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We study the interplay between a Kekulé patterned distortion in monolayer graphene and a monochromatic
laser irradiation, focusing in the long wavelength approximation of its Landau level structure. Exploiting the
symmetries of the system, we calculate in the static regime an exact analytical solution for the energy spectrum
and its eigenstates, which in turn allows us to find close expressions for the polarizations in the valley and
pseudospin degrees of freedom. We find that due to the valley-momentum coupling, the valley polarization
exhibits a distinct magnetic response for the two 𝐾-valley components. Owing to that, the introduction of the
radiation field mixes the Landau levels, and it is shown that by tuning the system to resonance leads to a larger
valley-polarization response as compared to the non-resonant scenario.
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1. Introduction

Since the experimental realization of graphene [1–3] and the related honeycomb lattice two-dimensional
materials, such as silicene [4–6], borophene, dichalcogenides, among others, a plethora of proposals to
engineer and harness their electronic and optical properties have emerged. These two-dimensional mate-
rials have also emerged as platforms for the realization of topological phases of matter within the static
scenario [7–12]. The topological insulating phases occur whenever the system exhibits gapless states that
conduct along the boundaries of the two dimensional material. These nontrivial topological properties
have also been realized in one [13, 14] and three dimensional systems [15]. Within the driven fields
regime [16–19], the emergence of Floquet topological insulators has been put forward. In this case, the
systems in a topologically trivial state in the static regime are driven to nontrivial topological phases by
means of periodically driven interactions [20–26]. Thus, in a Floquet topological insulator, the generation
of the boundary gapless edge states emerges as a consequence of the topological modifications intro-
duced in the energy band spectrum. Interestingly, these topological phases have also been experimentally
realized in optical lattices [27]. Moreover, the photonic experimental realization of Floquet topological
insulators is experimentally realized in reference [28] by means of a photonic lattice, exhibiting topolog-
ically protected transport of visible light on the lattice edges. Additional theoretical work on the optical
nonlinear effects in solids [29] shows that these nonlinear effects can also be properly described within
the framework of Berry curvatures.

Apart from periodically driven interactions, other means to engineer the topological properties of
low dimensional materials have been proposed in the literature. One interesting realization consists in
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the generation of a Kekulé distortion [30–32] in which the bonding parameters can be modified. This in
turn implies that the size of the unit cell is tripled due to the emergent dimerization which amounts to
the coupling points in the Brillouin zone which are separated by ®𝐺 = ®𝐾+ − ®𝐾− , with ®𝐾± being the Dirac
points in graphene. This distortion in turn, results in the merging of the two Dirac cones at the center
of the Brillouin zone, producing either a gap (Kek-O) or a superposition of two cones with different
Fermi velocities (Kek-Y) [33–37], depending upon the bond length between C-C atoms. The physics of
the merging of the Dirac cones has also attracted attention, as it has been shown that it could lead to
semi-Dirac materials in which, the charge carriers possess an anisotropic energy spectrum as their long
wavelength effective Hamiltonian consists of a combination of linear and quadratic dispersion relations
along two perpendicular directions in the plane [38–41]. In addition, the Kekulé distortions can also
lead to valley engineering by strain whose strength could serve as control parameter for intervalley
scattering processes [42]. Upon extending the study to multilayer systems, there were proposals for
bilayer Kekulé distorted graphene in which the quasiparticle’s masses can be tuned electrostatically.
This in turn might lead to versatile platforms for valleytronics with “multi flavor” models [43]. We refer
the interested reader to the review [44] which presents a comprehensible treatment of the role of strain
induced distortions in graphene. In a recent work, Mojarro et al. [45] analyze the interplay of Kekulé
distortions and electromagnetic radiation perpendicular to the monolayer graphene sample. One natural
extension of the model presented in reference [45] is to assess what are the consequences of the interplay
of radiation fields and Kekulé distortions in the Landau level structure of monolayer graphene. Previous
works considered the interplay in monolayer graphene of quantizing magnetic fields and monochromatic
radiation, analyzing the emergent Floquet-Hofstadter spectrum [46, 47] whereas further works explored
the light-induced anomalous Hall effect [48], providing a microscopic theory to explain the underlying
mechanisms arising from the light-matter interactions. This light induced anomalous Hall effect in
graphene was recently experimentally realized [49], showing that the dependence of the effect on a gate
potential used to tune the Fermi level reveals multiple features that reflect a Floquet-engineered topological
band structure. Further theoretical work [50] shows that the chirality of light permits switching on and
off the Hall edge conductance, providing additional control of topologically protected transport.

To explore the issue of the role of radiation fields and Kekulé distortions and to provide a physical
insight into this scenario is the aim of this work. Therefore, we theoretically analyze the dynamical
manipulation of the Landau level structure of charge carriers on Kekulé distorted graphene when a
periodically driven radiation field is applied perpendicular to the sample. As Mojarro et al. show, only
the so-called KeK-Y bond pattern couples to the radiation field in the valley degree of freedom. Hence,
we focus on this configuration. To deal with the driven regime, we make use of Floquet’s theorem to
recast the dynamics in an explicitly time-independent fashion, providing an analytical description of the
driven evolution of the relevant physical quantities. The paper is organized as follows. In section 2 we
present the model for the long wavelength approximation of Landau levels induced on a Kekulé distorted
honeycomb lattice in presence of circularly polarized electromagnetic radiation, perpendicularly incident
upon the sample. Taking advantage of the rotational invariance of the system, we derive the exact effective
time-independent Floquet Hamiltonian. Next, in section 3 we present and discuss the main results of the
manuscript whereas in section 4 we present the concluding remarks. Additional calculations are given in
the appendix.

2. Model

We study the long wavelength effective Hamiltonian for spinless Dirac fermions on a distorted
honeycomb lattice with a Kekulé bond pattern. The physical manifestation of the Kekulé distortion
implies that the 𝐾 and 𝐾 ′ Dirac points or valleys are coupled by the wave vector ®𝐺 = ®𝐾+ − ®𝐾− of the
Kekulé bond texture and they are folded onto the center of the superlattice Brillouin zone. For the static
scenario, we consider the Landau levels in monolayer graphene with a Kekulé-Y bond pattern when the
sample is subjected to a perpendicular static quantizing magnetic field 𝐵 and to monochromatic radiation
circularly polarized frequency 𝜔. Within these considerations at the 𝐾 Dirac point, the Hamiltonian
reads H(𝑡) = H0 + V(𝑡). The first term describes a static contribution that in the long wavelength
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approximation is given explicitly by [35, 45]

H0 = 𝑣𝜏𝜏0 ⊗ ®𝜋 · ®𝜎 + 𝑣𝜏 ®𝜋 · ®𝜏 ⊗ 𝜎0, (2.1)

where ®𝜋 = ®𝑝 + 𝑒 ®𝐴, with −𝑒 being the electron charge, (𝑝𝑥 , 𝑝𝑦) being the momentum measured from the
𝐾 Dirac point, ®𝐴 is the static vector potential associated to a perpendicular magnetic field ∇ × ®𝐴 = ®𝐵,
and ®𝜎 (®𝜏) represents a vector of Pauli matrices in the sublattice (valley) degree of freedom, whereas 𝜎0
and 𝜏0 represent the 2 × 2 identity matrix, in the corresponding degree of freedom. Finally, 𝑣𝜎 = 𝑣𝐹 for
pristine graphene, whereas 𝑣𝜏 = 𝑣𝐹Δ0 is the corrected Fermi velocity arising from the valley coupling
due to the Kekulé distortion, within the approximation regime Δ0 ≪ 1. Before dealing with the radiation
effects, we remark that we can find an exact analytical solution to the spectrum and eigenstates of H0 by
means of a different approach as the one presented in [35]. As it is discussed in reference [35], the static
magnetic field implies that the valley and pseudospin contributions do not commute with each other, and
yet the spectrum can be solved exactly. To solve the Schrödinger equation H0 |Ψ⟩ = 𝐸 |Ψ⟩, we define the
raising and the lowering operators

𝑎 =
ℓ𝐵 (𝜋𝑥−i𝜋𝑦 )√

2ℏ
,

𝑎† =
ℓ𝐵 (𝜋𝑥+i𝜋𝑦 )√

2ℏ
, (2.2)

and write down the static Hamiltonian as

H0 = ℏ𝜔𝑐

©­­­«
0 𝑎 Δ0𝑎 0
𝑎† 0 0 Δ0𝑎

Δ0𝑎
† 0 0 𝑎

0 Δ0𝑎
† 𝑎† 0

ª®®®¬ , (2.3)

with 𝜔𝑐 =
√

2𝑣𝐹/ℓ𝐵 describing the cyclotron frequency. In addition, 𝑣𝐹 ≈ 106 m/s is the Fermi velocity,
whereas ℓ−2

𝐵
= 𝑒𝐵/ℏ is the magnetic length defined in terms of the strength of the quantizing magnetic

field 𝐵 and −𝑒 is the electron charge. In reference [35], the spectrum of the Hamiltonian in equation (2.3)
is solved using an artificial site energy term of small value that afterwards is made to vanish, so that the
solutions are shown to be independent of the on site energy parameters. Alternatively, one can instead
exploit the symmetries of the system to solve the Landau level spectrum in a more physically appealing
form. To this end, we notice first that the static Hamiltonian commutes with the number operator

N𝑎 = 𝑎†𝑎𝜏0 ⊗ 𝜎0 +
𝜎𝑧 + 𝜏𝑧

2
, (2.4)

whereby we can look for simultaneous eigenstates of this number operator and the static Hamiltonian
H0. If we write

|Ψ𝜎𝜏 (𝑛)⟩ =
©­­­«

𝐴𝜏
𝑛 |𝑛 − 1⟩
𝜎𝐵𝜏

𝑛 |𝑛⟩
𝐶𝜏
𝑛 |𝑛⟩

𝜎𝐷𝜏
𝑛 |𝑛 + 1⟩

ª®®®¬ , (2.5)

with the states |𝑛⟩ being eigenstates of the Hermitian operator 𝑛 = 𝑎†𝑎, i.e., 𝑛 = 𝑎†𝑎 |𝑛⟩ = 𝑛|𝑛⟩, it is easily
verified that N𝑎 |Ψ𝜎𝜏 (𝑛)⟩ = 𝑛|Ψ𝜎𝜏 (𝑛)⟩. In absence of quantizing magnetic field, the number operator
can be identified with the total angular momentum operator whose conservation is a consequence of the
rotational invariance of the graphene Hamiltonian. In the limit of a vanishing Kekulé parameter Δ0 → 0,
the expansion coefficients must satisfy 𝐵−

𝑛 = 𝐴−
𝑛 and 𝐶+

𝑛 = 𝐷+
𝑛, along with 𝐵+

𝑛 = 𝐴+
𝑛 = 𝐶−

𝑛 = 𝐷−
𝑛 = 0, as

we should recover the valley degenerate solutions for the Landau levels. Using this state, and after some
algebraic manipulations, the energy spectrum reads 𝐸𝜎𝜏 (𝑛) = 𝜎𝐸 𝜏

𝑛 (see appendix for details), where we
have defined:

𝐸 𝜏
𝑛 = ℏ𝜔𝑐

√︄(
𝑛 + 1

2

)
(1 + Δ2

0) +
1
2
𝜏

√︃
16𝑛(𝑛 + 1)Δ2

0 + (1 + Δ2
0)2 𝑛 = 1, 2, 3, . . . . (2.6)
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Figure 1. (Colour online) Magnetic field dependence of the first three Landau levels with the continuous
(dashed) lines corresponding to the valley index 𝜏 = 1 (𝜏 = −1) as given by equation (2.6). We notice the
valley splitting even for a small Kekulé parameter Δ0 = 0.1 (see the main text).

The indexes take on the values 𝜎, 𝜏 = ±1, whereas 𝑛 = 0, 1, 2... labels the different Landau levels, but
one should note that for 𝑛 = 0, equation (2.6) does not apply (this case is treated separately below).
This energy spectrum (figure 1) is equivalent to that obtained in reference [35] but we avoid the need to
introduce a spurious onsite energy term which they use to obtain their result. From equation (2.6), we
observe that in the vanishing distortion parameter limit Δ0 → 0, we recover the degenerate spectrum

(𝐸−
𝑛 )2 = (𝐸+

𝑛−1)
2 = 𝑛ℏ2𝜔2

𝑐 . (2.7)

After some lengthy algebraic operations, we get for the coefficients of the eigenstate in equation (2.5) the
expressions for 𝜏 = −1 and 𝑛 ≠ 0:

𝐵−
𝑛 =

𝜖−𝑛√
𝑛

[
(𝜖−𝑛 )2 − (𝑛 + 1) − 𝑛Δ2

0

(𝜖−𝑛 )2 − (𝑛 + 1) (1 − Δ2
0)

]
𝐴−
𝑛 ≡ 𝑏−𝑛 𝐴−

𝑛 ,

𝐶−
𝑛 = Δ0

(√
𝑛𝜖−𝑛 + (𝑛 + 1)𝑏−𝑛
(𝜖−𝑛 )2 − (𝑛 + 1)

)
𝐴−
𝑛 ≡ 𝑐−𝑛 𝐴−

𝑛 ,

𝐷−
𝑛 = Δ0

√
𝑛 + 1

(
𝜖−𝑛 𝑏

−
𝑛 +

√
𝑛

(𝜖−𝑛 )2 − (𝑛 + 1)

)
𝐴−
𝑛 ≡ 𝑑−𝑛 𝐴−

𝑛 , (2.8)

whereas those corresponding to 𝜏 = +1 and 𝑛 ≠ 0, read as

𝐴+
𝑛 = Δ0

√
𝑛

(
𝜖+𝑛𝑐

+
𝑛 +

√
𝑛 + 1

(𝜖+𝑛)2 − 𝑛

)
𝐷+

𝑛 ≡ 𝑎+𝑛𝐷+
𝑛,

𝐵+
𝑛 = Δ0

(√
𝑛 + 1𝜖+𝑛 + 𝑛𝑐+𝑛
(𝜖+𝑛)2 − 𝑛

)
≡ 𝑏+𝑛𝐷+

𝑛,

𝐶+
𝑛 =

𝜖+𝑛√
𝑛 + 1

[
(𝜖+𝑛)2 − 𝑛 − (𝑛 + 1)Δ2

0

(𝜖+𝑛)2 − 𝑛(1 − Δ2
0)

]
𝐷+

𝑛 ≡ 𝑐+𝑛𝐷+
𝑛, (2.9)

and the remaining coefficients 𝐴−
𝑛 and 𝐷+

𝑛 being global factors, would not be needed for the calculation
of physical properties. In the explicit calculations, we use 𝑎−𝑛 = 𝑑+𝑛 = 1. Here, we have also introduced the
dimensionless quantity 𝜖±𝑛 = 𝐸±

𝑛/ℏ𝜔𝑐. The special case of 𝑛 = 0, corresponding to a valley degenerate
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zero-energy solution 𝐸𝜎𝜏 (0) = 0, with (normalized) eigenstate, reads as:

|Ψ0⟩ = − 1√︃
1 + Δ2

0

©­­­«
0

−|0⟩
Δ0 |0⟩

0

ª®®®¬ . (2.10)

3. Results

We now explore the physical consequences of the interplay of Kekulé and electromagnetic monochro-
matic radiation circularly polarized. First, we analyse the static polarization effects and afterwards we
extend the analysis to the driven scenario.

3.1. Static regime

By using the coefficients in equation (2.8) and (2.9), we can evaluate the pseudospin polarization
⟨𝜎𝑧⟩±𝑛 = ⟨Φ±

𝑛 |𝜏0 ⊗ 𝜎𝑧 |Φ±
𝑛⟩ and the valley polarizations ⟨𝜏𝑧⟩±𝑛 = ⟨Φ±

𝑛 |𝜏𝑧 ⊗ 𝜎0 |Φ±
𝑛⟩, for any state 𝑛 ≠ 0

with ± denoting here the Landau level associated to the electron/hole bands. The pseudospin and valley
polarization per Landau level are given by

⟨𝜎𝑧⟩−𝑛 =
1 − |𝑏−𝑛 |2 + |𝑐−𝑛 |2 − |𝑑−𝑛 |2

1 + |𝑏−𝑛 |2 + |𝑐−𝑛 |2 + |𝑑−𝑛 |2
,

⟨𝜎𝑧⟩+𝑛 =
|𝑎+𝑛 |2 − |𝑏+𝑛 |2 + |𝑐+𝑛 |2 − 1
1 + |𝑎+𝑛 |2 + |𝑏+𝑛 |2 + |𝑐+𝑛 |2

,

⟨𝜏𝑧⟩−𝑛 =
1 + |𝑏−𝑛 |2 − |𝑐−𝑛 |2 − |𝑑−𝑛 |2

1 + |𝑏−𝑛 |2 + |𝑐−𝑛 |2 + |𝑑−𝑛 |2
,

⟨𝜏𝑧⟩+𝑛 =
|𝑎+𝑛 |2 + |𝑏+𝑛 |2 − |𝑐+𝑛 |2 − 1
1 + |𝑎+𝑛 |2 + |𝑏+𝑛 |2 + |𝑐+𝑛 |2

, (3.1)

which in the limit of the vanishing Kekulé distortion lead to ⟨𝜎𝑧⟩±𝑛 = 0 and ⟨𝜏𝑧⟩±𝑛 = ±1. In the left-hand
(right-hand) panel of figure 2 we show the out of plane static pseudospin (valley) static polarization
for the first three Landau leveles 𝑛 = 1, 2, 3, which show the valley splitting, even for a small Kekulé
parameter Δ0 = 0.1. We also find that for 𝑛 = 0, these polarizations simply read as:

⟨𝜎𝑧⟩0 =
−1 + Δ2

0

1 + Δ2
0
,

⟨𝜏𝑧⟩0 =
1 − Δ2

0

1 + Δ2
0
, (3.2)

and we verify that ⟨𝜎𝑧⟩0 = −⟨𝜏𝑧⟩0 is a direct consequence of the condition of null excitations in the 𝑛 = 0
Landau level (LL), i.e., N𝑎 |Ψ0⟩ = 0. The explicit polarization dependence on Δ0 could be interpreted
as a supporting argument to the initial statement that the bonding pattern couples these two degrees of
freedom.

3.2. Dynamic regime

We now consider the role of the radiation field in modulating the LL structure of the Kekulé
distorted graphene monolayer. To this end, we start from the ordinary dipolar interaction term −𝑒 ®𝑝 · ®𝐴(𝑡),
which can be introduced to the tight-binding Hamiltonian via the Peierls substitution. Under the long
wavelength regime of interest we can evaluate, near the Dirac points, that the effects of the driving field
are incorporated through the minimum coupling prescription, leading to the time-dependent term

V(𝑡) = 𝑒𝑣𝜎 ®𝜎 · ®𝐴(𝑡) + 𝑒𝑣𝜏 ®𝜏 · ®𝐴(𝑡), (3.3)
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Figure 2. (Colour online) Left-hand panel: Out of plane static pseudospin polarization for the first three
Landau levels with the thick (thin) lines corresponding to valley index 𝜏 = 1 (𝜏 = −1). Right-hand panel:
Valley polarization as given by equations (3.1). We notice the valley sppliting even for a small Kekulé
parameter Δ0 = 0.1 (see the main text).

thus, the total Hamiltonian reads
H(𝑡) = H0 + V(𝑡). (3.4)

For a monochromatic circularly polarized radiation field impinging perpendicular to the graphene mono-
layer, the vector potential can be chosen as ®𝐴(𝑡) = 𝐴(cos𝜔𝑡, sin𝜔𝑡), with 𝐴 = E/𝜔. This makes the
total Hamiltonian periodic in time, H(𝑡 + 𝑇) = H(𝑡), with 𝑇 = 2π/𝜔 the period of oscillation of the
driving field. The parameters E and𝜔 = 2π/𝑇 correspond to the amplitude and frequency of the radiation
field, respectively. The electric field is given in turn by the standard relation ®E(𝑡) = −𝜕𝑡 ®𝐴(𝑡). Then, the
time-dependent contribution reads

V(𝑡) = 𝜉
©­­­«

0 e−i𝜔𝑡 Δ0e−i𝜔𝑡 0
ei𝜔𝑡 0 0 Δ0e−i𝜔𝑡

Δ0ei𝜔𝑡 0 0 e−i𝜔𝑡

0 Δ0ei𝜔𝑡 ei𝜔𝑡 0

ª®®®¬ , (3.5)

where we have introduced the effective light-matter coupling strength 𝜉 = 𝑒E𝑣𝐹/𝜔. We assume that
the beam radiation spot is large enough compared to the lattice spacing, and we can neglect any spatial
variation.

We can perform a time-dependent unitary transformation P(𝑡) = e−iN𝑎𝜔𝑡 , given explicitly as
e−i𝑛𝜔𝑡diag[e−i𝜔𝑡 , 1, 1, ei𝜔𝑡 ], in the form

H𝐹 = P†(𝑡)H (𝑡)P(𝑡) − iℏP(𝑡)𝜕𝑡P(𝑡), (3.6)

after which we get a time-independent Floquet Hamiltonian [16, 17]

H𝐹 = ℏ𝜔𝑐𝜏0 ⊗ (𝑎†𝜎− + 𝑎𝜎+) + ℏ𝜔𝑐Δ0(𝑎†𝜏− + 𝑎𝜏+) ⊗ 𝜎0 − N𝑎ℏ𝜔 + 𝜉𝜏0 ⊗ 𝜎𝑥 + 𝜉Δ0𝜏𝑥 ⊗ 𝜎0. (3.7)

Up till now, the results are analytically exact and we could solve numerically the resulting time-
independent Schrödinger equation H𝐹 |Φ𝐹 (𝑡)⟩ = 𝜀 |Φ𝐹 (𝑡)⟩ to obtain the quasienergy spectrum 𝜀 and
Floquet eigenstates |Φ𝐹 (𝑡)⟩. Some comments are in order here. Within the approach of Fourier mode
expansion to numerically solve the Floquet Hamiltonian, the sidebands associated to the periodicity
of the quasienergy spectrum yield 𝜀𝑁 mod ℏ𝜔. On the other hand, from the obtained effective Floquet
Hamiltonian given in (3.7) we notice that the role of the radiation field is actually to couple the different
LLs. Indeed, for a given value of the LL index, the factor N𝑎ℏ𝜔 would represent the discrete energy
translations of quasienergies. Moreover, we clearly see that the last two terms of (3.7) do not commute
with the static Hamiltonian; hence, they would produce the level mixing which no longer renders the
index 𝑛 a good quantum number. This can be explicitly shown by expressing the Floquet Hamiltonian in
the static eigenbasis (2.5):

⟨Φ𝜎′𝜏′
𝑛′ |H𝐹 |Φ𝜎𝜏

𝑛 ⟩ = (𝐸𝜎𝜏
𝑛 − 𝑛ℏ𝜔)𝛿𝑛𝑛′𝛿𝜎𝜎′𝛿𝜏𝜏′ +𝑉𝑛𝑛′ ,
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with the matrix elements of the coupling term

𝑉𝑛𝑛′ = 𝜉
∑︁
𝑠=±1

(𝑏𝑛 + 𝑐𝑛+𝑠𝑑𝑛)𝛿𝑛′ ,𝑛+𝑠√︁
(1 + |𝑏𝑛 |2 + |𝑐𝑛 |2 + |𝑑𝑛 |2) (1 + |𝑏𝑛+𝑠 |2 + |𝑐𝑛+1 |2 + |𝑑𝑛+𝑠 |2)

+ 𝜉
∑︁
𝑠=±1

Δ0𝜉
(𝑐𝑛 + 𝑏𝑛+𝑠𝑑𝑛)𝛿𝑛′ ,𝑛+𝑠√︁

(1 + |𝑏𝑛 |2 + |𝑐𝑛 |2 + |𝑑𝑛 |2) (1 + |𝑏𝑛+𝑠 |2 + |𝑐𝑛+𝑠 |2 + |𝑑𝑛+𝑠 |2)
. (3.8)

However, this approach does not provide a clear picture of the most relevant features of the underlying
photoinduced processes. Therefore, in the following section we introduce physically appealing solutions
within appropriate parameter regimes of experimental relevance.

3.3. Results for the driven regime

In the previous section we derived an analytical expression for the Floquet Hamiltonian. To get a
further physical insight, now we assess the role of the radiation field in different parameter regimes. We
explore the valley and pseudospin polarization dynamics within these different parameter configurations.
In the following discussion we use as the energy scale the cyclotron frequency 𝜔𝑐. To proceed further,
we introduce the shifted ladder operators 𝑏 = 𝑎 + 𝜉/ℏ𝜔𝑐, which allow us to rewrite the exact Floquet
Hamiltonian as

H𝐹 = ℏ𝜔𝑐𝜏0 ⊗ (𝑏†𝜎− + 𝑏𝜎+) + ℏ𝜔𝑐Δ0(𝑏†𝜏− + 𝑏𝜏+) ⊗ 𝜎0 − N𝑏ℏ𝜔 + 𝜆ℏ𝜔(𝑏† + 𝑏) − 𝜆2ℏ𝜔, (3.9)

with 𝜆 = 𝜉/ℏ𝜔𝑐. In this form, we can assess the role of the different contributions to the Landau level
mixing due to the radiation field.

We now focus on the light-matter coupling analysis. Within the general scenario of laser irradiation,
at low frequencies compared to the static bandwidth, the dynamical problem is rather complicated since
different Floquet replica (sidebands) might overlap. Indeed, in the general Floquet formulation of the
problem, it has been shown that the number of sidebands require to obtain a physically relevant numerical
solution of the driven system is to use a number of modes up to 𝑛max which will depend on whether
one is in the weak 𝜉 ≪ ℏ𝜔 or strong 𝜉 ≫ ℏ𝜔 coupling limit [53, 54]. Our solution written in terms of
shifted operators given in equation (3.9) shows that the leading order light-matter interaction strength that
couples the different Landau levels is independent of the frequency. Therefore, the energy corrections
(apart from an irrelevant energy shift −𝜆2𝜔) would only depend on the amplitude of the radiation field.
This in turn might have the advantage of allowing the study of experimental configurations in which the
stability of the sample is not frequency dependent in order to avoid damaging the sample [55, 56].

However, the periodicity of the quasienergy spectrum allows for a resonant behaviour among adjacent
Landau levels that turn out to be coupled by the radiation field. Thus, whenever the effective amplitude
of the radiation field is smaller than the static bandwidth and the system is out of resonance, we can
approximate the Floquet quasienergy spectrum by means of degenerate perturbation theory. That is,
within the weak coupling limit regime of experimental interest, we can use standard time-independent
perturbation theory to assess the corrections to the energy spectrum Δ𝐸 (𝑛) for 𝑛 ≠ 0, 1 which up the
aforementioned negative global higher-order energy shift −𝜆2𝜔, are given by

Δ𝐸𝜎𝜏
𝑛 = [𝜎(𝐸 𝜏

𝑛 + 𝐸−𝜏
𝑛−1) − ℏ𝜔] ( 𝑓 𝜎𝜏

𝑛−1)
2 + [𝜎(𝐸 𝜏

𝑛 + 𝐸−𝜏
𝑛+1) − ℏ𝜔] ( 𝑓 𝜎𝜏

𝑛+1 )
2, (3.10)

for which the expressions for the coefficients 𝑓 𝜎𝜏
𝑛±1 are somewhat lengthy, so we provide them in the

appendix, along with its derivation. Interestingly, only transitions with Δ𝑛 = ±1 are allowed, such that
higher order transitions are forbidden. Up to the leading order, the corrected Floquet eigestates read for
𝑛 ≠ 0, 1

|Φ𝜎𝜏
𝑛 ⟩ = |Ψ𝜎𝜏

𝑛 ⟩ + 𝑓 𝜎𝜏
𝑛−1 |Ψ

−𝜎,−𝜏
𝑛−1 ⟩ + 𝑓 𝜎𝜏

𝑛+1 |Ψ
−𝜎,−𝜏
𝑛+1 ⟩. (3.11)

The energy corrections given in equation (3.10) show the standard resonant structure that we now deal
with. The energy corrections are determined by analyzing the subspace of zero energy degeneracy between
the static 𝑛 = 0 zero energy level and the 𝑛 = 1 Landau level, which occures whenever ℏ𝜔 = ±𝐸 𝜏

1 . This
in turn implies that radiation fields with right (left) circular polarization state would pick the +𝐸 𝜏

1 (−𝐸 𝜏
1 ),
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Figure 3. (Colour online) Magnetic field dependence of the resonant energy structure due to the photoin-
duced mixing of the lowest Landau levels 𝑛 = 0 and 𝑛 = 1. We have set 𝑒Eℓ𝐵max = 0.1ℏ𝜔, with ℓ𝐵max
being the magnetic length at the largest value of the static magnetic field. An asymmetric response of the
valley components 𝜏 = ±1 which could be exploited for photoinduced valley modulations (see the main
text).

for any fixed values of the quantizing static magnetic field 𝐵 and Kekulé distortion parameter Δ0. Thus,
at resonance these two lowest Landau levels mix to give rise to the leading order quasienergy solution

𝐸 𝜏𝑠
1 = 𝑠

𝑒Eℓ𝐵√
2

𝑏𝜏1 − Δ0𝑐
𝜏
1√︃

1 + Δ2
0

√︃
|𝑎𝜏1 |2 + |𝑏𝜏1 |2 + |𝑐𝜏1 |2 + |𝑑𝜏1 |2

, (3.12)

with 𝑎−1 = 𝑑+1 = 1. These resonant energies are modulated both by the static magnetic field and by the
amplitude of the radiation field. In figure 3 we plot 𝐸 𝜏𝑠

1 as functions of the static magnetic field, where a
clear different resonant response for each valley component is observed. This in turn can be traced back
to the satic energy spectrum shown in figure 1 where the presence of the Kekulé distortion makes the
𝜏 = −1 states get closer to the zero energy lowest Landau level. Thus, we observed a level “repulsion”
in the most distant energy state that couples more strongly within the resonant regime. In the degenerate
subspace spanned by the two lowest Landau levels, we obtain the Floquet states valid at resonance:

|Φ𝜏𝑠
1 ⟩ = 1

√
2

(
|Ψ0⟩ + 𝑠 |Ψ𝜏

1 ⟩
)
. (3.13)

This degenerate state is an equally weighted superposition of the static orthogonal states corresponding
to the two lowest Landau levels, which can be contrasted to its non-degenerate counterpart

|Φ𝜏𝜎
1 ⟩ = |Ψ𝜏𝜎

1 ⟩ + 𝑓 𝜏𝜎1 |Ψ0⟩, (3.14)

where
𝑓 𝜏𝜎1 =

𝑒Eℓ𝐵√︃
2(1 + Δ2

0) ( |𝑎
𝜏
1 |2 + |𝑏𝜏1 |2 + |𝑐𝜏1 |2 + |𝑑𝜏1 |2)

(
𝑏𝜏1 − 𝜎Δ0𝑐

𝜏
1

𝐸 𝜏
1 − 𝜎ℏ𝜔

)
. (3.15)

Thus, as we would physically expect, within the off resonant scenario, the relative weight of the Floquet
eigenstates mixing the static eigenstates would be much smaller as compared to the resonant regime.

Moreover, the pseudospin and valley polarizations in the resonant regime are explicitly found to read
in terms of the static polarizations as

⟨Φ𝜏𝑠
1 |𝜏0 ⊗ 𝜎𝑧 |Φ𝜏𝑠

1 ⟩ =
1
2
(⟨𝜎0⟩ + ⟨𝜎𝜏

1 ⟩),

⟨Φ𝜏𝑠
1 |𝜏𝑧 ⊗ 𝜎0 |Φ𝜏𝑠

1 ⟩ =
1
2
(⟨𝜏0⟩ + ⟨𝜏𝜏1 ⟩), (3.16)
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whereas the off resonant expressions are

⟨Φ𝜏𝜎
1 |𝜏0 ⊗ 𝜎𝑧 |Φ𝜏𝜎

1 ⟩ = ⟨𝜎𝜏
1 ⟩ + ( 𝑓 𝜏𝜎1 )2⟨𝜎0⟩,

⟨Φ𝜏𝜎
1 |𝜏𝑧 ⊗ 𝜎0 |Φ𝜏𝜎

1 ⟩ = ⟨𝜏𝜏1 ⟩ + ( 𝑓 𝜏𝜎1 )2⟨𝜏0⟩, (3.17)

with 𝑓 𝜏𝜎1 being defined in equations (3.14) and (3.15).

4. Summary and conclusions

We have addressed the light-matter interaction effects of charge carriers in monolayer graphene with
a Kekulé bond pattern in the so-called KeK-Y configuration where the radiation field couples to the valley
degree of freedom. By restricting ourselves to the long wavelength approximation, we first have shown
an exact analytical solution to the static Landau level spectrum for monolayer graphene with a Kekulé
bond pattern. For this purpose, we have used an alternative approach as that given in reference [35].
Following the proposal by Mojarro et al. [45], we have explored the role of monochromatic radiation
incident perpendicularly to the graphene monolayer. Interestingly, even for a small value of the bonding
parameter, within the weak coupling of the light-matter interaction, a distinctive physical regime emerges
in the resonant driven scenario. We have shown that these resonances can be addressed by either right-hand
or left-hand polarized radiation fields. In addition, the effective light-matter interaction strength depends
only on the radiation electric field amplitude rather than on its frequency. The frequency dependence is
addressed through the resonant properties of the driven system. The effective time independent Floquet
Hamiltonian shows that only adjacent Landau levels get coupled. This is explicitly analysed in the
subspace of the lowest Landau level configuration showing the well known level mixing of degenerate
states. Furthermore, the static states get dressed by the driving interaction and a quasienergy band splitting
of the zero energy solutions can be exploited to enhance the polarization properties of the KeK-Y graphene
system.
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Appendix

Here, we present the details of calculations of some quantities of interest presented in the main text.

Calculationof Landau level spectrumand theexpansion coefficients for the static regime

First we determine the static Landau level spectrum. We start by writing the KeK-Y Hamiltonian
equation (2.3) in the basis given in equation (2.5) which amounts to writing the Schrödinger equation
H0 |Ψ𝜎𝜏

𝑛 ⟩ = 𝜎𝐸 𝜏
𝑛 |Ψ𝜎𝜏

𝑛 ⟩ explicitly as

ℏ𝜔𝑐

©­­­«
0

√
𝑛 Δ0

√
𝑛 0√

𝑛 0 0 Δ0
√
𝑛 + 1

Δ0
√
𝑛 0 0

√
𝑛 + 1

0 Δ0
√
𝑛 + 1

√
𝑛 + 1 0

ª®®®¬
©­­­«
𝐴𝜏
𝑛

𝐵𝜏
𝑛

𝐶𝜏
𝑛

𝐷𝜏
𝑛

ª®®®¬ = 𝐸 𝜏
𝑛

©­­­«
𝐴𝜏
𝑛

𝐵𝜏
𝑛

𝐶𝜏
𝑛

𝐷𝜏
𝑛

ª®®®¬ . (A.1)
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Defining 𝜖 𝜏𝑛 = 𝐸 𝜏
𝑛/ℏ𝜔𝑐 we get the secular equation:��������

−𝜖 𝜏𝑛
√
𝑛 Δ0

√
𝑛 0√

𝑛 −𝜖 𝜏𝑛 0 Δ0
√
𝑛 + 1

Δ0
√
𝑛 0 −𝜖 𝜏𝑛

√
𝑛 + 1

0 Δ0
√
𝑛 + 1

√
𝑛 + 1 −𝜖 𝜏𝑛

�������� = 0, (A.2)

which in turn leads to the equation

(𝜖 𝜏𝑛 )4 − (𝜖 𝜏𝑛 )2 [(2𝑛 + 1) (1 + Δ2
0)] + 𝑛(𝑛 + 1) (1 − Δ2

0)
2 = 0. (A.3)

Completing the square, we get

[(𝜖 𝜏𝑛 )2 − (𝑛 + 1/2) (1 + Δ2
0)]

2 + 𝑛(𝑛 + 1) (1 − Δ2
0)

2 = (𝑛 + 1/2)2(1 + Δ2
0)

2, (A.4)

which we rewrite as

[(𝜖 𝜏𝑛 )2 − (𝑛 + 1/2) (1 + Δ2
0)]

2 + 𝑛(𝑛 + 1) (1 − 2Δ2
0 + Δ4

0) = 𝑛(𝑛 + 1) (1 + 2Δ2
0 + Δ4

0) +
1
4
(1 + Δ2

0), (A.5)

that leads to the simpler expression

[(𝜖 𝜏𝑛 )2 − (𝑛 + 1/2) (1 + Δ2
0)]

2 =
1
4
[16𝑛(𝑛 + 1)Δ2

0 + (1 + Δ2
0)] . (A.6)

We get then the result

𝜖 𝜏𝑛 =

√︄(
𝑛 + 1

2

)
(1 + Δ2

0) +
1
2
𝜏

√︃
16𝑛(𝑛 + 1)Δ2

0 + (1 + Δ2
0)2, 𝑛 = 1, 2, 3, . . . . (A.7)

To obtain the expansion coefficients for the eigenstate, we write down the corresponding set of equations
√
𝑛(𝐵𝜏

𝑛 + Δ0𝐶
𝜏
𝑛 ) = 𝜖 𝜏𝑛 𝐴𝜏

𝑛 ,√
𝑛𝐴𝜏

𝑛 + Δ0
√
𝑛 + 1𝐷𝜏

𝑛 = 𝜖 𝜏𝑛 𝐵
𝜏
𝑛 ,

Δ0
√
𝑛𝐴𝜏

𝑛 +
√
𝑛 + 1𝐷𝜏

𝑛 = 𝜖 𝜏𝑛𝐶
𝜏
𝑛 ,√

𝑛 + 1(Δ0𝐵
𝜏
𝑛 + 𝐶𝜏

𝑛 ) = 𝜖 𝜏𝑛𝐷𝜏
𝑛 . (A.8)

This set of equations is not linearly independent. We need to select three of them in order to find solutions
for three parameters expressed in terms of the fourth. In addition, we need to treat separately the solutions
for 𝜏 = ±1 as they have different limiting behavior when Δ0 → 0. We show the explicit derivation for the
𝜏 = −1 subspace, for which we need to use the set of coupled equations

√
𝑛(𝐵−

𝑛 + Δ0𝐶
−
𝑛 ) = 𝜖−𝑛 𝐴−

𝑛 , (A.9)
Δ0

√
𝑛𝐴−

𝑛 +
√
𝑛 + 1𝐷−

𝑛 = 𝜖−𝑛𝐶
−
𝑛 , (A.10)

√
𝑛 + 1(Δ0𝐵

−
𝑛 + 𝐶−

𝑛 ) = 𝜖−𝑛 𝐷−
𝑛 , (A.11)

which in the limit of vanishing Kekulé parameter Δ0 → 0 reduces to 𝜖−𝑛 =
√
𝑛, 𝐴−

𝑛 , 𝐵
−
𝑛 → 1 and

𝐶−
𝑛 , 𝐷

−
𝑛 → 0. To solve the system, we apply the standard algebraic techniques as we show explicitly for

𝐵−
𝑛 . Multiplication of equation (A.5) by 𝜖−𝑛 and substitution of equation (A.6), give us

√
𝑛(𝐵−

𝑛 + Δ0𝐶
−
𝑛 ) = 𝜖−𝑛 𝐴−

𝑛 , (A.12)
𝜖−𝑛 Δ0

√
𝑛𝐴−

𝑛 + (𝑛 + 1) (Δ0𝐵
−
𝑛 + 𝐶−

𝑛 ) = (𝜖−𝑛 )2𝐶−
𝑛 , (A.13)

which upon substitution of 𝐶−
𝑛 on (A.4) can be further reduced to

𝐵−
𝑛 + Δ0

[
𝜖−𝑛 Δ0

√
𝑛𝐴−

𝑛 + (𝑛 + 1)Δ0𝐵
−
𝑛

(𝜖−𝑛 )2 − (𝑛 + 1)

]
=
𝜖−𝑛√
𝑛
𝐴−
𝑛 , (A.14)
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which is equivalent to

𝐵−
𝑛

[
1 +

(𝑛 + 1)Δ2
0

(𝜖−𝑛 )2 − (𝑛 + 1)

]
=
𝜖−𝑛√
𝑛

[
1 −

𝑛Δ2
0

(𝜖−𝑛 )2 − (𝑛 + 1)

]
𝐴−
𝑛 , (A.15)

that leads to the result

𝐵−
𝑛 =

𝜖−𝑛√
𝑛

[
(𝜖−𝑛 )2 − (𝑛 + 1) − 𝑛Δ2

0

(𝜖−𝑛 )2 − (𝑛 + 1) (1 − Δ2
0)

]
𝐴−
𝑛 ≡ 𝑏−𝑛 𝐴−

𝑛 . (A.16)

To obtain 𝐶−
𝑛 , we use this result. First, we rewrite equation (A.8)

𝐶−
𝑛 =

Δ0(
√
𝑛𝜖−𝑛 𝐴

−
𝑛 + (𝑛 + 1)𝐵−

𝑛

(𝜖−𝑛 )2 − (𝑛 + 1)
, (A.17)

factoring out 𝐴−
𝑛 , we get

𝐶−
𝑛 =

Δ0(
√
𝑛𝜖−𝑛 + (𝑛 + 1)𝑏−𝑛

(𝜖−𝑛 )2 − (𝑛 + 1)
𝐴−
𝑛 ≡ 𝑐−𝑛 𝐴−

𝑛 . (A.18)

To find 𝐷−
𝑛 , we rewrite equation (A.5) as

𝐷−
𝑛 =

𝜖−𝑛𝐶
−
𝑛 − Δ0

√
𝑛𝐴−

𝑛√
𝑛 + 1

. (A.19)

Using the result for 𝐶−
𝑛 , we write this as

𝐷−
𝑛 =

Δ0√
𝑛 + 1

( (𝜖−𝑛 )2√𝑛 + 𝜖−𝑛 (𝑛 + 1)𝑏−𝑛
(𝜖−𝑛 )2 − (𝑛 + 1)

−
√
𝑛

)
𝐴−
𝑛 , (A.20)

which is equivalent to

𝐷−
𝑛 = Δ0

√
𝑛 + 1

(
𝜖−𝑛 𝑏

−
𝑛 +

√
𝑛

(𝜖−𝑛 )2 − (𝑛 + 1)

)
𝐴−
𝑛 ≡ 𝑑−𝑛 𝐴−

𝑛 . (A.21)

The other coefficients are calculated in a similar fashion.

Calculation of the expansion coefficients via perturbation theory

We now determine the expansion coefficients for the Floquet states as obtained from time- independent
perturbation theory. The following results hold for 𝑛 ⩽ 2 since the 𝑛 = 1 Landau level couples with
the 𝑛 = 0 level, which as we have found in the main text, is independent of the magnetic field and
its coefficients do not follow the general result given in equation (2.5). We also give the leading order
perturbation result within the off resonance scenario

|Φ𝜏𝜎
𝑛 ⟩ = |Ψ𝜏𝜎

𝑛 ⟩ + 𝜆
∑︁
𝑛′≠𝑛

⟨Ψ−𝜏,−𝜎
𝑛′ | (𝑏 + 𝑏†) |Ψ𝜏𝜎

𝑛 ⟩
𝜎(𝐸 𝜏

𝑛 + 𝐸−𝜏) − (𝑛 − 𝑛′)ℏ𝜔 |Ψ−𝜏,−𝜎
𝑛′ ⟩. (A.22)

Using the static eigenstates (2.5), the matrix element

⟨Ψ−𝜏,−𝜎
𝑛′ |𝑏 |Ψ𝜏𝜎

𝑛 ⟩, (A.23)

is found to be given by

⟨Ψ−𝜏,−𝜎
𝑛′ |𝑏 |Ψ𝜏𝜎

𝑛 ⟩ = 1
𝑁 𝜏𝑁−𝜏 (

√
𝑛 − 1𝐴𝜏

𝑛𝐴
−𝜏
𝑛′ −

√
𝑛(𝐵𝜏

𝑛𝐵
−𝜏
𝑛′ −𝐶𝜏

𝑛𝐶
−𝜏
𝑛′ −

√
𝑛 + 1𝐷𝜏

𝑛𝐷
−𝜏
𝑛′ )𝛿𝑛′ ,𝑛−1, (A.24)

with 𝑁 𝜏 =
√︁
|𝐴𝜏

𝑛 |2 + |𝐵𝜏
𝑛 |2 + |𝐶𝜏

𝑛 |2 + |𝐷𝜏
𝑛 |2.
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We also obtain

⟨Ψ−𝜏,−𝜎
𝑛′ |𝑏† |Ψ𝜏𝜎

𝑛 ⟩ = 1
𝑁 𝜏𝑁−𝜏 (

√
𝑛𝐴𝜏

𝑛𝐴
−𝜏
𝑛′ −

√
𝑛 + 1(𝐵𝜏

𝑛𝐵
−𝜏
𝑛′ −𝐶𝜏

𝑛𝐶
−𝜏
𝑛′ −

√
𝑛 + 2𝐷𝜏

𝑛𝐷
−𝜏
𝑛′ )𝛿𝑛′ ,𝑛+1, (A.25)

upon substitution of these matrix elements in equation (A.26), and performing the summations by means
of the Kronecker symbols, we get

|Φ𝜏𝜎
𝑛 ⟩ = |Ψ𝜏𝜎

𝑛 ⟩ +
∑︁
𝑠

𝑓 𝜎𝜏
𝑛+𝑠 |Ψ−𝜏,−𝜎

𝑛+𝑠 ⟩. (A.26)

where we can infer from the inspection that the coefficients are given by:

𝑓 𝜎𝜏
𝑛+𝑠 =

(
𝑒Eℓ𝐵√

2

)
×

√︁
𝑛 − 0.5(1 − 𝑠)𝐴𝜏

𝑛𝐴
−𝜏
𝑛+𝑠 −

√︁
𝑛 + 0.5(1 + 𝑠) (𝐵𝜏

𝑛𝐵
−𝜏
𝑛+𝑠 − 𝐶𝜏

𝑛𝐶
−𝜏
𝑛+𝑠) −

√︁
𝑛 + 1 + 0.5(1 + 𝑠)𝐷𝜏

𝑛𝐷
−𝜏
𝑛+𝑠

𝜎(𝐸−𝜏
𝑛+𝑠 + 𝐸 𝜏

𝑛 ) − 𝑠ℏ𝜔
.

(A.27)
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Взаємозв’язок мiж викривленнями Кекуле та лазерними
полями у графенi

А. Лопес1, Ф. Мiрелес2
1 Вища полiтехнiчна школа Побережжя, факультет фiзики, природничих наук та математики, Кампус
Густаво Галiндо 30.5 км Вiа Перiметрал, 09-01-5863, Гуаякiль, Еквадор

2 Фiзичний факультет, Центр нанотехнологiй, Автономний нацiональний унiверситет Мехiко, 22800
Енсенада, Баха Калiфорнiя, Мексика

Ми вивчаємо взаємозв’язок мiж структурним викривленням Кекуле у моношаровому графенi та монохро-
матичним лазерним опромiнюванням, фокусуючи увагу на довгохвильовому наближеннi для структури
рiвнiв Ландау. Використовуючи данi щодо симетрiї системи, в статичному режимi отримано точний ана-
лiтичний розв’язок для енергетичного спектру та його власних станiв, що, у свою чергу, дозволяє нам
знайти наближенi вирази для поляризацiї зi ступенями свободи т. зв. “долини” та псевдоспiну. З’ясовано,
що завдяки взаємодiї “долина-iмпульс” поляризацiя плоскої зони має чiтко виражений магнiтний вiдгук
для двох компонентiв𝐾-зони. Завдяки цьому введення поля випромiнювання змiшує рiвнi Ландау. Пока-
зано, що налаштування системи на резонанс призводить до сильнiшого вiдгуку поляризацiї плоскої зони
у порiвняннi з нерезонансним сценарiєм.

Ключовi слова: графен, рiвнi Ландау, викривлення Кекуле, теорiя Флоке, поляризацiя
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