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Polyatomic molecules in condensed phase: bond order
index and solvation energy studied by RISM-SCF theory∗
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The reference interaction site model – self-consistent field (RISM-SCF) theory was applied to a series of
polyatomic molecules in aqueous solution, including CH4, NH3, H2O and HF. The bond order index, which
characterizes the chemical bond, and its change by the solvation were studied by comparison with a dielectric
continuum model. The change in the electronic structure was also associated with the solvation free energy.

We find that the bond order indexes are not sensitive to the solvation effect even if the charge assigned to
the atom is considerably changed. The distortion in the electronic energy is in proportion to the change in
the solvation energy, showing that the linear response regime is a good expression of the solvation process
examined here, in spite of solving the non-linear RISM-SCF equation.
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1. Introduction

It is well-known that the electronic structure of a molecule is significantly changed when the
molecule is dissolved into solvent. In the last few decades, theory for the electronic structure of
solvated molecules has attracted a lot of researchers’ attention, and various types of combination
methods have been developed. These can be roughly classified into three categories, namely, the
dielectric continuum model such as polarizable continuum model (PCM), quantum mechanical-
molecular mechanics (QM-MM), and the method based on the integral equation theory for liquids.
RISM-SCF [1,2], which is a representative of the third category, compiles two fundamental methods
in theoretical chemistry: one is the reference interaction site model (RISM) [3,4], and the other is
ab initio molecular orbital theory. The method determines the electronic structure and the statisti-
cal solvent distribution around the solute in a self-consistent manner. It is a remarkable advantage
that the RISM-SCF method can provide information on the microscopic solvation structure based
on the statistical mechanics. We would like to emphasize that the RISM-SCF theory can be re-
garded as an extension of RISM theory as well as that of ab initio molecular orbital theory. The
RISM-SCF has been successfully applied to numerous molecular phenomena including chemical
reactions, chemical equilibria, charge transfer processes and so on [5].

The aim of this review is to characterize the chemical bond in condensed phase, which is
definitely one of the central subjects in physical chemistry. The solvation effect by all means
modifies the character of a chemical bond in the solute molecule, and, at the same time, this
modification in the electronic structure affects the structure of the solvent molecules surrounding
the solute. For the system we choose a series of hydrogenated compounds of the second period
elements in aqueous solution, which are the most fundamental and ubiquitous molecules in the
universe. Since all of them have only ‘single’ bond and their electronic structures in the gas phase
are well known, they are thought to be the most suitable for a systematic comparison for the preset
purpose.

∗This paper is dedicated to Prof. Fumio Hirata on the occasion of his 60th birthday.
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2. Computational method

The RISM-SCF method compiles ab initio electronic structure theory and statistical mechanical
theory of molecular liquid. Total energy of the solvation system is defined as the sum of quantum
chemical energy of the solute (Esolute) and solvation free energy (∆µ) [2].

A = Esolute + ∆µ. (1)

Since the electronic structure of the solute and the solvation structure around the solute are
determined in a self-consistent manner, the wave function of the solute molecule is bending from
that in isolated state. The energy difference between the solute in isolated state (Eisolated) and
that in solution phase (Esolute) is a quantity to measure the contribution of “solvation effects” to
the electronic structure.

Ereorg = Esolute − Eisolated = 〈Ψ|H|Ψ〉 − 〈Ψ0|H|Ψ0〉, (2)

where |Ψ〉 and |Ψ0〉 are wave functions in solution and in gas phase, respectively. H is the standard
hamiltonian for the electronic structure of the solute molecule.
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where the variables have their standard meanings. Solvation free energy within the framework of
the present theory (excess chemical potential derived with hyper-netted chain approximation) is
given by,
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h and c are the total and direct correlation functions, respectively. β = 1/kBT , where kB and T
are the Boltzmann constant and temperature, respectively. The Fock operator of the RISM-SCF
theory (F solv) contains a solute-solvent interaction, V ,

F solv = F gas + V. (5)

Table 1. Lennard-Jones parameters

σ/Å ε/kcal mol−1 q/|e|

C 3.775 0.207 –
N 3.250 0.170 –
O 3.166 0.155 –
F 2.720 1.364 –
H 1.000 0.056 –

solvent water
O 3.166 0.155 –0.82
H 1.000 0.056 0.41

The interaction energy between the solute and sol-
vent reaction field is then given by,

〈Ψ|V |Ψ〉 =
∑

α

Vα〈Ψ|bα|Ψ〉 =
∑

α

Vαqα , (6)

where bα is a proper population operator for atom
α in the solute molecule and Vα is the electrostatic
potential acting on this atom.

Vα = ρ
∑

s

qs

∫

gαs(r)

r
dr. (7)

ρ is number of density of solvent, gαs is pair correlation function between solute α and solvent
site s, and qs is effective charge assigned to s. In the RISM-SCF theory, the electronic structure
of the solute determined by equation (5) and RISM equation are coupled through equation (7).
By solving the equation in a self-consistent manner, many-body effect on the solvation process is
naturally taken into account.

All atom-type interactions were employed, whose Lennard-Jones parameters were taken from
literature and summarized in table 1. The SPC-like water [6] was used to describe the solvent.
All the van der Waals interactions between solute and solvent were determined by means of the
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standard combination rule. The density of solvent water was assumed to be 0.033337 molecule/Å3

at 298.15 K. The PCM computations were carried out with standard parameters installed in
the GAMESS program package [7]. The electronic wave functions were computed based on RHF
method with 6-31G(d,p) basis set [8]. Molecular structures (geometry) of the solute molecules
(CH4, NH3, H2O and HF) used in the present study were optimized using the standard RHF
method without solvation effect. Computations in aqueous solution phase were then carried out by
RISM-SCF method and by PCM method at this geometry. This is because we wish to genuinely
know the changes in electronic energy due to solvation effect. Note that the optimized molecular
structures in solution phase obtained by RISM-SCF and PCM methods are different. The electronic
relaxation ascribed to the solvent effects and that ascribed to the difference in molecular structures
(between RISM-SCF and PCM) are mixed up if the structural relaxation of the solute molecule is
permitted. By this treatment, contributions from structural difference in the electronic structure
and the related energy can be excluded.

3. Results and discussion

3.1. Chemical bonds in aqueous solution

Figure 1. The bond order indexes in gas phase
and in aqueous solution phase.

Upon transferring a molecule from gas
phase to solution phase, the electronic struc-
ture of the molecule is altered by the solva-
tion effects. In other words, the character of
the chemical bond in solvated molecule is some-
what different from that in the gas phase. Al-
though all of the chemical bonds examined in
this study are formally referred to as “sin-
gle” bond, the bond, its strength and order
can be characterized in different ways. There
is no unique definition to the evaluation of
the bond order, and several definitions have
been proposed. The definition proposed by
Mayer, BMayer, is considered as the most pop-
ular one [9].

BMayer
AB =

∑

µ∈A

∑

ν∈B

(PS)µν(PS)νµ, (8)

where P is ‘P-matrix’ (density matrix) and S is
overlap matrix. µ and ν are the index of atomic

basis sets running over the atom A and B. By analysing the molecular energy, we have recently
found out that the following quantity could be another definition of the bond order index [10].

BSato
AB =

1

2

∑

µ∈A

∑

ν∈B

[(P)µν(SPS)νµ + (PS)µν(PS)νµ] . (9)

It should be emphasized that these both definitions are related to the covalent character of the
bonding. As the ionic character of the bond increases, the bond order index becomes smaller.

Figure 1 shows the bond order index evaluated in the series of polyatomic molecules. The
horizontal axis indicates the index of the molecule in the gas phase. As expected, the index becomes
smaller with the increase of the electronegativity: the bond order indexes in methane are close to
one, while those in HF are found to be around 0.85. The two definitions give very similar results for
all the molecules although the difference is slightly enhanced in polar bonds such as H–F and H–O.
The solvation effect is expected to change the character of chemical bond. The vertical axis of the
figure corresponds to the bond order index in aqueous solution. The indexes of C–H bond in the
gas and in aqueous solution are of the similar value, suggesting that the solvation effect is almost
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negligible in this molecule. This tendency on the C–H bond does not depend on the definitions of
the indexes. The situations are slightly different in other molecules and the indexes decrease when
the molecule is dissolved. The differences from those in gas phase become clear as the polarity of
the bond increases. In other words, the covalent character of the bonds tends to be weakened by
solvation effect.

Figure 2. The change of the bond order indexes
upon transferring from gas phase to aqueous so-
lution.

Figure 2 plots the change in the bond order
indexes between gas and solution phases.

change (%) =
B(soln.) − B(gas)

B(gas)
× 100. (10)

The indexes decrease as the polarity of the
bonds increases, but the magnitudes of the
change are only a few hundredth of a percent.
In this study, two solvation theories are exam-
ined, i.e., RISM-SCF and PCM. Both of them
provide very similar results although the sol-
vation effect evaluated by the latter method is
relatively weaker.

Table 2 lists the Mulliken charges assigned
to the hydrogen atoms. It is interesting to note
that the charge assigned to the atom consid-
erably changes due to the solvation effect al-
though the bond order indexes are not sensitive
to the solvation. Both of the electronic struc-
tures computed by RISM-SCF and PCM are
polarized compared to that from the standard gas-phase computation, but they are slightly differ-
ent from each other in detail. The PCM results are intermediate between RISM-SCF and gas-phase
results. This tendency can be attributed to the same discussion presented in our previous study
of a chemical reaction system [11]. A localized interaction between specific atoms, such as hydro-
gen bonding, is explicitly treated in RISM-SCF method, while it is not in PCM. This difference
sometimes plays a crucial role in determining the electronic structure of the solvated molecule.

Table 2. Mulliken charge assigned on the hydro-
gen atoms (|e|)

CH4 NH3 H2O HF

gas phase 0.118 0.264 0.335 0.387
PCM 0.123 0.286 0.364 0.418
RISM-SCF 0.127 0.329 0.390 0.435

We should like to emphasize that the bond
order indexes always decrease in an aqueous
solution, and this conclusion does not depend
on the choice of the definition of the index. It
can be also said that the two solvation theories,
RISM-SCF and PCM, offer a similar physico-
chemical picture of the solvation although they
are quantitatively different.

3.2. Solvation free energy

In the present study, the electronic structure of the solute molecule is different from that in
the gas phase, and the electronic structure and the solute-solvent interaction are determined in a
self-consisent manner. On the RISM-SCF procedure the electronic structure is set to the gas phase
wave function (|Ψ0〉) at the beginning, and it is altered by introducing mutual interaction between
solute electronic structure and solvation structure (total correlation function). The converged wave
function in solution phase (|Ψ〉) is usually polarized compared to that in the gas phase. Both of the
wave functions, |Ψ0〉 and |Ψ〉, are respectively related to the effective charge assigned to atoms, q0

and q. The electrostatic interaction energy, which is the dominant contribution in the interaction
between solute and solvent, is computed as follows;

Eel = V · q =
∑

α

Vαqα ,
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Eel
0 = V0 · q0 =

∑

α

Vα,0qα,0 . (11)

V0 and V are the reaction field acting on the solute molecule introduced in equation (7). Each of
them is respectively related to the solvation free energy, ∆µ0 and ∆µ, corresponding to the energy
before/after the RISM-SCF iteration cycle. Here we should like to recall the readers’ attention to
the fact that V0 and V are directly related to the solvent distribution (see equation (7)), and their
difference is considered to be the relaxation of the surrounding media due to the solute-solvent
coupling. At the same time, q0 and q are related to the electronic structure of the solute molecule.
In the RISM-SCF cycle, these quantities are coupled to each other and the many body effect is
naturally taken into account. In what follows, the details of the changes due to the coupling are
discussed.

Figure 3. The change of solute-solvent interac-
tion before and after RISM-SCF procedure.

Figure 3 illustrates the change of the solute-
solvent interaction on the RISM-SCF cycle. At
the beginning, the wave function of the solute
molecule in the isolated state (|Ψ0〉) is related
to the effective charge (q0). The solvent distri-
bution, the reaction field (V0) and the energy
(A0 and ∆µ0) are consistent with them (shown
in open circles). By applying the self-consistent
procedure to the coupling between solute and
solvent, all the quantities are changed and fi-
nally converged to q, |Ψ〉, V, A , ∆µ and so on
(filled circles). As seen in the previous section,
the change on methane is negligibly small. The
electrostatic interaction energy and the solva-
tion free energy virtually remain at the state
corresponding to q0 even after the RISM-SCF
iteration is converged. The situation is quite
different in other three molecules. For instance,
water molecule gains –18 kcal/mol of electro-
static interaction energy and –2 kcal/mol of
solvation free energy when the gas-phase elec-

tronic structure (|Ψ0〉 or q0) is assumed. After the RISM-SCF iteration, the electronic-structure
change in H2O leads to the -28 kcal/mol of electrostatic interaction energy and –7 kcal/mol of
solvation free energy due to the induced solute-solvent interaction. The order of the change among
the three species is directly related to the order of polarizability, α(NH3) > α(H2O) > α(HF).

Solvation process modelled in the present study is indeed very complicated: solvation structure
(or total correlation function) is obtained after solving non-linear RISM equation. The electronic
structure (or wave function) is determined by the self-consistent calculation of Hartree-Fock type
equation. One might think that a simple explanation of the solvation process is impossible. However,
the framework of the process is understandable from the viewpoint of linear response regime.

Within the present RISM-SCF framework, the total energy of the system is given by equati-
ons (1) and (2). A can be thus rewritten as follows,

A = Eisolated + Ereorg + ∆µ. (12)

Here we follow the protocol by Gao who analysed QM-MM energy [12]. The total interaction energy
between solute and solvent is given by,

A − Eisolated = Ereorg + ∆µ. (13)

The quantity can be further decomposed into the following three contributions.

A − Eisolated = ∆µ0 + Ereorg + (∆µ − ∆µ0) = ∆µ0 + Ereorg + ∆∆µ, (14)
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where the first term (∆µ0) is the solvation free energy between the ‘unpolarized’ solute and the
solvent, the second term (Ereorg; see equation (2)) is the same as Edist defined in the Gao’s paper
and the third (∆∆µ) is a net gain in the solvation free energy between the polarizable solute and
the bulk solvent, which is equivalent to Estab. It is noted that the original analysis by Gao uses the
interaction energy instead of the solvation free energy used here. According to the classical linear
response theory, the gain in the interaction energy appearing in the third term is twice the energy
penalty for distorting the solute electronic structure (Ereorg).

∆∆µ ∼ −2Ereorg. (15)

In the dielectric continuum theory, the solvation free energy is one-half of the electrostatic
interaction energy [13],

∆µdielectric ∼
1

2
Eel, (16)

and the deviation from the state corresponding to ‘unpolarized’ solute molecule is then given by,

∆∆µdielectric = ∆µdielectric − ∆µdielectric,0 ∼
1

2
∆Eel. (17)

Combining with equation (15), the following relationship may be obtained.

∆Eel ∼ −4Ereorg . (18)

Figure 4. The electronic distortion and the
change in solvation energies. See the text for de-
tails.

Figure 4 plots the change in solvation free
energy (∆∆µ) and that in the electrostatic
interaction energy (∆Eel) as functions of the
electronic distortion energy (Ereorg). All the
quantities here were computed using the RISM-
SCF method. The solid and dotted lines respec-
tively represent the relationships,

∆EU−V = −4Ereorg,

∆EU−V = −2Ereorg,

where ∆EU−V is the variable along the verti-
cal axis. Clearly, the linear response regime is
the good expression to describe the relationship
between the electronic distortion and the gains
in the solvation. We should like to emphasize
again that RISM, Hartree-Fock and RISM-SCF
are very complicated non-linear equations. By
solving these equations faithfully, many-body
effects are taken into account. However, the re-
sults shown here suggest that the non-linearity
is virtually negligible in these solvation pro-
cesses. Even in the system containing transition-metal complex, where strong electrostatic in-
teraction is considered to exist due to the great charge on the metal, the solvation process can be
understood within the same regime [14].

4. Conclusions

In the present study, typical polyatomic molecules in aqueous solution were systematically
studied using RISM-SCF method, which is the combination of two fundamental theories, i.e.,
RISM and ab intio molecular orbital method. We found out that the bond order indexes were not
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sensitive to the solvation effect even if the charge assigned to the atom was considerably changed.
The distortion in the electronic energy was in proportion to the change in the solvation energy,
showing that the linear response regime was a good expression of the solvation process examined
here in spite of solving the non-linear RISM-SCF equation.

The RISM-SCF theory offers a wide range of information on solvation systems, including elec-
tronic structure of the solute molecule (dipole moment, bond order index, effective charge and so
on) as well as quantities in statistical mechanics.
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Багатоатомнi молекули в конденсованiй фазi: дослiдження

теорiєю RISM-SCF iндекса послiдовностi зв’язку та енергiї
сольватацiї
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Отримано 31 березня 2007 р., в остаточному виглядi – 27 серпня 2007 р.

Теорiя базисної моделi взаємодiючих силових центрiв-самоузгоджене поле (RISM-SCF) застосована
до серiї багатоатомних молекул у водному розчинi, включаючи CH4, NH3, H2O i HF. Iндекс послiдов-
ностi зв’язку, що характеризує хiмiчний зв’язок, та його змiна внаслiдок сольватацiї порiвнюються з
результатами, отриманими в рамках моделi дiелектричного контiнiуму. Змiни в електроннiй структу-
рi також обумовленi вiльною енергiєю сольватацiї. Показано, що iндекси послiдовностi зв’язку не є
чутливими до сольватацiйного ефекту, навiть якщо приписуваний атому заряд суттєво змiнюється.
Змiна електронної енергiї є пропорцiйна змiнi сольватацiйної енергiї та показує, що режим лiнiйно-
го вiдгуку є добрим вираженням дослiджуваних сольватацiйних процесiв, незважаючи на нелiнiйний
характер RISM-SCF рiвняння.

Ключовi слова: RISM-SCF, електронна структура, PCM, iндекс послiдовностi зв’язку, лiнiйний

вiдгук
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