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Spin-glass model with essential
short-range competing interactions
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We consider a proton-glass model with an arbitrary range of competing
interactions within two-particle cluster approximation for the free energy
and within symmetric replica approach. We show that for the thermody-
namic characteristics, the Gaussian approximation for distribution functions
of cluster fields can be used. For a simpler proton-glass model with weak
long-range interactions (linear approximation) we study the effect of the
long-range interactions and random internal fields on the phase diagram
and thermodynamics characteristics. It is shown that small fluctuations of
internal fields can lead to essential smearing of proton-glass transition re-
gion. The adaptability of the theory for a description of proton-glasses of
Rb1−x(NH4)xH2PO4-type is discussed.
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1. Introduction

The systems with spin glass phase transitions have been studied for about 30
years. The hydrogen-bonded crystals of the Rb1−x(NH4)xH2PO4 type, in which a
spin glass state is realized at low temperatures, have been intensively studied both
experimentally [1–3] and theoretically [2,4–7] for more than a decade.

In early works [4,5] the energy structure of a cluster, consisting of the PO4 tetra-
hedron and protons on hydrogen bonds was taken into consideration. In subsequent
papers simple spin models with an infinite range of the mean value and dispersion
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of random interactions were used [2,6,7]. An adequate consideration of all types
of interactions (both short-range and long-range ones) in such systems remains an
important theoretical problem.

The major features of spin-glass systems can be described based on an Ising-like
Hamiltonian H with random parameters hi and kij

H = −
∑

i

hiSi −
1

2

∑

i,j

kijSiSi . (1.1)

In the case of Bravais lattice the indices i and j denote the sites of the lattice.
In the Sherrington-Kirkpatrick model (SK) [8,9] a Gaussian distribution for kij

is used, whereas their mean value 〈kij〉 and dispersion (pair cumulant) do not de-
pend on i, j. Thus this model corresponds to a system with long-range interactions.
The phase diagram, magnetization, parameter of spin glass ordering q, entropy, and
specific heat have been obtained for this model within the framework of symmet-
ric replica approach. However, the entropy and specific heat calculated within this
approach become negative at low temperatures. In [10] the replica symmetry break-
ing solution for the SK model was suggested, which is stable at low temperatures.
Later, the correctness of the replica symmetry breaking solutions was confirmed by
numerical simulations.

To describe the spin glass transition in hydrogen bonded systems of the
Rb1−x(NH4)xH2PO4 type (proton glass) we should consider the internal random
fields with a Gaussian dispersion ∼ x(1 − x). These fields are induced by a substi-
tutional disorder due to the difference in the ionic radii of Rb and NH4 [11]. In [6]
it was shown that in the presence of Gaussian random fields with zero mean value,
the proton-glass transition is smeared out, i.e., the susceptibility is rounded off, and
the proton-glass order parameter remains finite at temperatures above the nominal
freezing temperature (stability limit of the replica-symmetry solution).

Edwards-Anderson model [12] takes into account only the nearest neighbor inter-
actions kij = k. For k, the Gaussian distribution functions or the P (k) = (1−c)δ(k+
1)+ cδ(k−1) distribution are usually used (k = (−1, 1)). It is convenient to explore
this model on a Bethe lattice, because the two-site cluster approximation for a
free energy is exact for such lattices. In [13] an integral equation was obtained for
the distribution function R(σ, 1) of a single effective field ϕ1r exerted on the site
1 by the neighboring site r. In [14] analytical solutions were obtained (considering
the first harmonics of Fourier transformation) at T = 0 and for the coordination
numbers z = 4, 5, 6 and c = 0.5. These solutions contain δ-functions and a symmetric
continuous part and correspond to the spin-glass state. The asymmetric solutions
with a continuous part at T = 0 for z=3, h=0 and an arbitrary c(δ(σ)) found in [15]
have the form

R(σ, 1) = aδ(σ) +
1

2
[(b+∆)δ(σ + 1) + (b−∆)δ(σ − 1)] +

1

2

∞
∑

l=0

dlPl(σ). (1.2)

Here a, b,∆, dl depend on concentration c (a 6= 0 only for odd z), Pl(σ) are the Leg-
endre polynomials. The asymmetric solutions correspond to a mixed ferromagnetic
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state. It is necessary to note that for the Bethe lattice for a pure ferroelectric phase
the function R(σ, 1) contains only one δ(σ − ϕ(T )) function, whereas in a purely
ferroelectric phase ϕ(T ) = 0.

Much later Mezard and Parisi [16] suggested the first step of replica symmetry
breaking (1RSB) for the Bethe lattice. It was shown that earlier results [13–15]
correspond to the replica symmetry (RS) solution. Recently [17] the EA model for
the Bethe lattice with Gaussian distribution of interaction constants was studied
numerically based on an algorithm suggested in [16]. The difference between the
free energy within the RS and 1RSB solutions is less then 4% for z=4,6 (figure 1). A
similar conclusion for the k = (−1, 1) distribution was made earlier. The difference
between RS and 1RSB solutions increases when z increases.

Figure 1. Energy and magnetization in the ground state as functions of µ = 〈k〉
[17]. Simulations based on the 1 step of RSB are compared with solutions of the
integral equation within the RS approximation (solid line).

We suppose that in order to describe the systems with competing short-range
and long-range interactions, in which the prevailing role in forming the spin-glass
state is played by short-range interaction, we can use the replica symmetry ap-
proach. We expect that such a situation takes place in a hydrogen bonded system
of the Rb1−x(NH4)xH2PO4 type (proton glass). In this compound the PO4 tetrahe-
dra and their environment play a decisive role in the formation of the energy levels
of the systems. Our aim is to calculate within RS the thermodynamic characteris-
tics and phase diagrams of Ising-like systems with an arbitrary radius of competing
interaction.
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2. Theory

Within the two-particle cluster approximation, the free energy F can be writ-
ten as

F =
∑

i

F0

(

hi +
∑

ri

ϕiri

)

+
1

2

∑

i

∑

j



Fcl



hi +
∑

ri 6=j

ϕiri

∣

∣

∣

∣

∣

∣

hj +
∑

rj 6=i

ϕjrj

∣

∣

∣

∣

∣

∣

kij





− F0(hi +
∑

ri 6=j

ϕiri)− F0(hj +
∑

rj 6=i

ϕjrj)



 . (2.1)

Hereafter we use the notations

−βF0(x) = ln(2 cosh(βx)), β =
1

T
,

−βFcl(x1|x2|k) = ln
(

2
(

eβk cosh(βx1 + βx2) + e−βkcosh(βx1− βx2)
))

; (2.2)

F
(l)
0 (x) =

∂l

∂xl
F0(x), F

(l,m)
cl (x1|x2|k) =

∂l

∂xl
1

∂m

∂xm
2

Fcl(x1|x2|k). (2.3)

The cluster fields ϕiri , ϕjrj are exerted on the sites i, j by the sites ri, rj of different
coordination spheres. They obey the equation

βϕ1r = Arc tanh

[

tanh (βk1r) tanh

(

∑

k 6=1

βϕrk

)]

. (2.4)

Let us first consider a one-sublattice system (all sites are equivalent after the con-
figurational averaging). We use the following distribution functions

Rn(σ, 1) = 〈δ(σ−ϕ1rn)〉conf , Rn(σ, zn−1)=

〈

δ

(

σ−
zn−1
∑

rn

ϕ1rn

)〉

conf

, (2.5)

R(σ, zn − 1) =

〈

δ

(

σ −
z1
∑

r1

ϕ1r1 −
z2
∑

r2

ϕ1r2 · · · −
zn−1
∑

rn

ϕ1rn −
zn+1
∑

rn+1

ϕ1rn+1 − · · ·
)〉

conf

.

(2.6)

Here Rn(σ, zn − 1) is the distribution function of zn − 1 cluster fields for the
nth coordination sphere, R(σ, zn − 1) is the distribution function of all cluster fields
except for the one field from the nth coordination sphere; zn is the coordination
number of the nth coordination sphere; n = 1, . . . ,M . We shall neglect a correlation
between the cluster fields. Then, from (2.4)-(2.6) we can easily find that (R̃n(ζ, 1)
is the Fourier transform of Rn(σ, 1))

R̃n(ζ, 1) =

∫

dξn

〈

eiζβ
−1Arc tanh(tanh βkn tanh βξn)

〉

kn

R(ξn, zn − 1), (2.7)

R(σ, zn−1) =
1

2π

∫

dζe−iσζ
[

R̃1(ζ, 1)
]z1

×· · ·×
[

R̃n(ζ, 1)
]zn−1[

R̃n+1(ζ, 1)
]zn+1

×· · · .

(2.8)
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If M coordination spheres are taken into account, the relations (2.7), (2.8) yield M
integral equations for M distribution functions R(σ, zn − 1). The free energy can
be expressed in terms of the avarages with the corresponding distribution functions
R(σ, zn − 1) and R(σ, zn) = R(σ)

F/N = (1−z1) 〈F0(σ)〉R(σ)+
1

2
z1
〈

〈Fcl(σ|σ′|k1)〉k1
〉

R(σ,z1−1),R(σ′,z1−1)

+
∑

i>2

1

2
zi

[

〈

〈Fcl(σ|σ′|ki)〉ki
〉

R(σ,zi−1),R(σ′,zi−1)
−〈F0(σ)〉R(σ)−〈F0(σ

′)〉R(σ′)

]

. (2.9)

Using (2.4) and (2.6), the function R(σ) can be expressed via R(σ, zn − 1) only:

R(σ) =

∫

dζR(ζ, zi−1) 〈R(σ−Arc tanh[tanh(βki) tanh(βζ)], zi−1)〉ki . (2.10)

We solve the integral equation numerically in the case when only the nearest neighbor
interactions are taken into account (the reference system with M = 1, z = z1) with
the distribution P (k) = (1 − c)δ(k + 1) + cδ(k − 1). The integral equation for
R(σ, z − 1) = R1(σ, z1 − 1) now reads

R(σ, z − 1) =
1

2π

∫

dζe−iσζ

[
∫

dξ
〈

eiζβ
−1Arc tanh(tanh βk tanh βξ)

〉

k
R(ξ, z − 1)

]z−1

. (2.11)

We solve this equation using the iteration method. As a trial function (zeroth approx-
imation), the Gaussian function R(0)(σ, z − 1) is used with the parameters ϕ(0), q(0)

determined from the system

ϕ(0) = 〈σ〉R(1)(σ,z−1), q(0) = 〈σ2〉R(1)(σ,z−1) −
(

ϕ(0)
)2

. (2.12)

HereR(1)(σ, z − 1) is the first iteration expression (equation (2.11), where in the right
hand side we put the R(0)(σ, z − 1) function). At low temperatures the functions
R(i)(σ, z − 1), starting from the first iteration, contain δ−like peaks. For correct
integration of such functions we use the following relation between the function
f(x) and its Fourier-transform f̃(ζ):

f(x) = lim
ε→0

1

2ε

x+ε
∫

x−ε

dσf(σ) = lim
ε→0

1

2πε

∞
∫

−∞

dζf̃(ζ)e−ixζ sin(εζ)

ζ
. (2.13)

In figure 2 we show the results of the 5th iteration for the function R(σ, z − 1),
the results obtained from the formulas given in [15], and the results obtained using
the Gaussian trial function (zeroth iteration). Already the first iteration yields a
qualitatively correct structure of the R(σ, z − 1) spectrum, consisting of δ−like peaks
of finite widths at ±1,±3. That is so due to the fact that at t → 0 (t = T/z)
the solutions of the system of equations for ϕ1r are close to ± 1. Hence, the sum
of z − 1 cluster fields can have only the following values: ±(z − 1),±(z − 3), . . ..
As one can see in figure 2, R(σ, z − 1) is a symmetric function of σ. Thence, at
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these values of the parameters (z = 4, c = 0.5) the system is in a spin glass state
(〈σ〉R(σ,z−1) = 0, 〈σ2〉cumR(σ,z−1) 6= 0). δ-like peaks can be observed only at very low

temperatures. Already at t ∼ 0.1 the shape of the R(σ, z − 1) curve is very close to
the Gaussian function (see figure 3 for z = 6).

-4 -3 -2 -1 0 1 2 3 4
0
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R

Figure 2. The distribution function R(σ, z − 1) for z = 4, c = 0.5 (spin glass
phase (SG)): trial Gaussian function (dotted line), and the 5th iteration (solid
line) at t = 0.021; an analytical result at t = 0 (dashed line).
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Figure 3. The distribution function R(σ, z − 1) for z = 6, c = 0.5 (spin glass
phase (SG)): trial Gaussian function (dotted line), and the 5th iteration (solid
line) at t = 0.1.

At c = 0.95 the distribution function of cluster fields is a non-symmetric function
of σ (figures 4,5). Thus, at these values of the parameters (z = 4, c = 0.95) the
system is in a ferroelectric state (〈σ〉R(σ,z−1) 6= 0, 〈σ2〉cumR(σ,z−1) 6= 0).
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Figure 4. The distribution function R(σ, z − 1) for z = 4, c = 0.95 (ferroelectric
(F) phase): Gaussian function (dotted line), and the 5th iteration (solid line) at
t = 0.2.
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Figure 5. Comparison of R(σ, z1 − 1) for c = 0.95, z = 4 (ferroelectric phase):
trial function (Gauss) and after the 5th iteration for t = 0.6.

Using the Gaussian approximation for R(σ, z1 − 1) we can obtain the well-known
analytical results for the temperatures of the transitions from pure paraelectric
phase to the spin glass phase (tg) and from pure paraelectric to mixed ferroelec-
tric phase (tc)

tc =

[

Arc tanh
1

(z − 1)(2c− 1)

]−1

−→
z→∞

z(2c− 1),

tg =

[

Arc tanh
1√
z − 1

]−1

−→
z→∞

√
z. (2.14)
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For the reference system we have shown that the iteration procedure for the integral
equation for the distribution functions of (z − 1) cluster fields converges rapidly if
the Gaussian form for the trial function is used (the 5th and high iterations do not
differ). The free energy calculated with the Gaussian distribution function, which
is determined from the extremum condition, and the free energy calculated with
the distribution function determined from the integral equation, are close (see fig-
ure 6). It permits to use the Gaussian approximations for all distribution functions;
parameters:

ϕn, qn for Rn(σ, 1),

(zn − 1)ϕn, (zn − 1)qn for Rn(σ, zn − 1) =

〈

δ

(

σ −
zn−1
∑

rn

ϕirn

)〉

.

Therefore, when M coordination spheres are taken into account, the 2M equations
for 2M parameters can be obtained from the conditions of the free energy extremum.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-2.5
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-2.1

-2
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-1.8

-1.7

F

t

Figure 6. Temperature dependence of free energy z = 4, c = 0.95 (ferroelectric
(F) phase): Gaussian function (dotted line) and the 5th iteration (solid line) for
R(σ, z1 − 1).

To further simplify the problem, we shall explore a simpler spin glass model with
essential nearest neighbor interactions (the reference system) and weak interactions
for other coordination spheres.

We consider a system consisting of two sublattices (figure 7) (f = 1 and f = 2
after configurational averaging; sites 2 are from the first coordination sphere for
sites 1, and vice versa), and use a linear approximation for the interactions with
all coordination spheres but the first one. It corresponds to the two-particle cluster
approximation for the first coordination sphere and the mean field approximation
for other coordination spheres.
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12
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4

5

i

j

Figure 7. Effective fields exerted on the sites i, j by the other sites from different
coordination spheres (a lattice fragment before the configurational averaging is
shown). We consider a model, which separates into two sublattices after averaging
(× and ◦ – sites on different sublattices).

The free energy per unit cell F/N (at h = 0) can be written as

F

N
= (1−z)〈F0(σ+zϕ1+ϕL,1)〉R̃1(σ,z)

+(1−z)〈F0(σ+zϕ2+ϕL,2)〉R̃2(σ,z)

+z
〈

〈Fcl(σ1+(z−1)ϕ1+ϕL,1|σ2−(z−1)ϕ2−ϕL,2|k)〉k
〉

R̃1(σ1,z−1),R̃2(σ2,z−1)

−ϕL,1

〈

F
(1)
0 (σ+zϕ1+ϕL,1)

〉

R̃1(σ,z)
−ϕL,2

〈

F
(1)
0 (σ+zϕ2+ϕL,2)

〉

R̃2(σ,z)

+
∑

f,f ′

kL,ff ′

〈

F
(1)
0 (σ+zϕf+ϕL,f)

〉

R̃f (σ,z)

〈

F
(1)
0 (σ+zϕ′

f+ϕL,f ′)
〉

R̃′

f
(σ,z)

. (2.15)

Here

ϕL,f =
∑

i>2

∑

f ′

zi〈ϕi,ff ′〉c , k̄L,ff ′ =
∑

i>2

zi〈ki,ff ′〉c . (2.16)

R̃f(σ, z) =
1

√

2πzqf
exp

{

−1

2

σ2

zqf

}

. (2.17)

From the condition of F/N extremum we find the system of equations for the pa-
rameters ϕf , ϕL,f , qf .

Hereafter we take into account only ferroelectric and antiferroelectric ordering.
For these cases we can write that

ϕ1 = ϕ2 = ϕ, ϕL,1 = ϕL,2 = ϕ0, q1 = q2 = q, J = k̄L,11 + k̄L,12,

ϕ1 = −ϕ2 = ϕ, ϕL,1 = −ϕL,2 = ϕ0, q1 = q2 = q, J− = k̄L,11 − k̄L,12.

(2.18)
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The condition of free energy extremum yields the system of three equations for
the three quantities: mean cluster field ϕ and dispersion q (pair cumulant) for the
first coordination sphere, mean cluster field ϕ0 for the other (for the long-range
interactions). For instance, for the antiferroelectric ordering, the system of equations
reads

ϕ0 = 〈F (1)
0 (σ + zϕ + ϕ0)〉R̃(σ,z)J−,

〈

F
(1)
0 (σ + zϕ + ϕ0)

〉

R̃(σ,z)

=
〈〈

F
(10)
cl (σ1+(z−1)ϕ+ϕ0|σ2−(z − 1)ϕ−ϕ0|k)

〉

k

〉

R(σ1,z−1),R2(σ2,z−1)
,

〈

F
(2)
0 (σ + zϕ + ϕ0)

〉

R̃(σ,z)

=
〈〈

F
(20)
cl (σ1+(z−1)ϕ+ϕ0|σ2−(z−1)ϕ−ϕ0|k)

〉

k

〉

R(σ1,z−1),R2(σ2,z−1)
. (2.19)

The expressions for the free energy, mean spin m1 = −m2 and mean square of spin
Q1 = Q2 = Q = 〈〈Si〉2TERM〉conf are as follows

F

N
= 2(1− z)〈F0(σ + zϕ + ϕ0)〉R(σ1,z)

+ z 〈〈Fcl(σ1+ (z − 1)ϕ+ ϕ0|σ2− (z − 1)ϕ− ϕ0|k)〉k〉R(σ1,z−1),R(σ1,z−1)

− 2ϕ0

〈

F
(1)
0 (σ + zϕ + ϕ0)

〉

R(σ1,z)
+

[

〈

F
(1)
0 (σ + zϕ + ϕ0)

〉

R(σ1,z)

]2

J−.(2.20)

m1 =
δ

δh

F

N
=
〈

F
(1)
0 (σ + zϕ + ϕ0)

〉

R(σ,z)
,

Q1 = Q2 =

〈

[

F
(1)
0 (σ + zϕ + ϕ0)

]2
〉

R(σ,z)

. (2.21)

Dispersion for the long-range interactions is zero due to the linear approximation
used. Therefore, these approximations can be used if the spin glass state is formed
mainly by the short-range interactions. Consideration of the dispersion for the higher
coordination spheres will be subject of our further studies.

3. Discussion

We construct the phase diagrams and perform a numerical analysis of the ther-
modynamic functions for the following types of the distribution function for the
nearest neighbors interaction

P (k) = (1− c)δ(k + α) + cδ(k − 1); ⇒ k = (−α, 1), (3.1)

Pgauss(k) =
1

√

2π〈k2
1〉cum

exp

{

−(k − 〈k1〉)2
2〈k2

1〉cum
}

. (3.2)
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To compare the obtained results, we use the following relations between the Gaussian
and the k = (−α, 1) distributions:

〈k1〉=−α+c(1+α); 〈k2
1〉=α2+c(1−α2); 〈k2

1〉cum=〈k2
1〉−〈k1〉2. (3.3)

For the proton glass model we have to take into account the random internal Gaus-
sian fields with zero mean values and with the dispersion Qh. Now we have to replace
σi → σi + hi in the expression (2.15) for the free energy and perform an additional
averaging with the Gaussian fields hi. Solutions of the system of equations for ϕ0,
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Figure 8. The phase diagram at z = 6 for the distribution k = (−1, 1) and for
the corresponding Gaussian distribution (lower curve) at zJ = 0.0; 0.225.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

c

P

SG
AF

F

zJ=0

zJ=0.225

zJ=0.225

zJ=0

Figure 9. The phase diagram at z = 6 for the distribution k = (−0.5, 1) and for
the corresponding Gaussian distribution (lower curve) at zJ = 0.0; 0.225.
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ϕ, q are as follows: ϕ0 = ϕ = 0, q = 0 (P-pure – pure paraelectric phase), existing
only at Qh = 0, ϕ0 = ϕ = 0, q 6= 0 (SG – spin glass phase), ϕ0, ϕ 6= 0, q = 0 (F-
pure – pure ferroelectric phase, existing only at c = 1, or F-pure – pure ferroelectric
phase, existing only at c = 0), ϕ0, ϕ 6= 0, q 6= 0 (F – ferroelectric or antiferroelelcltric
phase, depending on the conditions (2.18)).

Figures 8 and 9 contain the phase diagrams for the cubic lattice for the sym-
metric k = (−1, 1) and antisymmetric k = (−0.5, 1) distributions, respectively, for
the corresponding Gaussian distribution with non-random small positive long-range
interaction J(J− = 2/3 · J). tg for the Gaussian distribution is lower, because in
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Figure 10. The phase diagram at z = 8 for the symmetric Gaussian distribution
of k at zJ = 0, 0.9, 1.8, 2.7.
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Figure 11. The phase diagram at z = 2 (quasi-one-dimensional model) for the
symmetric Gaussian distribution of k at zJ = 0.3, 0.4. The spin glass phase is
absent.
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this case the values of k, which are close to zero, are more probable. An increase of
non-random positive long-range interactions narrows the spin glass region. At large
J the P-SG line disappears, the F-SG and AF-SG lines cross, and the SG phase
exists only below the F-SG and AF-SG.

Figures 10 and 11 illustrate the collapse of the SG region on the increase of the
positive long-range interactions (figure 10) and the absence of the SG region for the
quasi-one-dimensional model (figure 11).

0 0.1 0.2 0.3 0.4 0.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

t

M

0 0.1 0.2 0.3 0.4 0.5
10

0

10
1

10
2

t

c

0 0.1 0.2 0.3 0.4 0.5
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

t

Q

0 0.2 0.4 0.6 0.8 1
0

0.5

1

t

M

0 0.2 0.4 0.6 0.8 1
10

-3

10
-2

10
-1

10
0

10
1

10
2

t

c

0 0.2 0.4 0.6 0.8 1
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

t

Q

Figure 12. Temperature dependence of the mean spin value m, susceptibility χ,
mean square of polarization Q = 〈〈Si〉2TERM〉conf at z = 6 for the distribution
k = (−1, 1) at c = 0.73 (left column, SG region is to the left of the left peak,
F-phase is in the central region) and c = 0.95 (right column, F-phase is to the
left of the peak) for zJ = 0.0; 0.075; 0.15; 0.225 (dotted line).

In figure 12 we show the temperature dependence of the mean spin value m,
susceptibility χ, mean square of polarization Q = 〈〈Si〉2TERM〉conf at c = 0.73 and
c = 0.95 for different values of zJ . One can see that at c = 0.73, in contrast to the
case of c = 0.95, small values of zJ essentially affect the system characteristics. The
phase transitions between the paraelectric and ferroelectric phases and between the
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ferroelectric and spin glass phases at c = 0.73 (low temperature branch) are of the
second order.
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Figure 13. Temperature dependences of entropy S, specific heat C, mean square
of polarization Q, and susceptibility χ for z = 6, c = 0.5 (SG phase) with the
distribution k = (−1, 1) and with the Gaussian distribution for zJ = 0.0; 0.225
(in the SG phase only χ depends on J , tg for Gaussian distribution is lower.)
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Figure 14. The phase diagram at z = 6 for the distribution k = (−1, 1) and for
the Gaussian distribution of internal fields with the dispersion Qh at zJ = 0.225.

The temperature dependences of thermodynamic characteristics of the system
are shown in figure 13 for the symmetric Gaussian distribution and the distribution
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k = (−1, 1) at c = 0.5. We note that the Gaussian distribution not only lowers down
the SG-transition, but also smears out the peaks of specific heat and susceptibility
at the transition point.

Figures 14 and 15 contain the phase diagrams for the cubic lattice for an asym-
metric distribution k = (−0.5, 1) and at different values of dispersion Qh of internal
random fields at small non-random positive long-range interactions J(J− = 2/3 ·J).
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Figure 15. The phase diagram at z = 6 for the distribution k = (−0.5, 1) and for
the Gaussian distribution of internal fields with the dispersion Qh at zJ = 0.225.
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Figure 16. Temperature dependence of the mean square of polarization Q =
〈〈Si〉2TERM〉conf at z = 6 for the distribution k = (−1, 1) and for the Gaussian
distribution of internal fields with dispersion Qh at zJ = 0.225 and c = 0.5 (tran-
sition from the high-temperature SG-phase to the low-temperature SG-phase).
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Figure 17. Temperature dependence of susceptibility χ = ∂/∂h〈〈Si〉TERM〉conf
at z = 6 for the distribution k = (−1, 1) and for the Gaussian distribution of
internal fields with dispersion Qh at zJ = 0.225 and c = 0.5 (transition from the
high-temperature SG-phase to the low-temperature SG-phase).

In figures 16–19 we plot the temperature dependences of the mean square of po-
larization Q = 〈〈Si〉2TERM〉conf and of susceptibility χ = ∂/∂h〈〈Si〉TERM〉conf for the
cubic lattice and symmetric distribution k = (−1, 1) and for the Gaussian internal
fields at zJ = 0.225 and c = 0.5 (transition from the high temperature SG-phase
to the low-temperature SG-phase) and at c = 0.735 (transition from the high tem-
perature SG-phase via the ferroelectric phase to the low-temperature SG-phase).
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Figure 18. Temperature dependence of the mean square of polarization Q =
〈〈Si〉2TERM〉conf at z = 6 for the distribution k = (−1, 1) and for the Gaussian dis-
tribution of internal fields with dispersion Qh at zJ = 0.225 and c = 0.735 (tran-
sition from the high-temperature SG-phase to the low-temperature SG-phase).
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Small internal fields essentially smear out the SG phase transition (figures 16,
17). There is a transitional region between the high-temperature SG-phase (above
the upper dashed line in figures 14, 15, q ≪ 1) and the low-temperature SG-phase
(below the lowest dashed line in figures 14,15). The t – boundaries of the transitional
region are determined as the upper and lower inflection points in the temperature
curve of susceptibility (figure 17). At the same time, the internal random fields
hardly affect the shape of the susceptibility peak at the transition between the SG
and ferroelectric phase (figure 19).
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Figure 19. Temperature dependence of susceptibility χ = ∂/∂h〈〈Si〉TERM〉conf
at z = 6 for the distribution k = (−1, 1) and for the Gaussian distribution of
internal fields with dispersion Qh at zJ = 0.225 and c = 0.735 (transition from
the high-temperature SG-phase to the low-temperature SG-phase).

4. Conclusions

We propose a spin glass model with an arbitrary range of competing interac-
tions, considered within the two-particle cluster approximation for the free energy
and within the symmetric replica approach. If M coordination spheres are taken
into account, the free energy contains the distribution functions R(σ, zn − 1) (the
distribution function of all cluster fields but one field from the nth coordination
sphere), which order is not higher than M . For them, the system of M integral
equations is derived within the non-correlated cluster fields approximation. In the
case when only the first coordination sphere with the coordination number z=4,6 is
taken into account, and the following distribution function of the short-range inter-
actions P (k) = (1− c)δ(k + 1) + cδ(k − 1) is used, the solutions for the R(σ, z − 1)
function are studied numerically. At low temperatures it contains, in addition to
the continuous part, the δ−like peaks of finite widths at ±(z − 1),±(z − 3), . . .. On
the increase of temperature, only a single peak persists, with the envelope curve
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close to the Gaussian distribution. The free energy, calculated with the Gaussian
distribution function determined from the extremum conditions, and the free energy
calculated with the distribution functions determined from the integral equations,
are close. This fact permits us to use the Gaussian approximations for the distribu-
tion functions, entering the expression for the free energy.

A proton glass model with essential short-range interactions (first coordination
sphere with the distribution (−αk, k) or with the Gaussian distribution of inter-
actions) and weak long-range interactions (linear approximation) is considered. We
calculate the phase diagram, entropy, order parameter, specific heat, and susceptibil-
ity. Asymmetry of the phase diagram arises due to the long-range interactions taken
into account and due to the asymmetry of the distribution function of short-range
interactions. For this model, in the presence of non-random long-range interactions,
we explore the effect of Gaussian fluctuations of internal fields with the dispersion
∼ x(1 − x) existing in hydrogen bonded systems of the Rbx(NH4)1−xH2PO4 type.
These fields are created by the structural disorder due to the difference between the
ionic radii of Rb and NH4. Due to the internal fields, in the high-temperature range,
instead of the paraelectric phase, the high-temperature proton glass exists (small
but different from zero value of the spin glass parameter Q = 〈〈Si〉2TERM〉conf〉. At
the given value of x, on lowering the temperature, instead of the transition point
from the paraelectric phase to the spin glass phase, a region of the transition from
the high-temperature spin glass phase (small Q) to the low-temperature spin glass
phase (large Q) emerges. It is shown that small fluctuations of internal fields can
essentially smear out the region of such a phase transition. At the same time, the
internal random fields hardly affect the shape of the susceptibility peak at the tran-
sition between the high temperature proton glass phase and the ferroelectric phase.

It should be noted that in proton glasses of the Rbx(NH4)1−xH2PO4 type, the
lower boundary of spin glass phase is experimentally determined from the peak in
the temperature curve of the imaginary part of the low-frequency dielectric permit-
tivity. Our next paper will be devoted to the calculation of frequency dependence
of susceptibility of proton glasses with different types of competing interactions.
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Модель спінового скла з суттєвими

короткосяжними конкуруючими взаємодіями

С.І.Сороков, Р.Р.Левицький, А.С.Вдович

Інститут фізики конденсованих систем НАН Укpаїни,
79011 Львів, вул. Свєнціцького, 1

Отримано 11 травня 2005 р.

В межах наближення двохчастинкового кластера для вільної енергії

і в рамках реплічно-симетричного підходу вивчається модель

протонного скла з різними типами конкуруючих взаємодій. Ми

показуємо, що для розрахунку термодинамічних характеристик

можна використати гаусове наближення для функцій розподілу

кластерних полів. Для простішої моделі з гаусовими кластерними

полями і слабкими далекосяжними взаємодіями (лінійне наближен-
ня) ми вивчаємо вплив далекосяжних взаємодій і випадкових внут-
рішніх полів на фазову діаграму і термодинамічні характеристики.
Показано, що малі флуктуації внутрішніх полів можуть призвести до

суттєвого розмивання області фазового переходу в стан протонного

скло. Обговорена можливість застосування даної теорії для опису

властивостей протонних стекол типу Rb1−x(NH4)xH2PO4.

Ключові слова: спінове скло, протонне скло, модель Ізінга,
наближення двочастинкового кластера

PACS: 75.10.Nr, 75.10.Dg, 75.10.Hk
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