
Блоха-Флоке
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