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In recent work a solution of the Ornstein-Zernike equation for a general
Yukawa closure for a single component fluid was found. Because of the
complexity of the equations a simplifying assumption was made, namely
that the main scaling matrix I" had to be diagonal. While in principle this
is mathematically correct, it is not physical because it will violate symmetry
conditions when different Yukawas are assigned to different components.
In this work we show that by using the symmetry conditions the off diago-
nal elements of T' can be computed explicitly for the case of two Yukawas
solving a quadratic equation: There are two branches of the solution of this
equation, and the physical one has the correct behavior at zero density.
The non-physical branch corresponds to the solution of the diagonal ap-
proximation. Although the solution is different from the diagonal case, the
excess entropy is formally the same as in the diagonal case.
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scaling approximations
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1. Introduction

There are many problems of practical and academic interest that can be formu-
lated as closures of either a scalar or matrix Ornstein-Zernike (OZ) equation. These
closures can always be expressed by a sum of exponentials, which do form a complete
basis set if we allow for complex numbers [1-5]. Another interesting application is
to fluids with non-spherical molecules, like water [6,7].

While the initial motivation was to study simple approximations like the Mean
Spherical (MSA) [8] or Generalized Mean Spherical Approximation (GMSA) [9-
13], the availability of closed form scaling solutions [14-16], an equation makes it
possible to write down analytical solutions for any given approximation that can be
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formulated by writing the direct correlation function ¢(r) outside the hard core as

M ®) efzn(T*J) M . e~ #nT
c(r):ZK f:ZIC — (1)
n=1 n=1

In this equation K™ is the interaction/closure constant used in the general solution
first found by Blum and Hoye (which we will call BH78) [17], while K™ is the
definition used in the later general solution by Blum, Vericat and Herrera (BVH92
in what follows) [16]. In this work we will use the more common notation of BVH92.
The case of factored interactions discussed by Blum, [14,18] was simplified by Ginoza
[15,19,20] for the one Yukawa case.
We have
KO = ggmsm ) Z g g g (2)

where
5 — () g=zn0/2 (3)

The general solution of this problem was formulated by Blum, Vericat and Her-
rera [16] in terms of a scaling matrix I". The full solution was recently given by Blum
et al. [1,2,4]. For only one component the matrix I' was assumed to be diagonal and
explicit expressions for the closure relations for any arbitrary number of Yukawa
exponents M were obtained. Then, the solution is remarkably simple in the MSA
since explicit formulas for the thermodynamic properties are obtained.

The diagonal assumption is however not correct for mixtures, even if they are
of the same hard core diameter. It is also more natural to solve the full problem
with no diagonal assumption and compute the nondiagonal terms of the I' matrix
using the symmetry relations: In this work we do precisely the following: the sym-
metry relations are used to calculate explicitly the off diagonal terms of T" in the 1
component, 2 Yukawa case.

2. Summary of the previous work

We study the Ornstein-Zernike (OZ) equation
(1) = 5(12) + Y [ dsha(13)picns(32) ()
k

where h;;(12) is the molecular total correlation function and ¢;;(12) is the molecular
direct correlation function, p; is the number density of the molecules i, and i = 1,2
is the position 7,71 = |7} — 73| and oy; is the distance of the closest approach of
two particles (or species) i, j. The direct correlation function is

M
—zn(r—o4j;)
n) €
cij(r) = ZKZ'(]' )Ta >0, (5)
n=1
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and the pair correlation function is
hij(r) = gii(r) —1=—-1,  r<oy. (6)
We use the Baxter-Wertheim (BW) factorization of the OZ equation
T+ pH()| [T pC(k)| =T, (7)
where [ is the identity matrix, and we have used the notation
H(k) = 2/00 dr cos(kr)J(r), (8)
0
Sk = 2 /0 " dr cos(kn)S(r). ()
The matrices J and S have matrix elements
Jij(r) = 2w /OO ds shi;(s), (10)
Sii(r) = 2m /OO ds sci;(s), (11)
1-pCk)| = [1-pQ0)]| [1-pQ7 (k)] (12)
where Q7 (—k) is the complex conjugate and transpose of Q(k). The first matrix is
non-singular in the upper half complex k-plane, while the second is non-singular in

the lower half complex k-plane.
It can be shown that the factored correlation functions must be of the form

Q) =15 [ dre Q) (13)
)\ji
where we used the following definitions
1 1
0ji = 5lo5+ i), N =505 —ou), (14)
() = Q) ~ [ dnQErpQT(r 1) (15)

Similarly, from equation (12) and equation (7) we get, using the analytical prop-
erties of ) and Cauchy’s theorem

I(r) = Q(r) + / dr 3 (r — m)pQ(r). (16)

The general solution is discussed in [3,15,18], and yields

qij(r) = g (r Z DWe=r N <, (17)
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giy(r) = (1/2) ilr=03/2)" = (0:/2)"] + B;[(r — 0/2) — (0:/2)]

+Zo(n —zn0]/2 —zn(r o;i/2) _ —znai/2]’ Aji <r<0_ij' (18)

From here
n 1
X" = 0i0(zu0) I = 6 = Zai0(2000) 3 oSN, = o2 (za0) A, (19)
¢
or

Here we use the notation of our previous work [3]

2.1. The Laplace transforms

From equation 16 we obtain the Laplace transform of the pair correlation function
21 Y Gu(8)[04" — pedes(is)] = ¢ (is), (21)
¢
where

@ = [ " dre Tl ()

ij

(2 )

e 50

o Z —(s—&-zm)m] C(m) (22)
S —|— Zm

The Laplace transform of equations (17) and (18) yields

iy (is) = 07 (s03) Aj + 0761 (s03) B
]_ m m —z - M) —20ii m) —zmoij;
+ Z P [(CZ-(]- )+ DZ(]- Nem2mii C’Z-(j Jg=#m '”Zm0i¢0(302‘)0i(j Jememai) (23)

This result will be used below.
Another important relation deduced from equation [21]by setting s = z, is

where
= 1 2 : n m m m (n
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3. The general one component closure
The closure relation (BVH92 [16] ) is, for only one component

o K () 5(n)
Zn

1
_ (n) ,(m) (M) p(m) _ x(m)] _ ) x(m)] — (. 2%
Z Zn, + Zm para ["7 [ Zm ] ] ( )

4 g7

This simplifies to

QWK(n)p[X(n)] + 2 pa(n)X(n + Z [pa(n)&(m)] [pX(m)X(”)] =0, (27)

which is the desired expression. This equation is in a more compact form [1]

2rpK ™ [X™]* 4 2,80

m| _
1+ZZn+Zm ]_0, (28)

where 3™ is
ﬁ(n) — pX(")a(”). (29)

4. Symmetry

In this section we will summarize and extend our previous analysis of the most
general scaling relation [16] for the multi Yukawa closure of the Ornstein Zernike

equation. We have
=2 TanXi™ (30)

where I',,,,, is the M x M matrix of scaling parameters. This matrix is not uniquely
defined by the MSA closure relations and must be supplemented by M (M —1) equa-
tions obtained from symmetry requirements for the correlations. From the symmetry
of the direct correlation function at the origin, equation (15)

i (Nji) = @ji(Aij), (31)

we write

af” = A X, (32)

where, as was shown in reference [16], A must be a symmetric matrix.
From the symmetry of the contact pair correlation function equation (16) we get

{9i;(0i;) = gjiloi;)} = {ai;(04;) = qji(o;)'}, (33)
which are
S -z, xM)al =3 - 2, X )al, (34)
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from which we get the scaling relation

" — 2, x™ = ZTnma(m, (35)

and a new set of M (M — 1)/2 symmetry relatlons

Yo = Lom. (36)
Furthermore, using the scaling relations we get
M-A=T, (37)
where the matrix M (see equation [25])has elements
Bl = —L— 3 [XO X -1y 4 X000 (a9
n m ¢

Solving these equations yields the relations
M. T=A (39)
and _
~(I+z-T7") - M=T. (40)
Both Y and A must be symmetric matrices. We have, therefore, a total of M (M —1)
symmetry relations, which together with the M closure equations give the required

equations for the M? elements of the matrix T
The symmetry requirements are more explicit

r-M =m-r7 M™M’.[7] ' =r"'-M ST (41)
and _ _
I+z- ") - M=M"-(I+[""" 2) SII (42)
the matrix M as 1 1
M=_-D+-M* 43
5D+ 5 (43)
and
\/ —1 n m m n n m
MM = — 3 pe [ X7 (2 X{™ = 201") = (2%, = 2117 X" |
nm Z
—1 n r r m
. 3 p[X< IX W) (2,657 4 2T,) — (2057 + 2T,,) X )X(p)} . (44)
p
where ) )
2p X X
G = T o 2 [Pmp X(m) F””X(n)] ’ (46)
p
and (nn) (mm)
20 7 —20mm) — »
7 Zm T Zn ( )
The second symmetry condition in equation (42) is
MA=T"1""M-z—z MT.[7]L (48)
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5. The two-Yukawa case: symmetric matrix results

We write equation (24) in matrix form [1]

where :
. x .
Xi:[X.(Q)]’ I, =

Using the symmetry relation equation (41) we get

(F(12)X(2) _ r(m)X(l)) S12

) X = 7[){12 — M2
with
. 1 — 22
Nz =, 12D 2T’
21 — 29+ 200D — 2722
Y12 = )

21+ 2o

in equation (45) we can write

T p[Xm 0 H 1 1—X12HX<1>

9l 0 XO || 14y, 1

We rewrite equation (49) as

9 g(l) _ 1 1-— X12 5(1)
GO | 7| 1+ x1 1 Bg@ |-

Here we have defined

If we also define

26 = g 4 g 2g(12) — g _ g2

then we can solve equation (55)
2G%) = 28, + Braxaz, 26" = —B.x12,

or

(12) 9
po=-2f— =g+

X12

g(12)}

(54)

(59)
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From the second symmetry condition equation (60) we get

x @
X ®@

X2
X

PANSY 2D — 2T ATy, 4 27, = 0,

where

o 2D (2 + DAY — 2 7@ (4, 4 T2)
2= 21+ 29 + 270D £ 2T(22)

We also remark that
1
Tig = 5[22F(11)(1 +x12) — 2T (1 = x12)] + x12D VT,

in equation (60) we get
X(Q)Z e X @
xm~t X@
+ [ZQP(H)(l + X12) - le(22)(1 - X12)] = 0.

2T @Y 4 2y1,Dr

Using now equation (51)

XQ2 2 Xy S12X12 22 29 99
X—lgru - Zru [ 5 + 29 + 2T1¢ )} +T@) (2 + @) =,
and
X? X
—12F31 - —1F21 [— 712X12 + 21 + 2F(11)] + F(ll)(21 + F(H)) =0,
X5 Xo
from where
1 S z
o _ 1 12X12 | F12 | NG
g 2{{ 2 +)(12} - F]’
1 S12X12 | 12 (1)
R R S
2 2 X12 2 r
with
Ag) = 23+ S1aX12 [8122(12 + 29 + 211(22)} ,
AP = 2+ six [78122612 -z — 2I‘(11)} ,

5 2 5 2
[29(1) - {% + 212} X12 + 21] - [29(2) - {—g + 2’12} X12 + 22} =

=AY — Al =o.

From here we get the equation

2219 212 +2G0 0
X12 12 + 2. X12 51 =y,

(60)

(61)

(62)

(63)

(64)

(70)

(71)

454



Yukawa fluids: a new solution of the one component case

which yields the two solutions

2 2G(12)
B2y g, = 2 P20 gy (72)

Xz = S12 + 2G5 812

Notice first that in the zero density limit we get
2219 212
X12 = —, X12 = —, (73)
S12 S12

and then in equations (66) and (67) we get the correct zero density limit only from
the choice (B)

1
g(l)ﬁé [{%+812}—21—%] =0, (74)
1 z s
G ~ [{—§+312}—zg—§] —0. (75)
Then
By = _Qg(12) 512

(212 + Qg(lz)) ’

S12 29(12)312
) P R ] C) R A
ﬁ12 (Zl2 + 2g(12)) |:g + <212 + 2g(12))

These expressions turn out to be identical to those derived by Blum and Ubriaco
using the diagonal approximation [2].

(76)

6. Thermodynamics by parameter integration

We will use the notation and the results of Blum and Hernando [3]. We recall
that

Jonm — 70 x 0 _ 50) (77)
Remember that o
XMW =AM 4 7O B(2,). (78)
Here .
j(n) = U(bO(ZnU) - 2050031/11 (Zn)a (79)
and 20
2(n n n “n0
A = g — 2 pst (1 + =5 )- (80)
The total excess internal energy is
E(p) :
SV N g { 5 B<">} _ S
From equation (30) we show that
—T1™ = gt x () (82)

455



L.Blum, J.A.Hernando

where G™ is a (generally algebraic) function of the coefficients B = {31, B2, --}. In
fact in equation (77)

50— S M x )

m

- Z{I(N)gfrg + gmrem) x (m)

m

— 7z x™) L g0 Z v x m)

— {I(") + j(n)g(n)}X(n) (83)
with -
n nm X "
For the 1 component case we get
5
(n) —
X = ) 4 Ggn) ()" (85)

Then, since the “charge” parameters are constants at constant temperature, the
derivative of B™ with respect to the scaling parameter G is

-1 ]9 xX®)
{28
- —[J“”]l{ A } (86)

(I + g Fm)2

where we use the fact that 7™ is independent of G . The desired energy derivative
equation (81) is

oB™
aG ™)

oFE

s = —PX ) 7
or
OF N
gom = ~ 2P
OF " m
s = —p{IX (X, 9
The integrability condition is satisfied since
O’E O*E X VAR
_ _ r (n)12
9GOGTT — agemagm — Onm [MX T g(n)j(n)} ' (89)
Now we use equation (29) to obtain
OE 1 2 512212 512212
— = s = 19gW ———— (90
9G® 3 132 + 51205 + 212012] 202609 +215) l G + s12 (29(12)4_212)} (90)
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and
oF 1 e
og12) 9 {ﬁs(ﬁs + s12) + 21205 + gu{ﬁs — Bia}
— S$12%12 2 X 2 29(8) Cen & 2
4(2G(12) + 25)2 127 <12 12 201 + )
512212

N ' 91

4 (91)

Thermodynamic integration of these equations leads to

e (1 seen V[1 () (e 42607 (s + 2690
k 8 (212 +2607) ) 3 512712

_ <812212) (( 51 + 21 — 212 + 2Q(12)) + 8—?2 (92)

S 219 + 2G(12)) 127
o k[32 By 200 (85 — Ba)
AS = o [F + Z[(ﬁssm + Praz12] — m} : (93)

An interesting point here is that this expression is correct in the zero density limit
without any further adjustement. As was shown by Lin et al. [13], the result ob-
tained directly from the diagonal assumption [2] does not automatically satisfy this
requirement, and the reason for this is that the wrong branch of the solution is used
in this approximation.
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MnuvH IOkaBn: HOBUIA PO3B’A30K OAHOKOMIMOHEHTHOro
BMNagKy

N.Bnom ', Ix.A.EpHanpo?

®disnyHmin pakyneteT, YHiBepcuteT lNyepTo-Piko,
Pio Miegpac, PR 00931-3343, CLLA

®disnyHmin pakynbteT, HauioHanbHa Paga aaepHoi eHepreTuku,
npocn. gens Jlibeptagop, 8250, 1429 byeHoc-Anpec, ApreHTuHa

OTpumaHo 12 6epedHsa 2003 p., B ocTaToO4HOMY BUMNAL} —
23 nunHga 2003 p.

B cydacHux poboTax 3HanAeHO PO3B’A30K PiBHAHHA OpHLITENHA-LepHi-
Ke O75 NPOCTOro OOHOKOMMOHEHTHOMO MJIMHY B pamMKax y3aralbHEHUX
YMOB 3aMukaHHs HOkaBu. Y 3B’A3Ky 3i CKIAAHICTIO piBHAHb Oyno 3po06-
JIEHO MPUMNYLLEHHS MPOo Te, WO ronoBHa ckenniirosa matpuus I' mae
OyTn giaroHanbHo0. Xo4a Lle MaTeMaTMYHO NPaBUbHO, Pi3NYHO LEe no-
pyLlye YMOBU CUMETPIi NMpu CRIBCTaBNSHHI Pi3HMX noTeHujanis KOkaBw
Pi3HMM KOMMOHEeHTaM. B uin poboTi M1 Noka3yeMO, LLLO BUKOPMUCTOBYIO-
4 YMOBU CUMETPIi, HefiaroHanbHi eneMeHTn matpuui I' MOXyTb OyTH
TOYHO 0BYMCNEHI, PO3B’A3YI0YM KBAAPaTHE PIBHAHHSA 45K ABOX MNOTEHL,-
anis lOkaBu. ICHyIOTb ABa PO3B’A3KM LIbOro PiBHSAHHS, ane Tifbku OOVH 3
HUX Ma€ ®i3NYHO NPaBWIbHY MOBEAIHKY MNPUY HYNbOBIN rycTuHi. Hedisny-
HUIA PO3B’A30K BIAMNOBIAAE PO3B’A3KY 3 AiaroHasbHOK anpokCcuMauieto.
| xo4a Hall PO3B’A30K BiApPIi3HAETLCS Bif TOro, WO B AiaroHasbHOMY BU-
nagky, HaoMWKoBa eHTponia GopMasbHO 3a/IMLAETHCS TaKo X.

Kniou4oBi cnoBa: s+ IOkaBu, cepeaHbo-chepnyHe HabvKeHHs,
E@HTPOTrisl, CKeWJIIHrOBEe HaBJINXEHHS

PACS: 61.20.Gy
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