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Based on solving the Kramers-Kronig integral equation, binding the spec-
trum of refractive index n(ω) of dielectric experimentally measured in the
range of transparency (ω) and its spectrum of absorption index k(ω′) in the
fundamental range (ω′), the dispersion analysis of these parameters has
been proposed. The elaborated method has been applied to the triglycine
sulphate crystal, in which the display of valence electrons interaction has
been established, and the temperature dependence of the characteristic
parameter of this interaction has been studied in the region including the
ferroelectric phase transition at Tc = 49 ◦C.
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1. Introduction

The photon energy dispersion of the refractive index n(ω) of a dielectric such as
the triglycine sulphate crystal (TGS) in the range of its transparency (0.4–5.6 eV) is
determined by the spectrum of absorption index k(ω ′) in the range of resonance ex-
citation of valence electrons (ω ′ > 5.6 eV for TGS) according to the known Kramers-
Kronig relation [1]

n(ω)− 1 =
2

π

∞∫

0

ω′k(ω′)dω′

ω′2 − ω2
. (1)

In the previous papers [2,3] the method of solving the integral equation (IE)
(1) had been offered. In the present paper the method of IE (1) solving has been
presented in detail. This method has been applied to the ferroelectric triglycine
sulphate (TGS) crystal for the sake of studying the peculiarities of dispersion of
refractive index n(ω) and its temperature changes in the range of phase transition
at Tc = 49 ◦C.
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2. Method of investigation

Kramers-Kronig relationship (1) is a partial case of the first order Fredholm IE
[4]

b∫

a

R(x, s)k(s) = f(x)c 6 x 6 d. (2)

Here R(x, s) is the kernel of equation, f(x) is the right hand known part determined
on [cd] range, k(s) is the unknown function determined on [ab] range. The relation
[ab] 6= [cd] takes place. IE (1) can be presented as follows:

n(ω)− 1 =
2

π

ω3∫

0

ω′k(ω′)dω′

ω′2 − ω2
+

2

π

∞∫

ω3

ω′k(ω′)dω′

ω′2 − ω2
= I1 + I2 , (3)

where ω3 has been stated as ω3=50 eV. The latter value of photon energy exhausts
the optical transitions of valence electrons to the lowest conduction band, which
almost completely form the refractive index dispersion n(ω) in any dielectric. In the
ω′ > 50 eV range the absorption index k(ω ′) was approximated by the dependence
k(ω′) ∼ (ω′)−7/2 with the power p=–7/2 [5]. Taking into account the latter fact and
the relation ω2 ≪ ω′2(ω′ > ω3), one can calculate the integral I2 analytically using
the iteration method [2]. Then the problem is transformed to solving the next IE

n′(ω)− 1 = n(ω)− 1− I2 =
2

π

ω1∫

0

ω′k(ω′)dω′

ω′2 − ω2
+

2

π

ω3∫

ω2

ω′k(ω′)dω′

ω′2 − ω2
= I1 . (4)

The first integral in (4) reflects the part of n(ω) value to be formed by the vibration
(phonon) subsystem of a dielectric while the second integral to be formed by the
electron subsystem. The contribution to the n(ω) from the electron subsystem of di-
electric predominates over the analogous contribution from the vibration subsystem,
because the electron spectrum width ω3−ω2 ∼ 40 eV is much greater than the vibra-
tion spectrum width ω1−0 ∼ 0.4 eV and the corresponding absorption index values
are of the same order. The fundamental absorption band in the range of vibration
excitations is represented in the work by one oscillator ω=0.2 eV corresponding to
the center of the typical vibration band 0–0.4 eV.

IE (4) can be represented in the form of a system of N linear algebraic equations.
This system can be solved by the least square fitting method [6], in which the greatest
rank of characteristic matrix should be chosen to obtain the positive k i values. This
is the only necessary condition for applying this method to different mathematical
problems of the type (2). From this viewpoint, this method can be applied to the
equation (2) with unrestricted forms of the kernel R(x,s). One can use the calculated
spectrum k(ω′) to find the adequate dispersion nc(ω) through the formula (4) and
then to find the discrepancy δn(ω)=nc(ω) − n(ω) for the experimental (n(ω)) and
re-calculated (nc(ω)) spectra. Among the reasons of this discrepancy are the errors
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in experimental determining the n(ω) dispersion. The validity of the method was
checked using the following test. First, the known ki(ω

′) spectrum of hypothetical
material in the ω ′ > 5.0 eV range was used to calculate the dispersion n(ω) in the
0.4–5.0 eV range from the relation (4). Then, the corresponding absorption k(ω ′)
spectrum was calculated by solving the same IE (4). One can estimate the degree of
ki(ω

′) spectrum reproducibility from the figure 1. Even a relatively narrow spectral
band is well reproduced if it is placed sufficiently close to the low-energy edge of the
fundamental absorption range.
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Figure 1. Absorption index spectra k(ω′) of hypothetical material: open circles
– input data; solid line – calculated data.

3. Results and discussion

Two absorption spectra k(ω′) for TGS crystal are shown in figure 2. The spectra
have been obtained using two different methods: from the calculation by the experi-
mental reflection spectra R(ω ′) in the 5–22 eV range (1) [7] and from the calculation
by the refractive index dispersion n(ω) in the 1.5–5.2 eV range (2) [8]. Both spectra
are similar. Small energy region ∆ω ′ ∼1 eV with negative k(ω ′) values is observed
in the low-energy range of the spectrum 2. An analysis of the solutions of the IE (4)
for different analytical dependences k(ω ′) ∼ ω′(−p) in the ω′ > ω3 range (different
values of the power p) has shown that one should find the cause of negative k(ω ′)
values in other physical mechanisms of refractive index dispersion n(ω) formation
not taken into consideration in the equation (4). There are at least two mechanisms
of the kind.

First, the damping of electron excitations can be presented in the following form
of the kernel of IE (2) [9].

R(ω′, ω) =
2ω′

π(ω′2 − ω2 + γ2ω2

ω′2
−ω2 )

. (5)
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Figure 2. Absorption spectra k(ω′) of TGS crystal at 25 ◦C: 1 – obtained from
experimental reflection spectra; 2 – calculated from the IE (4)

Here, γ is a characteristic energy (effective half-width of fundamental band for the
dielectric), to be inversely proportional to the damping time τ of electron excitations
(τ ∼ h/γ).

Second, a spatial dispersion, which can be displayed at high energies of refractive
index dispersion, is not accounted for in the IEs (1) and (4) either. A spatial dis-
persion is the dependence of polarization of the dielectric on the wavelength vector
q [10,11]. That can be displayed on the refractive index dispersion n(ω), because
the wavelength vector q is connected by means of frequency ν with the energy ω
: |q| = 2π/λ=2πnν/c=nω/hc. Spatial dispersion effects are essential close to the
exciton resonance regions, and its value can be characterized by the effective mass
of exciton Meff [10]. Taking into account this effect, the kernel of the IE (2) can be
presented in the form [11]

R(E,E0) =
2E

π(E2 − E2
0 +

EE2
0

Meffc2
)
, (6)

where c is the light velocity in vacuum. Both corrections in the kernels (5) and (6)
decrease the refractive indices n(ω) and are inversely proportional to the (ω ′2 − ω2)
difference. Ignoring this peculiarity can be the cause of negative absorption index
values observed at the low-energy region of fundamental absorption spectrum k(ω ′)
(figure 2).

Applying the kernels (5) and (6) to the absorption index calculations for TGS
crystal has shown the necessity of comparatively considerable corrections for the ker-
nel of IE (4) to avoid negative values in the k(ω ′) spectrum. These are comparatively
large effective half-width, γ ∼5 eV, or comparatively small mass M eff =510−4me.
The above mentioned corrections of the kernel of IE (4) lead to an essential decrease
of the discrepancy δn(ω)=nc(ω) − n(ω) of the calculated and the experimental re-
fractive index dispersions. The decrease of this discrepancy is 200–300% of the value
corresponding to the not changed kernel of the IE (4) (figure 3).
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The parameters γ or Meff probably depend upon the energy ω′ in wide spectral
range 5–50 eV. The curves 2 in figure 3 and figure 4 correspond to the smoothed
dependence of the effective mass, Meff = const · ω′/ω , for which the only positive
values k(ω′) and sharp exciton-like maximum on the low-energy edge are observed
(figure 4). The presence of excitons in this region of TGS fundamental absorption
had been shown earlier [12]. The spatial dispersion can be interpreted as the presence
of elastic bonds between spatially separated electron oscillators [11]. On the other
hand, the damping of electron excitations in the crystal is realized due to some
bonds of the active oscillator with the surrounding particles. Thus, both of the above
mentioned mechanisms can reflect a common physical feature. This is the presence
of the bonds between elementary oscillators (particles) in the characteristic range of
the valence electron localization (∼ 102 nm). So far as the temperature determined
phase transitions in crystalline dielectrics are considered to be of cooperative effect,
then investigating the temperature dependence of spatial dispersion Meff(T ) or the
damping parameters γ(T ) can be useful for studying these critical phenomena.
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Figure 3. Spectral dependences of the discrepancy δn(ω) =nc(ω) − n(ω): 1 –
nc(ω) is calculated from the equation (4); 2 – nc(ω) is calculated from the IE (4)
with the kernel (6)

Based on the refractive index n(ω) of TGS crystal, which had been measured
at 13 temperature points in the 0–79 ◦C region [8], the temperature dependence of
an effective exciton mass Meff(T ) has been obtained (figure 5). If one could perform
the calculation of absorption spectra k(ω ′) for different temperatures of the crystal
using the kernel (5) and the appropriate form of γ(ω ′) = h/τ(ω′) dependence, then
the obtained temperature dependence of characteristic time τ(T ) would have similar
characters to the observed Meff(T ) dependence. There are two circumstances for the
choice of the damping of electron excitations against the spatial dispersion effects
as the preferential physical model corresponding to the kernel correction in the IEs
(1) or (4). First, an extremely small value of effective exciton mass M eff=5·10−4me,
necessary for the only positive fundamental absorption indices k(ω ′) realization, is
rather not a real one. Second, the inverse proportional dependence of the effective
exciton mass upon the temperature of TGS crystal in the comparatively wide region
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Figure 4. Absorption spectra k(ω′) of TGS crystal at 25C: 1 – obtained from
experimental reflection spectra; 2 – calculated from the IE (4) with the kernel (6)

0–79 ◦C does not coordinate with the known temperature damping of intensity of
exciton fundamental absorption bands. (The infinite value of Meff corresponds to the
absence of exciton effects). Thus, this analysis of the refractive index dispersions for
different temperatures of TGS crystal makes it possible to establish the anomalous
decrease of electron excitation damping time t in the region of 40–45 ◦C of ferroelec-
trical phase of TGS on the ground of comparatively smooth temperature lowering
of this parameter. The latter can be interpreted as an increase of electron-phonon
interaction in the initial part of ferroelectrical phase (T c < 49 ◦C) of TGS crystal.
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Figure 5. Temperature dependence of the effective parameter Meff(T ) for TGS
crystal corresponding to the kernel (6) of IE (4)

4. Conclusion

1. The new calculation method of the fundamental absorption k(ω ′) spectra based
on the refractive index n(ω) dispersion in the range of transparency of the
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crystalline dielectric has been worked out by solving Kramers-Kronig integral
equation.

2. Negative values of absorption indices k(′ω) in the narrow (∼1 eV) region on the
low-energy side of absorption band 5–50 eV for TGS crystal can be explained
by the unaccounted electron excitation damping and/or by spatial dispersion
effects. The latter factors, if taken into consideration, lead to the only positive,
real k(ω′) values and to the decrease of discrepancy between the calculated and
the experimental refractive index dispersions.
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Особливості дисперсії показника заломлення в

кристалах ТГС

О.Я.Мищишин, Б.В.Андрiєвський, М.О.Романюк,

В.Ю.Курляк

Львівський державний університет ім. І.Я.Франка,

79005 Львів, вул. Кирила і Мефодія, 8

Отримано 9 вересня 1998 р., в остаточному вигляді –

15 вересня 1999 р.

На основі розв’язування інтегрального рівняння Крамерса-Кроніга,

яке пов’язує спектр показника заломлення n(ω) діелектрика, експе-

риментально виміряний в області прозорості (ω), з його спектром

показника поглинання k(ω′) у фундаментальній області (ω′), запро-

поновано дисперсійний аналіз цих параметрів. Розроблений метод

застосовано до кристалів тригліцинсульфату, в якому встановлено

прояви взаємодії валентних електронів і вивчено температурну за-

лежність характеристичного параметра цієї взаємодії в області, що

включає сегнетоелектричний фазовий перехід при Tc = 49 ◦C.

Ключові слова: сегнетоелектрики, оптичні властивості, дисперсія

показника заломлення
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