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The polynuclear ion formation in aqueous solutions of metal salts
is mimiced by the intercationic association interaction. The statistical
mechanics of such ionic model is solved using multidensity associative
formalism. The theory predicts a significant influence of the polynu-
clear ion formation on the thermodynamics and structure properties of
electrolyte solutions in a wide range of concentrations including very
dilute concentration regions.

1. Introduction

Aqueous electrolyte solutions are ion-molecular systems rather complicated
for theoretical treatment. Water actually plays a double role here. Tt be-
haves as a solvent with a high static dielectric constant which favors the dis-
sociation of ionic species. On the other hand, water is a o-donor molecule
which reacts as a nucleophilic ligand with ions. Such ion-water chemical
reactions are known as hydrolysis and convert ions into new ionic species.
Among those new species polynuclear ions are formed due to the partial
hydrolysis of the aqueous solution of golyvalent metal cations, such as some
elements belonging to the p (B3*, AI*Y), d (Fe?*, Zr*t, Cré+. ..)or f (such
lanthanides and actinides as Tr4+ U, Pu4+ ..) groups [1]. The nature of
these species is of the fundamental interest in morgamc solution chemistry
and of particular importance in many areas ranging from nuclear technology
(gel fuel, radioactive contamination, aqueous corrosion) to environmental
chemistry (soil science, mineral dissolution, etc.) [2]. Polynuclear ions are
frequently the precursors of the formation of larger colloidal oxide particles,
also known as sols which are of considerable technological importance [3].
The investigation of polynuclear ions is also important in connection with
the Chornobyl accident, which enables the nuclear fuel to penetrate out-
side the reactor. As a result, the formation of aqueous solutions with such
actinides as U and Pu becomes possible [4].

The hydrolysis of metal cations was first studied by N.Bjerrum at the
beginning of the 20th century [5]. However, despite their considerable im-
portance, studies of polynuclear ions in aqueous solutions with the use of
modern physico-chemical techniques have been scarce. A certain limited
amount of information about the size, structure and diffusion behaviour of
polynuclear ions was obtained during the last decade from a combination
of light and neutron scattering techniques [6]. Up till now the formation
of polynuclear hydrolysis products in theoretical studies has almost been
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ignored. In the traditional ion approach general attention is focused on the
account of the effects of ionic screening, the size of ions and ionic pairing
[7-8]. In a more consistent ion-molecular approach the attention is focused
on the explicit consideration of the influence of the solvent structure on the
properties of electrolyte solutions, the investigation of the role of hydrogen
bonds and consistent description of ionic solvation effects [8-10]. However,
the effects of hydrolysis has never been discussed in the both theoretical
approaches.

The modelling of the influence of hydrolysis and polynuclear ion for-
mation effects on the properties of aqueous electrolyte solutions within the
framework of the ionic approach will be the subject of the present article.
In our study we will consider the simplest primitive electrolyte model (the
model of charged hard spheres) with an additional associative interaction
between cations. This associative interaction is specified in such a way
that cations will form linear chains or more complex polynuclear ions upon
association. The description of this model will be carried out within the
framework of the multidensity formalism developed recently in the theory of
associating fluids [11-14]. We will show that the influence of the polynuclear
ion formation on the thermodynamics and structure properties of electrolyte
solutions is important including a very dilute ionic concentration region.

The article is organized as follows. The mechanisms of cation hydrolysis
and polynuclear ion formation in aqueous solution of metal salts are re-
viewed in the second section. In the third section an associative ionic model
for the electrolyte with polynuclear ions is introduced and theoretical meth-
ods of the description of this model are presented. In the fourth section
the discussion of the results is given. In the last section our conclusions are
formulated.

2. Cation hydrolysis and polynuclear ion formation

Hydrolysis or, more general, solvolysis is a substitution reaction of the solute
with the solvent. The cation hydrolysis involves a stepwise process which
begins within the creation of solvated aquo-ions according to the following
scheme:

M%7+ 4 nH,0 — [M(H,0),)** (2.1)

where 771 is the valency of cation MZ* and n is the number of water
molecules bounded to the cation (hydration number).

The solvation of the metal ions of p, d or f groups leads to the formation
of a partially covalent bond. A partial charge transfer occurs from the
bonding orbital of the water molecule to the empty p, d or f orbitals of the
cation. The positive partial charge on the hydrogen atoms then increases
and water becomes more acidic. The first step of hydrolysis leads to the
creation of the mononuclear hydroxo ions

[M(H,0),)** + H,0 — [M(H-0),_,OH]“*~Y* 4 H,0* (2.2)

Usually the process does not stop at this step and, as a result of the
condensation reaction, polynuclear ions appear [15]:

pIM(H,0),)7* + qH,0 — [M,(OH),H,0,,_,]%"?~9% 4+ ¢H;0*  (2.3)
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Figure 1. Dependence of the first hydrolysis constant K; on the
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Such a sequence of hydrolytic and condensation reactions leads, under
the conditions of the metal hydroxide over-saturation, to the formation of
colloidal hydroxy polymers which can eventually form hydroxide or hydrous
oxide precipitates. This tendency for the cation hydrolysis involving the
coordination of OH ligands, which act as electron pair donors, increases
with the acidity or charge density of the metal ion. Consequently, ions of a
small ionic radius and high charge are extensively hydrolysed in the solution.
The tendency to hydrolysis can be generalized for a wide range of cations,
as demonstrated in figure 1. [6] In this figure the dependence of the first
hydrolysis constant K; (for reaction 2.2) on the ratio of the charge to the
M-O distance (7Z/d) is shown. The tendency to the cation hydrolysis is also
paralleled by the ease of the polynuclear ion formation. Thus, most trivalent
and quadrivalent ions form polynuclear species, whereas this process only
occurs with Be?t, the smallest of the divalent ions.

As a result of the hydrolysis, with the increase of the acidity or charge
density of the cation, the oxo-ions which have only M-O bonds can appear.
In general, the cation hydrolysis converts solvated ion [M(H,0),]** into
precursor [MOHH%_h](Z_h)"', where h is defined as a molar ratio of the
hydrolysis [3]. The precursor can be positive for Z > h, neutral for Z=h
and even negative for Z < h. When h=0 the ion has the usual aquo-ion
[M(H50),]?* form, while for h=2n it is oxo-ion [M0,]*"=%)~ . Tf0 < h <
2n, the precursor can be either oxo-hydroxo ion [MOj_,(OH )q,_;] %)~
(h > n), hydroxo-aquo ion [M(OH ),(OHs),_4]?~"* (h < n) or hydroxo
ion [M(OH),)"=%~ (h=n). The value of h strongly depends on the pH and
charge of the cation. This fact is demonstrated in the charge - pH diagram
shown in figure 2. This diagram shows the nature of the precursor as a
function of the formal charge 7Z of the cation M#* and pH of the aqueous
solution. Three domains can be defined, namely: aquo [M (O H,),]?*, hyd-
roxo [MO, Hy,_,]?~M%, and oxo [MO,]*»~%)*, The diagram shows that
low-valent cations (7 < +4) give rise to aquo-hydroxo and/ or hydroxo ionic
complexes over the whole range of pH, while high-valent cations (7 > +5)
form oxo-hydroxo and/ or oxo ionic complexes over the same range of pH.
Tetravalent cations (Z=+4) are on the border line, and, therefore, lead to
a large number of possible precursors.

The precursor [MO, H,,_;]?~"7% is a structural unit for polynuclear
ions and in the present theoretical description we consider them as ions
with valency z = Z — h. By varying the chemical conditions under which
cations are polymerized, different structures can be formed which range
from randomly branched polymers to colloidal particles. However, for the
simplification in this article our consideration will be limited to the simplest
case of polynuclear cation chain formation.

3. The model and theory

In this article the description of aqueous electrolyte solutions is based on the
ionic approach in which only the ionic subsystem is considered explicitly. In
our approach the ions are represented by ionic complexes [M O, Ho,_;] =M+
formed as a result of hydrolysis. The effect of solvent molecules is accounted
for semiphenomenologically by introducing the macroscopic dielectric con-
stant ¢ into the Coulomb interaction law and by appropriately choosing
the short-range part of the ionic interaction. For the description of the hy-
drolysis effects we introduce an additional associative interaction between
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cations which leads to the formation of polynuclear ions. As a result, the
pair interionic interaction includes three terms

Usi(r) = Uz (r) + Ugy(r) + UZ (), (3.1)

. . . . . . 2
where USp(r) is a short-range part of the interionic interaction, Ug, = “Ze2

is the Coulomb term and UZ§(r) is the association term, ez, is the ionic
charge.

For simplification we are using a restricted primitive electrolyte model in
which the system is represented by the two-component charged hard sphere
mixture with valencies 2, = —z_ = 1 and with diameters d, = d_ = d.

Due to electroneutrality the concentrations ¢, = ¢. = fc. We assume

that associative interaction U2(r) exists only between cations and that

each positively charged hard sphere has two attractive sticky points, A
and B, randomly placed on the surface. In addition we assume that the
probability of binding the two sites forming a certain angle a,p between
the vectors connecting the corresponding site and the center of the hard
sphere is independent of a,p

U (r) = UL (r) + UL (), UL (r) = U2 (r) = 0 (3.2)

where UF are the site-site potentials representing the sticky interaction.

Due to the random location of the attractive sites, the model at hand
represents a model for associating particles with positively charged ions that
polymerize into the freely-joined tangent charged hard-sphere linear chain
ions. Description of the model in question can be carried out within the
framework of the modern theory of associating fluids [11-14] which incor-
porates two types of the calculation methods: the thermodynamic pertur-
bation theory for the free energy and the integral equation for correlation
functions.

3.1. Thermodynamic perturbation theory.

In this approach the restrictive primitive electrolyte model is considered
to be the reference system and the association contribution is treated using
the thermodynamic perturbation theory. As a result, the free energy can
be represented as a sum of four terms:

A= Aid + Ahs + Ael + %1bound7 (33)
where A is an ideal term, A" is a hard sphere contribution, A® is an ionic

term and AP°"" is an association contribution.
We also have the same form for the pressure and chemical potentials of

the system
L _ g A ) _ (phs _I_pel _I_pbound)
kT ~ “de (NkT - ckT (34)
_ 8 A _ id hs el bound
Ca:ua = Cq aca (V) - Ca(lua + lua + lua + lua ) (35)

The hard sphere and electrostatic contributions are given by the Carna-
han-Starling equation and by the mean spherical approximation correspond-

ingly [8].
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where 1 = %ﬂcd?’ is the packing fraction, 2I'd = /1 + 2rd — 1,

Kk = (4rce’2?/(ekT))"? is the Debye-Huckel inverse screening length.
The associative contribution is made by the thermodynamic perturba-
tion theory [11-12]

Abound ) (m -1 | ) pbound 2m —1 Om
= — —1lnm = - €=
NkT 2m T ckT m? e’
-1 12m -1 om
bound _ 2 (m - - — —) . 3.8
My om nm 2 m?2 ¢ de (38)

where m is the mean chain length defined from the following equation:

m(m — 1) = 2rcK, gt*(d+), (3.9)

K, is the stickiness parameter defined in such a way that the site-site
potential is chosen to give the corresponding average Mayer function:

() = TP 1 = Ky 6(r—d), (3.10)
00 re 1 - l77 e*2? 2T
97 (d+) = 9+Jfr(d+) - WGXP [_ﬁ ed (?)2] (3:11)

is the contact value of the cation-cation distribution function for the restric-
tive primitive model.

3.2. The integral equation theory

The integral equation theory for associative fluids is based on multiden-
sity version of the Ornstein-Zernike (OZ) equation [13-14]. In the case of
associating cations with independent attraction sites the correlation func-
tions can be orientationally-averaged independent over the orientation of
each attractive site. The orientationally-averaged version of the multiden-
sity OZ equation can be written in terms of the orientationally- averaged

partial correlation functions hSp (r) and ¢ (r)

hoy(r) = cup(r) + Z/cac(r')cchcbﬂ r—r'|)r, (3.12)
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where h,;(r) are the matrices defined by

iy hih hel hi_
h++(r):(h£:;F hg_ hg , h_,(r)= hg_
hif hie hiy h

ho(r) = (h_foh fh Pl () =ho(r)  (3.3)

and similarly for c,(7). The matrices ¢, in the ideal chain approximation
[14] are given by

1 1 1/m 1/m 1

c,=—c| 1/m 0 1/m* |, c_.=c_==c, (3.14)

T2 2
I/m 1/m* 0

where m is the mean chain length defined by equation (3.9) with the contact
value of cation-cation distribution function ¢3° (r) = 1 4 h$° (r)obtained
self-consistently from the O7 equation. As a closure relation for the OZ
equation (3.12) we are using the polymer hypernetted chain (P H N C)
approximation [16], relating the direct ¢} (r) and total A%/ (r) partial cor-
relation functions as

92 (r) = B () + 1 = exp (=BIUTL (1) + UL, (M) + 75 (1)),
gi-(r)=hi_(r)+ 1 =exp (=pUL(r) + UL_(r)] + 7 _(r)),
g--(r) = ho_(r)+ 1= exp (=BIUZ_(r) + UZ_(r)] + 7-_(1)),
G ) = W (1) = g (A () gd (1) = B (1) = g} (n)r ()
922 (r) = i) =

95 () [T () 4 7 ()2 () + S22 () + ()]
gii(ry=hit(r) =g (r) [P () + 72 () (0] (3.15)

where § = 1/kT, 757 (r) = b2 (1) — ¢£ (7). The indices a and 3 denote the
bonded states of the corresponding particle. The case of @ = 0 corresponds
to an unbounded particle, « = A or @« = B — to the particle with the bonded
site A or B.

In the present theory the equilibrium properties of the system are de-
scribed via the average pair distribution functions ¢,,(r) which are related

to the partial distribution functions gjbﬁ(r) by

91 (1) = 20 + g () + g5+ o) + g4

m
R 2
gr(r)=g5_(r)+ ng_(r), (3.16)
Thermodynamical properties of the system can be obtained by using the

same expressions as those in section 3.1 with m calculated self-consistently
together with the solution of the OZ equation.
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4. Results and discussion

It is known [7,8] that the Coulomb interionic interaction defines the be-
haviour of usual electrolyte solutions for the dilute range of ionic concen-
trations. The influence of the Coulomb interaction is characterized by two
parameters: the Debye length r, = x~" and the Bjerrum length r, = Be*2°1
which describe the ionic screening and ionic pairing effects correspondingly.
The association intercationic interaction includes a new parameter m which
characterizes the mean length value of the polynuclear ionic chain forma-
tion. For the small ionic concentration according to (3.9) m ~ /c and
has concentration dependence similar to the inverse Debye length x ~ /c.
Depending on the value of m the effect of the polynuclear ions formation
can be significant and can lead to a strong deviation from the Debye-Huckel
limiting behaviour for the osmotic and activity coefficients

p 1 i 1
®= g e = ghlee — e — gl (4.1)

Using the theory presented in the previous section, we have evaluated
the influence of cation hydrolysis and polynuclear ion formation on the ther-
modynamic and structure properties of aqueous electrolyte solutions. Both
the thermodynamic perturbation theory and the integral equation theory
yield qualitatively similar thermodynamic properties. The integral equation
method needs more numerical efforts in comparison with the thermody-
namic perturbation theory. But it gives, in addition to the thermodynamic
properties, the pair distribution functions which characterize the structure
of the ionic subsystem. The numerical solution of the OZ equation in PHNC
approximation is obtained using the direct iteration method in [16]. Below
we consider only some results obtained in [16] to illustrate the influence of
hydrolysis on the properties of aqueous electrolyte solutions.

We consider here two examples which correspond to the polynuclear ion
formation for cations AI** and Zr*t. The properties of other solutions of
metal salts will be similar. For example, since the first hydrolysis constant
U** and Pu*t has nearly the same value as for Zr** (see figure 1) we can
expect that aqueous solutions with these actinides will have the similar
properties as the solution with Zr**. As it was shown by Ramsay [6] from
the light and neutron scattering measurements on relatively concentrated
solutions (more than 0.1 mole/l) ions AI** create chains with the length
nearly 30 ions and ions Zr?*t create chains containing approximately 200
ions. From this data we fit the stickiness parameter K, of the intercationic
association and assume that at 1 mole/l map+ = 30 and mg.as = 200.
The dependence of the mean chain length m on the ionic concentration
is illustrated in figure 3 One can see that with the increase of the ionic
concentration the value of m increases. Our calculations show that at the
concentration 0.001 mole/l ma;s+ =~ 3 and at the concentration 107¢ mole/1
mzea+ =~ 2. For a more dilute solution, according to (3.9), m — 1 and only
mononuclear ions exist.

The influence of the polynuclear ion formation on the activity and os-
motic coefficients is illustrated in figure 4. One can see that with the increase
of the interactionic association the deviations from the behaviour of the re-
strictive primitive model strongly increase, which is explained by increasing
the mean chain length of polynuclear ions. With the increase of the ionic
concentration the value of m also increases and a deviation from the ionic
restrictive primitive model behaviour increases, however more slowly for
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Figure 3. The mean chain length m of polynuclear ions as a func-
tion of ionic concentration c.
——————— solution with ions Al3t,
————— - solution with ions Zr**.

higher concentrations due to the influence of the hard sphere contribution
which does not depend on the degree of association.

The influence of the polynuclear ion formation on the ionic structure is
more pronounced. The pair distribution functions of the restrictive primitive
electrolyte model for the concentration region smaller than 1 mole/l are
monotonous enough and ¢, (r) = ¢g__(r) [8]. Due to the formation of
polynuclear ions the intraionic distribution function

1
m2

9 = —lofE) — 0] = g () + S5 (4)

appears in the cation-cation distribution function g4, (r) and according to
(3.9) the cation-cation coordination number

Npy = 27rc/gfj_rar21_’ = QmT (4.3)
0

is fixed. As a result, the first maximum of the pair distribution function
g4+ (7)increases with the increase of chain length m. According to condition
(4.3) the first maximum of g, ,(r) for large enough m will also increase with
the decrease of the ionic concentration.

Such a change of g, ,(r) produces corresponding changes for all pair
distribution functions which are connected by the local electroneutrality
condition [8]

[ee] [ee]

2rc [lgs-(r) = gos (Dt = 27c [lg4-(r) =g (1 =1 (4.0)

0 0
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Figure 4. The osmotic coefficient ® and the mean ionic activity
coefficient v for aqueous solutions of metal salts.
——————— solution with ions Al3*,

————— - solution with ions Zr**.

As a result of the polynuclear ion formation the equality g, (r) = g__(r)
is broken and instead of it, according to (4.4), we have

Jlger) = g1 =0 (45)

Since all the distribution functions are connected by the local electroneu-
trality conditions, a change in one of them causes changes in all the other
distribution functions. Here we discuss such changes connected with the
polynuclear ion formation. The influence of the polynuclear ion formation
on the ionic structure is illustrated in figure 5 in which pair distribution func-
tions for two values of the ionic concentration 0.01 mole/l and 0.105 mole/1
are shown. For comparison the pair distribution functions for the restric-
tive primitive model (m = 1) are also presented here. One can see that
the appearance and the increase of the first maximum of ¢, (r) produces
the increase of the first maximum of the cation-anion distribution function
g4—(r) which leads to the specific “condensation” of anions into polynuclear
ions. One can also observe changes in the behaviour of the anion-anion dis-
tribution function ¢g__(r) which becomes more structural with the increase
of m.
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5. Conclusions

In this paper the mechanisms of the cation hydrolysis and polynuclear ion
formation in aqueous solutions of metal salts are reviewed. For the de-
scription of the influence of this phenomena on the properties of electrolyte
solutions we expand usual ionic models by including the additional associa-
tive interaction between cations which leads to the formation of polynuclear
ions. Qur approach is based on the multidensity formalism developed in the
modern theory of associating fluids.

The influence of polynuclear ion formation is characterized by the mean
chain length m which has the similar dependence on the ionic concentration
as the inverse Debye length k. We have shown that the influence of the
polynuclear ion formation on thermodynamics and structure properties of
electrolyte solutions can be very important in a wide range of concentra-
tions, including a rather dilute concentration region of 107° mole/l, when
polynuclear ions begin to form.

As a result of the formation of polynuclear ions, the intracationic distri-

bution function ¢"{"*(r) appears in the cation-cation distribution function

g44(r). Since all the distribution functions are connected due to the local
electroneutrality condition, such a change of g, (r) automatically leads to
the corresponding changes of g, _(r) and g__(r).
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HOBI ACIIEKTU B TEOPII BOODTHUX PO3UMHIB

EJEKTPOJIITIB: EOEKTU KATIOHHOTI'O I'TAPOJII3Y

TA YTBOPEHHSA BATATOAIEPHNMX IOHIB

M.dD.T'onosxko

Y TBOpeHHA GaraToAnepHUX 10HIB y BOTHUX PO3UMHAX €JIEKTpPO-
JTIB IMITY€ThCA acoliaTUBHOIO MiKKaTioHHOIO B3aemomieto. Ha
OCHOBI 6araToryCTUHHOTO acoliaTUBHOTO (opMadizmy mobyaoBa-
Ha CcTaTUCTWUHA Teopis miei iomroi momem. Teopisa mepenbavae
3HAUHUII BITAB yTBOPEHHA GaraToANepHUX i0HIB Ha TepMOTUHAMI Y-
Hi Ta CTPYKTYPHI BJACTUBOCTI PO3UMHIB €JMEKTPOJITIB B MMMAPOKIil
KOHIEHTPALIHIT 061acTl, BKIIOUAOUN 06J1acTh CUIBLHO PO3Beme-
HUX PO3UMHIB.



