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A weakly relativistic statistical system of charged particles and an electro-
magnetic field is considered. The effective Hamiltonian of the system is
obtained by the canonical Bogolubov transformation. The screening of the
relativistic direct interaction of particles and renormalization of the photon
energy spectrum are shown.
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It is well known that there is a wide range of physical phenomena for the de-
scription of which it is necessary to account relativistic effects. Generally speaking,
the most suitable theory of such phenomena must be the field theory. Neverthe-
less, for a long time an alternative description of relativistic systems on the basis
of direct interaction theories is being developed. These are the theories where in-
teractions between the particles are described by some functions (or functionals)
which are depended only on particle variables. Apparently, one of the first such
theories is the Wheeler—Feynman electrodynamics. Another trend of developing
direct interaction theories is based on deriving the main expressions for series by
power of ¢! (c is the velocity of light in the vacuum). It is sufficient to account
only a few first terms of the series because the relativistic effects are often small.
And, moreover, in the lowest approximations it is possible to fully neglect the field
degrees of freedom (for electromagnetic and gravitational interactions they appear
only in ¢® and ¢° approximations, accordingly). In higher approximations it is
possible to account the influence of the field degrees of freedom with the help of
introduction of higher derivatives into the theory. An important contribution to
developing such theories was made by Professor Gaida and his followers. Sepa-
rately proceeding from such general principles of the relativistic direct interaction
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theories like causality, Poincaré invariance and separability of interactions, Prof.
Gaida found the general appearance of Lagrangians and Hamiltonians on the ba-
sis of which both the classical and quantum mechanics are formulated. A series of
results are given in review [1].

Successful development of the relativistic direct interaction theories to a great
extent stimulated the carrying out of such an investigation in statistical physics.
However, it is shown that formulating the post-Newtonian (weakly relativistic) sta-
tistical mechanics on the basis of canonical alignment the post-Newtonian classical
mechanics is not always possible. It is connected with the necessity to take into
account the existence of thermodynamic limit (N — oo, V' — oo, N/V — const)
when Lagrange variables transform to Hamilton ones (that process is always ap-
proximate). As it is shown in [2], any finite developing to series by power ¢!
does not coordinate with thermodynamic limit for long-range interaction systems.
Therefore, it is necessary to take into account all the terms of series by power ¢ *
and the Hamilton function will intricately depend on parameter ¢=!. The Green
functions and Liouville distribution will be also complicated because they are
constructed from the Hamilton function. For post-Newtonian systems of charged
particles this Hamiltonian was firstly obtained in [3] from the Darwin Lagrangian.
In the present paper we show that the same result can be obtained on the basis of
the canonical u-v Bogolubov transformation which is widely used in the theories
of superconductivity and superfluidity.

Let us consider the system of N charged particles and the electromagnetic
field that is created by the particles. It is convenient to use the Coulomb gauge of
electromagnetic potentials. At the same time the Hamiltonian of the system can
be described by the following expressions, including terms that are proportional
to 1/¢%:
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where b;:’ y» bk, ) are photon operators of creation and annihilation, ey (k) are normal-
ized polarization vectors, U, is the Coulomb interaction energy, V' is the volume
of the system. Next calculations are carried out by the use of a random phase
approximation, when only interactions between particles with equal pass impulse
are taken into account. In this case ), A*(r;) ~ N, A} and H" can be united
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with the Hamiltonian of free electromagnetic field H;. After the accounting of
ortogonalization of polarization vectors ((ex(k), ey (k)) = 4, y/) we find

H;+H' = Z T bj \bey +
kA
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It is well known that such quadratic forms can be diagonalized by the canonical
Bogolubov transformation [4,5]. In our case it is described by the formulas:

— + i +
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After the necessary calculations we find
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Here the following expressions are accepted:
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Let us consider only the classical statistical system of charged particles. Then in

(4) we can except linear for oy, ag terms by the translation transform. We
include new operators (analogous to [5]):

o

Mer = x + Y/ Ers  Tix = Qjn + 7-kr/Ek,

that do not break the commutation alignments of the Bose statistics. After trans-
forming to new variables in (4) we find:

Hy + H +H =K+ Z Ekn,:wk,x - Z’Yk,,\V—k,/\/Ek- (6)
) kA

The last term describes relativistic corrections to the interaction. After taking into
account expressions (3), (5) and the formula

Z el)f(k)ei(_k) = 5}111 - kuky/kQ, n,V=2x,z,
A
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we can transform the last term in (6) into the following form:

2 (1) (o) e ™

) Dk IR I I VTS BC

m2c?

Since H; ~ 1/c*, we can neglect the terms p?/m?c? in (7). Moreover, it is nec-
essary to carry out renormalization of the particle mass. For that it is sufficient
to withdraw from (7) the terms of self-action (the terms with j = [) that do not
depend on w?. The rest of self-action terms are united with the Hamiltonian of the
particles and it leads to the appearance of effective mass m* = m(1 — 2e*wq/3mc?)
(see [3]).

After the analysis of the obtained results we can see that Hamiltonian (1) in
the post-Newtonian approximation can be written in the form of a sum of three
terms. They are the Hamiltonian of field H, the energy of zero oscillations K and
the Hamiltonian of particles #,:

Hy = Z Exg ey, Er = h\/m, )

K = %;(Ek — Tick), (10)
H, Z<2m*— 2, >+U+ > Hi, (11)

J#l

Let us make several comments. Expression (9) can be interpreted as an effective
Hamiltonian of the electromagnetic field. Since FEj is real, then it is possible to
describe the photons as quasiparticles that correspond to elementary excitements
of the particles and the field, and Ej is the energy of the photon—quasiparticle.
The difference of Ey from hck determines the changing of the radiation spectral
distribution. As it is shown in [6], the corresponding correction to the radiation
energy of an absolutely black body can be described by the formula —me?6?/3hmc?
(0 is statistical temperature).

The energy of zero oscillations K has a divergent value. But this infinite con-
stant does not influence the thermodynamic and kinetic properties of the system
because we can get rid of K by renormalization. Actually, after introducing into
(10) the limit impulse %k, we shall obtain:

he?k?  N? het koc 1
K=N In{2— ) —=|. 12
2rme V. m2c3 [ ( w()) 4] (12)

The first term can be neglected because it describes the changing of the vacuum
state energy of the field that is connected with the interaction of the particles and

572



The canonical u—v Bogolubov transformation

the field (if we use a normal regularization of the field operator in (2), this term will
not appear). The second term disappears in consequence of mass renormalization.
Actually, a bare mass is included into (12) and for its transition to a physical
mass it is necessary to substitute m + dm for m where dm is an electromagnetic
mass. Since dm ~ In(fikg/mc), then the second term in (12) is proportional to
dm/(m + dm)? and disappears if dm — oc.

H, has the substance of an effective particles Hamiltonian. Formulas (8), (11)
coincide with the results that were obtained in [3] from the Darwin Lagrangian by
the Legendre transformation. Transformation to canonical variables is connected
with summing some infinite series by power ¢=2. Within the framework of a field
approach the similar results were obtained in [7]. As we can see from (8), (11), the
relativistic interaction between the particles is screened at the distance ¢/wq. The
appearance of screening and effective particle mass m* is the consequence of many-
particle character of a long-range electromagnetic interaction in canonical variables
(note that for the classical Newtonian mechanics in the case of N > 3 in Hamilton
variables the interaction does not reduce to the sum of pair interactions (see [1])).
In the random phase approximation many-particle interactions are substituted for
effective two-particle interactions that are described by a screened potential. From
the formal point of view the appearance of screening is connected with taking into
account term H' in (1). The obtained formulas do not contradict the results of
mechanics. In classical mechanics N and V' are not connected variables. Therefore,
after V' — oo and wy — 0 from formulas (8), (11), we shall have the classical
expression that is analogous to a weakly relativistic Breit Hamiltonian (see [8]).

Using an effective Hamiltonian (11) for the calculation of thermodynamic func-
tions 0 F, does not lead to divergences. For example, the relativistic correction to
the free energy of the classical system of charged particles in the random phase
approximation is determined by the sum of ring contributions (HioHos ... Hni)
(symbol (. ..) signifies the averaging by the distribution function of non-interactive
particles). If 7, is the Breit Hamiltonian, the sum of those contributions can be
represented by the divergent series

=355 0 ()

After performing the same calculations with Hamiltonians (8), (11), we shall obtain
the series:

=555 (@)

that is obviously convergent.
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KaHoHiyHe u — v nepeTBOpeHHa Borono6oBay
cnabkKkopenaTuBiCTUYHIN Teopil CUCTEM 3apAaXKEeHUX
YaCTUHOK

J1.®.BnaxuneBcbkuia, H0.C.KpnHnubkuin

JIbBiBCbKUI AepXaBHU ypiBepcuTteT iM. |. DpaHka, kadenpa
TeopeTnyHoi disnkm, 290005 M. JibiB, Byn. paromaHosa, 12

OTpumaHo 6 TpaBHsa 1998 p.

PosrnapgaeTbcsa cTaTUcTUYHA cnabkopensaTUBICTUYHA CUCTEMa 3apsaxe-
HUX YACTMHOK | eNeKTPOMarHeTHOro nonaga. KaHoOHiYHUM NepPeTBOPEHHAM
Boronio6oBa oTpuMaHo epeKkTUBHNIN raminbTOHIAH cuctemn. BusisneHo
eKpaHyBaHHA PeNATUBICTUYHOT NPAMOI B3aEMOLji Ta NepeHOpMyBaHHSA
EHEepreTMYHOro crnekTpy GOTOoHIB.

Knio4oBi cnoBa: ciabkopensaTusicTv4Ha Teopis, IePETBOPEHHS
Bboronwbosa

PACS: 05.20.-y, 03.30.+p

574



