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A chain of kinetic equations for non-equilibrium one-particle, two-particle and s-particle distribution functions
of particles which take into account nonlinear hydrodynamic fluctuations is proposed. The method of Zubarev
non-equilibrium statistical operator with projection is used. Nonlinear hydrodynamic fluctuations are described
with non-equilibrium distribution function of collective variables that satisfies generalized Fokker-Planck equa-
tion. On the basis of the method of collective variables, a scheme of calculation of non-equilibrium structural
distribution function of collective variables and their hydrodynamic speeds (above Gaussian approximation)
contained in the generalized Fokker-Planck equation for the non-equilibrium distribution function of collective
variables is proposed. Contributions of short- and long-range interactions between particles are separated, so
that the short-range interactions (for example, the model of hard spheres) are described in the coordinate
space, while the long-range interactions — in the space of collective variables. Short-ranged component is re-
garded as basic, and corresponds to the BBGKY chain of equations for the model of hard spheres.
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1. Introduction

A development of equilibrium and non-equilibrium statistical mechanics of classical and quantum
systems, which began in 1970-ies following the work by Bogoliubov |E|] and works by Born, Green ],
Kirkwood [E, BI], Yvon [E] and continues today, has led to a substantial progress in the theory of gases,
liquids, plasma. Bogoliubov in the book [E|], which turns 70 years, in a strict form formulated the idea
of a hierarchy of relaxation times in a system of many interacting particles and a reduced number of
parameters describing the evolution of the system. This idea played a major role in the development of
modern methods of non-equilibrium theory to study the dynamics of macroscopic systems at kinetic and
hydrodynamic stages, based on the fundamental principles of statistical mechanics.

Important for the development of this direction were the works by Zubarev IB—B], Zwanzig [E—Iﬂ],
Robertson , ], Kawasaki and Gunton ], Peletminskii and Yatsenko ], Zubarev and Kalashnikov
]. The results of the research done in this field are detailed in books ] and reviews , ].
However, along with the important results of theories in statistical physics, as well as in other fields
of modern physics, there are still many unsolved problems, especially in the theory of non-equilibrium
processes.

In dense gases and fluids in the field of phase transitions, the heterophase fluctuations play an im-
portant role 1. They always appear and disappear during the diffusion processes. In the field of

© L.R. Yukhnovskii, P.A. Hlushak, M.V. Tokarchuk, 2016 43705-1


http://dx.doi.org/10.5488/CMP.19.43705
http://www.icmp.lviv.ua/journal

L.R. Yukhnovskii, P.A. Hlushak, M.V. Tokarchuk

phase transitions, the heterophase fluctuations are factors forming a new phase, in particular, forming
the bubbles in a liquid or drops in a gas.

The non-equilibrium gas-liquid phase transition is characterized by nonlinear hydrodynamic fluc-
tuations of mass, momentum and particle energy, which describe a collective nature of the process and
define the spatial and temporal behavior of the transport coefficients (viscosity, thermal conductivity),
time correlation functions and a dynamic structure factor. At the same time, due to heterogeneity in col-
lective dynamics of these fluctuations, liquid drops emerge in the gas phase (in case of transition from the
gas phase to the liquid phase), or the gas bubbles emerge in the liquid phase (in case of transition from
the liquid phase to the gas phase), the formation of which is of a kinetic nature described by a redistribu-
tion of momentum and energy, i.e., when a certain group of particles in the system receives a significant
decrease (in the case of drops), or increase (in the case of bubbles) of kinetic energy. The particles, that
form bubbles or droplets, diffuse out of their phases in the liquid or in the gas and vice versa. They have
different values of momentum, energy and pressure in different phases. All these features are related to
the non-equilibrium one-, two-, s-particle distribution functions (which depend on the coordinate, mo-
mentum and time) that satisfy the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) chain of equations.
They are the real heterophase systems in which bubble embryoses, drops or small crystals are of a kinetic
nature caused by nonlinear fluctuations, changes in temperature, pressure. In our case, the heterophase
formations (containing a finite particle number in this or that phase) can be described by non-equilibrium
distribution function f;(x*; r). The kinetic processes within heterophase formations are described respec-
tively by the kinetic equations [@], in which the right-hand side contains the summands that take into ac-
count the mutual effect of kinetic and hydrodynamic processes. Obviously, such heterophase formations
form and disappear (with finite lifetime), exchanging by both the particles and energy with the surround-
ing particles in the background of nonlinear hydrodynamic fluctuations of densities of particle number,
momentum, energy; the contribution of such fluctuations grows at phase transformations. These nonlin-
ear fluctuations are described by the Fokker-Planck equation [@]. Here, in the processes of interaction
between kinetic and hydrodynamic fluctuations with appropriate changes of temperature and pressure
in heterophase formations due to spontaneous symmetry breaking there can be self-organizing processes
of sorts of particle motion with group velocity fs(x*; ) = fs(r; —vt,p1,...,rs — Vt,ps), which leads to an
automodel (quasi-soliton) spreading of heterophase formations in the respective system.

Such processes require a detailed separate study due to the calculation difficulties of kinetic and hy-
drodynamic transport kernels in equations of transport. In this connection we would like to draw atten-
tion to the Klimontovich article [@], in which to a certain extent there is realized a consistent description
of kinetics and hydrodynamics (diffusion processes are taken into account) for gas-liquid phase transi-
tion.

The main difficulty is that the kinetics and hydrodynamics of these processes are strongly interrelated
and should be considered simultaneously. In articles [@—@] there is proposed a consistent description of
kinetic and hydrodynamic processes in dense gases and liquids on the basis of Zubarev non-equilibrium
statistical operator , ].

This article is an extension or generalization of article Iﬁ]. Here, we want to emphasize certain as-
pects. In [@], the main parameter for the description of kinetic processes was one-particle non-equilib-
rium distribution function that corresponds to the gas description. In order to get a consistent description
of kinetic and hydrodynamic processes (which is important for dense gases and liquids [@—@]) it is nec-
essary to include the density of average potential energy as an important parameter. Having included this
parameter, we can identify explicit contributions connected with short- and long-range interactions be-
tween particles. For dilute gases, this parameter can be neglected, while for dense gases and liquids one
makes an important contribution compared to kinetic energy. In this contribution, we will develop an
approach [35] for a consistent description of kinetic and hydrodynamic processes that are characterized
by non-linear fluctuations taking into account short-range and long-range interactions between particles.
The approach is important for the description of non-equilibrium gas-liquid phase transition.

In Section 2] we will obtain the non-equilibrium statistical operator for non-equilibrium state of the
system when the parameters of a reduced description are represented by a non-equilibrium one-particle
distribution function, the density of non-equilibrium average value of potential energy of particle in-
teraction and a distribution function of non-equilibrium nonlinear hydrodynamic variables. Using this
operator, we construct kinetic equations for non-equilibrium one-, two-, s-particle distribution functions
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which take into account nonlinear hydrodynamic fluctuations, for which the non-equilibrium distribu-
tion function satisfies a generalized Fokker-Planck equation.

In Section[3] we will consider a scheme for calculation of the structural distribution function of hydro-
dynamic collective variables and their hydrodynamic velocities (in approximation higher than Gaussian),
which enter the generalized Fokker-Planck equation for the non-equilibrium distribution function of hy-
drodynamic collective variables. We separate the contributions from short-range and long-range inter-
actions between particles, which will be described in the coordinate space and in the space of collective
variables, respectively. Moreover, the short-range component will be considered in a simplified manner,
which in our case will correspond to the BBGKY chain of equations for the model of hard spheres @].

2. Non-equilibrium distribution function and BBGKY chain of kinetic eq-
uations in the Zubarev non-equilibrium statistical operator method

For a consistent description of kinetic and hydrodynamic fluctuations in a classical one-component
fluid, it is necessary to select the description parameters for one-particle and collective processes. For
these parameters, we choose the non-equilibrium one-particle distribution function fi (x;#) = (7; (X)),
the density of non-equilibrium average value of potential energy of particle interaction H™(r,f) =
(A™(r))! and distribution function of hydrodynamic variables f(a; r) = (§(4—a))'. Here, the phase func-
tion

N N
M) =Y 6x-x))=) 6c-r)sp-pj) 2.1)
j=1 j=1
is the microscopic particle number density. x; = (r;,p;) is the set of phase variables (coordinates and
momenta), N is the total number of particles in a volume V.

. 1 X
™M@ == ) ®(r;)6@x—r)) (2.2)
2 341

is the microscopic density of the potential energy of particle interaction. A microscopic phase distribution
of hydrodynamic variables is given by

3
f@=6a-a) =[]]]6x-an), (2.3)
=1 k

where djx = Ak, dok = Jx, dsk = £x are the Fourier components of the densities of particle number, mo-
mentum and energy:

N N . N p? 1 N N
=) e, Jk=) pje ", E=) |s—+5 ) Orh|e T, (2.4)
j=1 j=1 m2m 205

and anx = (ng,Jx, €x) are the corresponding collective variables. @ (|r; jl) = ®(|r; —r;l) is the pair interac-
tion potential between particles, which we assume can be represented as the sum of short-range interac-
tion @ (|r; ;il) and long-range interaction o8 (|r, ;1) potentials:

D(|ry1) = O (1) + @8 (Iry ).

The introduction of (H™(r))! as a parameter is important step, as for liquids and dense gases it gives a
larger contribution than the kinetic part of energy connected with (7 (x))!. In addition this parameter
describes the collective dynamics of short- and long-range interactions:

N N 1 .
(H™ @) = (HM @) + — Y v0e¥ (g’ — (g)"),
2V ak

(AqkA-1) ! = F(q,k; 1) is the non-equilibrium scattering function which connected with non-equilibrium
dynamic factor of system, v(k) = [ dr e~ kr@long(|r|) is the Fourier component of long-range potential of
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particle interactions. The average values (i (x)), (Flim (1))! and (6(a— a))' are calculated by means of
the non-equilibrium N-particle distribution function Q(xN ; 1), that satisfies the Liouville equation. In line
with the idea of reduced description of non-equilibrium states this function is the functional

Q(xN; =o(.... (x; 0, (A™ @), f(a; 0,...). (2.5)

In order to find a non-equilibrium distribution function Q(xN ; 1) we use Zubarev’s method , , ],
in which a general solution of Liouville equation taking into account a projection procedure can be pre-
sented in the form:

o(xN; 1) = pra (x5t f dr' e IT (1, 1) [1 - Prat (1) iLnora (xV; ), 2.6)

where € — +0 after thermodynamic limiting transition. The source selects the retarded solutions of Liou-
ville equation with operator iLy. T(¢, ') = exp,{— [, tf d'[1—Ppe (£)]iLy} is the generalized time evolution
operator taking into account Kawasaki-Gunton projection Py (). The structure of Pre (#') depends on the
relevant distribution function grel(xN ; 1), which in method by Zubarev is determined from extremum of
the information entropy at simultaneous conservation of normalization condition

(dx)N B (dxy,...,dxy)
VN1 h3NNL

fdl"NQrel(xN; 1) =1, dl'y = , dx = drdp, 2.7

and the fact that the parameters of the reduced description, fi (x; ) and f(a; t) are fixed. Then, a relevant
distribution function can be written as follows:

orel(x"; £) = exp 2.8)

—-O(1) — fdxy(x; D (x) — fdrﬁ(r; HH™(r) - f daF(a; t)f(a) ,
where da is the integration over collective variables:
dasznkdjkdek, dng = dRe ndImny, dex = dRegdImey,
Kk

djk = d]‘x'kd]’y'kd].z,ky djrx=dRejxdImjk, ...

The Massieu-Planck functional ®(t) is determined from the normalization condition for the relevant dis-
tribution function

d(1) —lnfdl"Nexp

fdxy(x D (x)— fdrﬁ(r 0 H™(x) fdaF(a t)f(a)

The functions y(x;t), B(r; ) and F(a;t) are the Lagrange multipliers and are determined from the
self-consistent conditions:

Al =m0 = (), (E™@) = H™ @)Ly,
flan=(@E@—-a) =Ea-a)ly, (2.9)
where (...)! = [dl'y...0(xV;t) and (...)ﬁe1 = [dl'y...0re(x"; £). To find the explicit form of non-equi-

librium distribution function g(xN ; 1), we exclude the factor F(a;t) in a relevant distribution function
and thereafter, by means of self-consistent conditions (2.9), we have

orel (x5 1) = oSV (1N 1) va((‘;yt) (2.10)
Here,
W (a; t) =fdl“Nexp —@kin'hyd(t)—fdxy(x; t)ﬁl(x)—fdrﬁ(r; DA™ )| f(a)
deN Kty (6N 1) fla @.11)
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is the structure distribution function of hydrodynamic variables, which could be also considered as a
Jacobian for transition from f(a) into space of collective variables ny, Ji, €x averaged with the “kinetic”
relevant distribution function

g"hyd(xN;t) = exp | - (p) —fdxy(x; t)ﬁl(x)—fdrﬁ(r; t)PIim(r)],
@KIn-hyd 4y =lnfdl“Nexp —fdxy(x; D (x) —fdrﬁ(r; HEH™ @) |. (2.12)
Here, the entropy
S(8) = = (In e (x; 1) )iy = D(E) + f daxy (3 )¢ (x)) " + f dr(r; (™ (1))’
_ fla; 1)
+fdaf(a, fHin W@ (2.13)

corresponds to the relevant distribution (Z.I0). In combination with the self-consistent conditions (Z.9),
it can be considered as entropy of non-equilibrium state. In accordance with 2.6), in order to obtain the
explicit form of non-equilibrium distribution function, it is necessary to disclose the action of Liouville
operator on e (x"V; ) and the action of the Kawasaki-Gunton projection operator, which in our case has
the following structure according to @.10):

aQrel
Prai(1)0' = prei(x fdrNQ +fd dean(x)g — (A1 (x)) fdrNQ

o{m (x)>f
N fdr—agrst(x u
0<H11’1t (r)> t

fd aQrel
f(a [)) W(a 1)

deNI:Iint (1‘)0’ _ <I:Iint (r)>[f drNQ,]

de“Nf(a)p - f(a; t)fdl“zvp]

Ogrel f(a 1) dlnW(a; 1) . A tf ,]
+ [ ax f e t)] e e [ arwineoe - oy’ [[arwe
691'61 ; f(“’ 12 aan(a, 12 Fyint l Fyint t l
fdrfd Lan T Wiain) g e UdrNH @m0 — (™ (1)) fdrNg ] (2.14)
Wawn

Next, we consider the action of Liouville operator on a relevant distribution function (2.10):

iLnpre(xN;t f dxy (2 1) n (%) prer (x5 f drBr; 1) ™ () prea (x7; 1)
. f (a; 1) kin-hyd (N,
+ [iLy Wl , o (x5 1), (2.15)

where #; (x) = iLy 7y (x), ™ (r) = iLy B (r). Having used thereafter the relation

I b+ 2 f@je+ @i
ony k 0Jx k Oey ok

iLnf(@) =iln f (oo &) = Y
k

where 7y = iLn i, Jic = iLnJi, éx = iLnéx, the last expression in (ZI5) can be rewritten in the following
form:

. flan) ] kinhyd (N, f { 0 flan] |9 flan
[ILNwm;t) L dad \ W@ | G i | WD |G Wi
6 f(ay t) N,
+EW (@ 1) e Wa 1) }p (x5 1). (2.16)
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Here, we introduced a new relevant distribution function QL(xN , a; t) with the microscopic distribution
of large-scale collective variables

N kin-hyd (N f (a)
X, a J ) ———. 2.17
QL( ) Qrel ( ) W(a; Z') ( )
This relevant distribution function is connected with Qrel(xN ; 1) by the relation
orei(xV; £ fdaf(a How(xN, a; t) (2.18)
and is obviously normalized to unity
f dCyor(x; 1) = 1. 2.19)

Using the relation Z17), the average values with a relevant distribution are conveniently represented in
the following form:

rel—fda< Mf(an), (.. >L—fd1"N oL(xN; 0. (2.20)

Now, in accordance with (ZI6) and (ZI7) we can rewrite the action of the Liouville operator on g (x™V; 1)
as follows:

iLyora(x™;t) = —fdafdxy(x; Do (xN, at) f(@ t)—fdafdrﬁ(r; t)flim(r)pL(xN,a; t)f(a 0

0 fla;1) 0 fla1
+fda§ W (a; t) W@ +W(a - AW
0 f(at) N
+EHW(a; t)a s ou(x", a;1). 2.21)

Substituting this expression into (2.6), one obtains, for non-equilibrium distribution function, the follow-
ing result:

Q(xN; 1) = fdaf(a; t)QL(xN, a; )

t
+ f da f dr f Ar'e O T (1, 1)1 = Prat () ™ 0 o1 (xN; 1) f (a3 1) Bx; 1)

13
—fdadef Ar'e" =0 Ty (¢, 1) [1 = Prar (1) An (001 (2N, @ ¢') f (@ )y (x5 £')

A 6 f(ay t)
Wit )

t
- f day’ f dr'e "D Tygy (1, 1)1 = Praa(1)]
k_ %

f(a't’) if(a th
Mm@tV W

and the corresponding generalized transport equations:

9,2 0 - [arl _I,(i_i) 3
(at+ )fl(x,t) fdxar<1>(|r r) ap  op 82(x, x5 1)

+ W (a; V-

ou(xN, a; t') (2.22)

fdrfdafdt' et~ Dpur(x,x, a;t,t) f(a; t) B’ 1)

fdxfdafdt'em_”gbnn(x,x a;t,t)f(a;t)y';t)

fla;t)
Gek Wia;t"’

—Zfdafdt' (e’ ”[q)n](xk at,t)- T+¢>n,€(xk at,t)— (2.23)
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t
%mim(r»f = (H™ @), — f dr’ f da f dr'e Oy, a; 1, 1) fa; B 1)

fdx fdafdt'eeu D, x,a;t,t) fla; t)y(x; 1)

-Zfd“fd'f' elt'~ f>[¢Hj(r,k,a;t,t’)-a%+¢>Hg(r,k,a,r r)a—k v{/((iz’ tt,)), (2.24)
%f(a;t)z% Mvn(d;t)+:Tk'Vj(d;t)+%Ug(d;t) fla;1)
=%%- f dr’ f da’ j dr'e "k a, a1, 1) fla; 1) B 1)
—Zagkfdrfda fdt’ef” Dpent' k a,d;t,1) fla; ) B'; 1)
+Z 3 fdxfda fdt'ew ”(P WXk a,d;t ) fla )yt
-% a%( f dx’ f da’_ f dr' e O, (x K a,d';t, 1) fla; )y 1)
+1§1 dad’ fdt’ ete'~ t) (/)u(k qad;t1): 6?.1 va((c;tﬂ))
+§q da’ fdt' et'=1 kqbss(k,q,aa ”)%vj:/(({ztt))
+1§1 dd’ fdt' et'~ t)[ (:k.(pjg(k,q,aa tt)iq+ 0 bejkqad;t ) a}q V{/((f;’tﬂ)).
(2.25)

The generalized transport equations (2.23), (Z.24) include a relevant two-particle distribution function of
particles g»(x, x'; 1) :

g(x, x5 1) ZfdrN—ZQrel(x ; )—<n1(x)n1(x)>§e1—<G(x,x)>rel—fdag2 o xsa0f(an,  (2.26)

where G(x, x) = A1 (x)74; (x), and gZL(x, x;a;t) = [dTN-—20L(x"; a; 1) is the two-particle relevant distribu-
tion function of large-scale collective variables. The generalized transport kernels

bap(t, ) = LD Tra(t, VN, @, f=in H,jel, 2.27)
that describe non-Markovian kinetic and hydrodynamic processes, are non-equilibrium correlation func-
tions of generalized fluxes I, [ ik

fhi ) =11-PWIA ), Ty00 =11-POIH™ @), (2.28)

G0 =01-P0Ok, Llct=[1-PMlé. (2.29)

Here, P(f) is the generalized Mori operator related to Kawasaki-Gunton projection operator Py (#) by the
following relation

Prai(t)a(x)prel(x"; 1) = prei(x"; £) P(1) a(x).
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It should be emphasized that in the averages are calculated with a distribution function o, (xV, a; t)
(220, so that the transport kernels are functions of collective variables ay. In equation (2.25), the func-
tions (called hydrodynamic velocities) v, x(a; t), v k(@ 1), vek(a; 1) represent the fluxes in the space of
collective variables and are defined as:

vpla; ) :fdrNﬁkQL(xNya; 1) = (ot
vj(a;t) = dekaQL(xN, a;t) = G,
vea; 1) = f dr véoL(xN, a; t) = it (2.30)

The presented system of transport equations provides a consistent description of kinetic and hydrody-
namic processes of classical fluids which take into account long-living fluctuations.

The system of transport equations (Z.23)-(2.25) is not closed due to Lagrange parameters y(x;t),
B’; t'), which are determined from the corresponding self-consistent conditions.

To describe the kinetics of heterophase fluctuations, as discussed in the Introduction, in addition to
the equation for non-equilibrium one-particle distribution function it is important to consider the equa-
tions for higher non-equilibrium distribution functions of groups of interacting particles. The kinetics
of these phases is described by kinetic equations for higher non-equilibrium distribution functions of
finite number of particles in heterophase formations. Therefore, to describe these heterophase kinetic
processes we must supplement this system of transport equations with the kinetic equation f>(x, x'; £),
and hence for fs(x;...x5 1), S<N:

% folx, x';0) +ily fo(x, X5 1) — f dx"[iL(13) +iL23)]f3 (x, X', x"; 1)

=il Afo(x,x';1) — f dx"[iL(13) +iL23)]A f3 (x, x', x"; 1)

fdx”fdaf dr'ec!'~ Depgn(x, x', x" a;t,t) fa; )y (x"; 1)

fdr"fda f dre’~ Dporx,x' v a;t, t') fla; 1) Ba"; 1)

0 flat)
_ 1 e(t' - . "k at 1) — ' k i ’ 2.31
Zfdafdt ([)G](X,X, yayt!t) alk+(prE(xrxy yart t)ak W(ﬂ t,) ( 3)
0 s . s 1 o s
Efs(x ;1) +iLs fs(x ;t)—Z;fdxsﬂlL(],S*‘ 1) fo1 (X7, Xs41; 1)
7 s
1
=iLsAfs(xs;t)—Z;fdxmiL(j,H DAfor1 (2%, X415 1)
fdx”fdaf dr'e "D pg (x5, X" a; 1, 1) fa; )y (5 1)
fdr"fdafdt' et~ DS, v a;t, ") fla; 1) Ba'; 1)
_ 0 flath)
_ 1 €e(t'=1) (S katit) — Sk — 2.32
Zfdafdt ()bGs](xr 7aytyt) alk+()beE(x7 Ya’tt)ak W(a t/) ( 3)

where
Afr(x,x';0) = fr(x,x'; ) =g (x,x; 1),  Afs(x50 = fi(x%; 1) — gs (x5 1).
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In equation (2.37), the two-particle Liouville operator
iy =iLo(x) +iLo(x") +iL(x,x")

was introduced. It contains a one-particle operator

. p 0
iLg(x)=—-—, x={r,p},
m Oor

as well as a potential part

iL(x,x') = g<1>(|r—r'|) (i - i)
T or op op')

Accordingly, in equation (2.32), iL; is the s-particle Liouville operator,

gs(x1...x58) = <Gs(x1...xs)>£el=fdagSL(x1...xs;a; Nf(a;1),

where
gh(xy ... xs; a5 1) =deNGS(x1...xS)QL(xN;a; 1)

is the s-particle relevant distribution function of large-scale variables and Gs(xs ) =1(x7)... 7y (xs).

Thus, we obtained a system of equations for non-equilibrium one-, two-, s-particle distribution func-
tions which take into account nonlinear hydrodynamic fluctuations.

Now, we discuss the equation that is of Fokker-Planck type for a non-equilibrium distribution
function of collective variables which take into account the kinetic processes. The transport kernel in this
equation ¢y, (x,x'; t,t') describes a dissipation of kinetic processes, while the kernels ¢,, j(x, katt),
Pne(xka;t, 1), pin(x,k a;t,t'), pen(x,k, a;t,t') describe a dissipation of correlations between kinetic
and hydrodynamic processes. To uncover a more detailed structure of transport kernels ¢, (x; X', a; t, '),
¢cn(x;x',x", a; t,t') we consider the action of Liouville operator on 71 (x) and G(x, x'):

0 1. 0 .
iLn(x) = r Ei(r,p) + op -E(r,p), (2.33)

iLyG(x,x') = _9. ii(r pax)—n (x)i . ii(r’ p)+ 9 Br,pa(x)+ 7 (x)i B p), (2.34)
N ’ ar m ) 1 1 61" m ’ ap ’ 1 1 ap, ’ ’ .

where

N
jp)=) pjdx—-r)s(p-p)) (2.35)
j=

is the microscopic density of the momentum vector in coordinate-momentum space,

. 0
F(l‘yp)=ZTq)ﬂl'j—1‘l|)5(l‘—l‘j)5(p—p]’) (2.36)
1) OFj

is the microscopic density of force vector in coordinate-momentum space. Taking into account the equa-
tions (2.33)-(2.36) for the kinetic transport kernels, we obtain:

oy e Iy — 9 I . ! . ! 0
ann(x;x;ﬂytyt)—_ a'Djj(xyxyartrt)' _r__p'DFj(xrxraytyt)'_

or 0 or’
0 0 0 0
- a 'DjF(xr x’ra; L, t,) . a_p, + % 'DFF(xy x,y a t, t’) : a_p, ’ (237)

where
Djjx,x,a;t,1") = f dCnj(0) T8, ) (1 - P()]j () pr (x5 1),

Dpp(x,x',a;t,1') = f drNE) T (2, ) (1 - P(E)IE() pr (xV; )
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are the generalized diffusion and the particle friction coefficients in the coordinate-momentum space.
Moreover,

fdpfdp'Djj(x, x;6,t)=Djixr;t), fdpfdp'DFF(x, x';t,t) = Dpp(x,r'; 1,1

are the generalized coefficients of diffusion and friction. Similarly, we obtain the expression for the trans-
port kernel ¢y (x; 1", x"; ¢, '):

On(x; X, x" a1, 1) = - 2D (x,x',x" a;t t’)'i+— Di,i(x,x, X" a;t,t") —
Gn ’ ’ y Uy Uy - 61‘ Jjn y y y Uy by 61" jnj y » y Uy Uy

61‘. or’"

0 -D 9 0 D [/ ! 0

ap F]n(xx x a,t [)—r—% Fnj(x’xyx’aytyt).ﬁ

0 oo 0 0 0

—a-Dan(x,x,x,a,t,t)-a—p,—a—-D]nF(xx X' a; b)) - W
-D 0 o / 0 238
+£ FFn(xxx att)F+a XX at, .Op" (2.38)

It is remarkable that the expression

t
fdx’fdafdt'ew[—t)cpnn(x,x’,a; 6 flat)yst)

in equation 2.23) with @.37) is the generalized collision integral of Fokker-Planck type in the coordinate-
momentum space. That is, taking into account (Z.26) and (Z.37), the kinetic equation (Z23) can be written
as follows:

0 0
(E E_)fl(X,t) fdx fda O(|r - rl)( )gz(xx a0 f(an

fdr fdafdt'ee([_t)(an(x r,a;t,t)f(a;tpa';t)

fdxfdafdr' 6“—” =Dy (0¥, ai 1, 1)- a,y(x ) fla 1)

0 0
fdxfdafdt' e”‘”[—-Dpj(xx at,t) —
op or'

0 0 0
D]F(x,x a;t, t)-?——p-Dpp(xx ,a;t, t) — y(x t)f(a,t)

0

flar) 1)

TR (2.39)

_Zfd“fdt' e(t—t)[([)nj(xka tt) —+(/>ng(xka tt)a
€k

In the equation @225), the quantities ¢;;(kq,a,a’;t,t), ¢pjkq,a,a’;t,t"), ¢cjkq,aa;t, 1),
¢ee(k,q,a,a’; t,t") correspond to the dissipative processes connected with the correlations between vis-
cous and heat hydrodynamic processes. Note that the equations (Z.31), have the structure similar
to the equation but with more complex many-particle transport kernels. Thus, we obtained a sys-
tem of equations for non-equilibrium one-, two-, s-particle distribution functions on collision integral of
Fokker-Planck type which take into account nonlinear hydrodynamic fluctuations.

The set of equations @2.23), 2.25), 2.3, allow for two limiting cases. The first, if the description
of non-equilibrium processes does not take into account nonlinear hydrodynamic fluctuations, we will
obtain the system of equations for a consistent description of kinetics and hydrodynamics obtained in
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papers [@, , ]. These systems can be written as follows:

0 P 0 ) ,6 , ( 0 0 ) /.
(0t+m Gr)fl(x’t) fdx ard)(lr b op op ge6 Xt

t t
—fdr’f dt'ee(tl_”(/)nH(x,r';t, B'; t')—fdx' f dt'ee(tl_”(/)nn(x,x'; 6Lty(x';t), (2.40)
—00 —00

t
<H1m(r)>f (E™ )yt - f dr’ f dr'e " O pupm ;e ) 1)

¢
—fdx' f dt’eg(t’_”(pHn(r,x’; tLty(x'st), (2.41)
—00

where the transport kernels ¢y, (x, x'; ¢, t"), ppu(x,v';t,t"), g, x';t, 1), pgu@,v';t,t') are given by
expression (Z27). An averaging in these kernels is performed using the relevant statistical operator
le Wd (N, £). If in equations (Z40), ZZI) we do not consider the contribution from the potential en-
ergy of interaction, which is true for a dilute gas, then we shall obtain a generalized kinetic equation for

a non-equilibrium one-particle distribution function [44]:

0 p O . , 0 , (6 0 ) ..
(at+ - )f1(x, ) fdx ar<1>(|r r|) ap  op 82(x, x5 1)
f dx’ f dr'ef D P (x, X' 1, )y (s ). (2.42)

The second, if we do not take into account the kinetic processes, then we shall obtain generalized
(non-Markov) Fokker-Planck equation for non-equilibrium distribution function of collective variables,
which can be obtained using the method of Zwanzig projection operators or using the method of Zubarev
non-equilibrium statistical operator [@]:

0 0
Ef(ﬂyt)—%: a—nkvn(ﬂyt)*'a_Ik‘Vj(ﬂyt)'Fa—q(Us(%t) fla;1)
0 fla;t)
_ 1 e(t'—1) b )
_kZ da' fdt —k ¢jikq,a, aitt)- _alq W)

_ 0 fla;th _
( ) ( )
+ E dd’ f diect?'~t (pgg(k q.ad;t, t)aeq W t’) E dd f drec?' 1

k,q % kq

0 0 fla;t)

— i kqadad;tt)— k,q, tt ) 2.43
oy Cieleda ) e ey eq 0,00 alq W(a 1) (243

One of the main problems for the analysis of transport equations (2.23)—(2.25) and transport kernels
are the calculations of the structure functions W (a; t) of collective variables and of hydrodynamic veloc-
ities vp(a; 1), vj(a; 1), ve(a; t). We consider one of these ways in the next section.

3. Calculation of structure function W(a; t) and hydrodynamical veloci-
ties v, (a; 1) by the collective variable method

In the Kawasaki theory ] of non-linear fluctuations, the structure function is approximated by a
Gaussian dependence on collective variables. In this case, as it can be seen, the hydrodynamic velocities
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vik(a; 1), I =n, j,e are the linear function of a. Another approach for the calculation of hydrodynamical
velocities v;x(a; ) was proposed on the basis of local thermodynamics IIE]. The resulting expressions
are obviously valid at low frequencies and for small values of the wave vector, when the conditions of
the local thermodynamics are valid. Structure function W (a; t) and hydrodynamical velocities v; x(a; )
in a case of study of hydrodynamic fluctuations were calculated in , 48] using the method of collective
variables [49]. The basic idea of this approach is that the structure function W(a; ) and hydrodynamic
velocities v;(a; t) can be calculated in approximations higher than Gaussian. Next, we use the method
of collective variables [@, @—@] to calculate the structure function W (a; f) and hydrodynamic velocities
vix(a; t). Further, the collective variable method is used to calculate the structure function W(a; ) and
hydrodynamic velocities vy (a; ). We considered earlier the case when the interactions between parti-
cles on small distances were described by short-range potential ®*"(|r; i1, in particular, by the potential of
hard spheres. At long distances, the interactions between particles are described by the long-range poten-
tial <1>1°“g(|rl j ). Accordingly, we define the short- and long-acting parts of the interaction of the Liouville
operator:

. : 2~ .7l
iLy =1L+ Tn +iLy'¢,

where iL‘I)V is the Liouville operator of N non-interacting particles, T is the scattering operator of hard
long

sphere system and il ,;

particles.
First, we calculate the structure function W (a; t) for collective variables. To do this, we use the inte-
gral representation for d-functions:

is the potential part of Liouville operator with long-range interaction between

- iﬂzwl,k(al,k —an |, l=n,je. 3.1)

Lk

f (a) = f dwexp
Next, using a cumulant expansion [@, ] for W (a; t), one obtains:

W(a; t) =fd1"Nglr<§11'hyd(xN; t)f(a) =fda)exp

. _ 1
- lﬂzwl,kal,k “o2 ZZﬁ_q(t)v(k)(nq+kn_k —ng)
Lk q k

2
b Il
-5 YD M2k ke Dok Ok, | €xp | Y Dalw; t)]’ G2
Il kg ko n=3
where
i N i
apx = aix — a1 dginsny  dw= Hdw;kdwik, wik= 0 i), 0k = 0],
1k
(=im)™ Iyl
Dp@in=-— 3 Y My, D0l kg 01 3:3)
ki kn
9ﬁl1,...,ln (k k. t) _ <d a >l‘yC (3 4)
n Ly, Kpy 1) =14 )k -+ A1,k kin-sh '

are the non-equilibrium cumulant averages in approximations of the n-order, which are calculated using

distribution X" (xV; ) for hard sphere model:

kin-sh
rel

(xN; 1) = exp | — @XM () - f drBr; 1) A" (r) - f dxy (6 )i () | (3.5)

In 3.4) superscript “c” means the cumulant averages. It should be noted that in we shared the con-
tributions from short- and long-range interactions. The short-range interactions are take into account in
arelevant distribution (which can be considered as a base distribution) and long-range interactions
are presented through collective variables

N 1
fdrﬁ(r; £) E°"8(r) = — YY) pq()vK) (ng+xn-x—nq).
2V T K
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We present the structure function W (a; t) for further calculations in the following form:

Wi(a; 1) =fdwexp

1
- iﬂzwl,kdl,k ~ vz ZZ B-q(D)v(K) (nq+kn_k - I’Lq)
Lk q k

1

2
4l I,
- Z Z EIRZI Z(klykZ; t)wll,lqwlz,kz 3!

I,k ko

1 2 3 1 n
1+B+—B“+—B°+...+—B" " +...|, (3.6)
2! n!

where B =Y ,,-3 Dy (w; t). If in series of exponent (3.6), namely, exp [ ¥ ,,3 D (w; 1)], one retains only the
first term equal to unity, one will obtain the Gaussian approximation for W (a; 1):

WS (a; 1) = fdw exp

1
i]‘[Z WKLk — BT Z Z B-q(D)v(k) (nq+kn_k - nq)
Lk q k

2
T Il
==Y MRk ke Do kG Wk, | (3.7
I, kg ko

where ‘Jﬁé1 k2 (ky, ko; 1) are the matrix elements of non-equilibrium correlation functions:

<ﬁﬁ>f<in-sh <ﬁj)liin—sh <ﬁé>1iin—sh
Motk ko ) = | TS e D I8l (3.8)

An\C AT C Aa\C
EMyinsh  Eiinsn ) kinsh Iy ko
and, for example, the non-equilibrium cumulant average
(PucPoidys = A1 insn = (P in-sh (-1 (3.9)
k"' —k/kin-sh k7l—k/xkin-sh k/kin-sh \/*~k/kin-sh * .

For integrating over dw in (3.7), we should transform the quadratic form in an exponential expression
into a diagonal form with respect to w; i . To this end, it is necessary to find the eigenvalues of the matrix
(38 by solving the equation

det | (ky, ko; 1) — E( 1) =0, (3.10)

E(k; t) is the diagonal matrix. Further, the expression (3.7) can be written as follows:

WS(a;r) = fda") detW exp

1
—in) | andpc— Y 2> B-q()VK) (ngsxn-i—ngq)
Ik q x

72
- =YY Ek t)(f)lktf)l,—k], (3.11)
2 7T%

where new variables d;x, @k are connected with the old variables by the ratio:

3
Ak =Y A1,  OK= Y, Om@mi,
1 m=1
and wy,, are matrix elements:
w11 ... W15
W=
w51 ... Ws5 1)

Integrand in (.11 is a quadratic function @,y and after integrating over dw ,,;x we will obtain the follow-
ing structure function in Gaussian approximation WS(a; 1):

1 1
WO (a; 1) =exp | = = ) By (6 Dandi, k= 55 2 ) f-a(DVIO (nqsin-x— ng)
2 " 2V T K
1 - -
x exp —EzmndetE(k; 1|exp|) IndetW(k )|, (3.12)
k k
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or through variables a;y:

WS(a; 1) = Z(1) exp

, (3.13)

_ 1
> Bk Hanar, -k~ vz 2.2 B-q(v{) (ngixn_i - ng)
1k q kK

N =

where
Elct) =) wwE; oy,
ll

Z (1) =exp exp

1 -
- =) InndetEd 1)
2%

Y IndetW(k; t)].
Xk

The structure function WS (a; ) provides a possibility to calculate in higher approximations over
Gaussian moments [@, @]:

Wia;t) = WG(a; 1) exp R (3.14)

Y (Dula; D)

n=3

where one presents (Dp(a; t))g approximately as:
(D3(a; 1)) = (Ds3(a; ))g,
(Da(a; 1)) = (Da(a; ))g,

~ _ 1 _
(Do(a; 1) = (Ds(a; )6 = 5 (Ds (& )2,

- _ _ _ 1 -
(Dg(a; 1)) = (Dg(a; 1)) — (D3(a; 1))(Ds(a; 1)) — 5<D4(ﬂ; e

_ 1 5"
B My, Ky ) — _ — S
WG(a; t) ll;ln kl;kn ! : " (17‘[)” 6all ki - '6aln;kn

<Dn(a; )=

(D, (a; )¢ are the renormalized non-equilibrium cumulant averages of the order n for the variables ay.
In expression (3.14), the summands are with only even degrees over a since all odd Gaussian moments
vanish.

The method of calculation of the structure function W (a; f) can be used for approximate calculations
of hydrodynamic velocities v; x(a; t). We present a general formula of velocities consistent with (2.30) in
the following form:

vila; ) = f dUyégoin ™ (N 1) f @ (3.15)
and introduce the function W(a, A; t):
W(a,A;t) = fdl“N exp(—inz/ll'kél,k) plr(g'hyd(xN; 1) f(a), (3.16)
Ik
so that
@) = —2  InW(a; r)( (3.17)
LB O(=imAL) T =0 ’

We calculate the function W(a,A;t) using the preliminary results of the calculation of the structural
function W (a; t), and rewrite W (a, A; t) as:

—in) wik (Gx - arx)
Tk

Qﬁ?’hyd(xN ;1) (3.18)

Wia,A;t) = fder dwexp ( - iﬂz/ll,k&l,k) exp
Lk
Now, we carry out an averaging in (3.18) using the following cumulant expansion:
1
Wi(a,A; 1) = fdwexp { —in) wxax- 2 Y B-q()vK) (ngikn-ik— nq)
1k q k

+ Y [Dn(w; ) + Dy(A; 1) + Dy (0, 4; r)]}, (3.19)

n=1
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where
Iyl
Dy (w;t) = - Z Z iltl "(ky,.. kn;t)wll'kl...wln,kn,
: lyenln ke ky
(= 17T) iyl
DA 0) = YooY mPhetag, ks DALk - Ak
l1, 'lnklv :kn
(=im)" 20l
Dy(w, A t) = Z Z gﬁ( M- kLK DO KGO8, Ky - Ak

L A

with the cumulants of the following structure:
Iyl RPN N £,
iD,tnl " (kI; cee ;kn; 1) = <(1]1 Kyreeo alﬂ’kn>ki(1:’1-sh’
M.l L A X t,
iInn ! " (kly oo ykny t) - <al1,k1 Yooy al”'kVI)ki(I:‘l-Sh’
20,1 . . .
MDAl ey, s ) = n[(n= )+ (= n+ Doy, |
N N A A t,c
XAy 0 ALy Je oo Ay oy iy @k yinesh

First, we consider a Gaussian approximation for W(a, A; t), namely in the exponent of an integrand
we leave only the summands with 7 =2 and linear over A;:

WG(a,/l; 1) =fda)exp

1”Zwlkalk_1ﬂz<alk>kmhyd Lk~ 2V2 ZZﬁ a(DVK) (ngsxn_i— nq)
Ik Ik

2
T Il n 2)1,1
Y Z Z imzl “ (kp, keo; DO GOk, ~ o Z Z Smé) : z(kl’kz;t)wllykﬂllzvkz - (3.20)
I, b ki ke h, b ki ke

Then, transforming this expression in the exponent to a diagonal quadratic form over variables wy,
similarly to W (a; 1), after integrating with respect to the new variables @, i, one obtains:

. 1
WS(a, ;0 = fdw exp | — iﬂzml,k)fdn/ll,k ~ oz ZZﬁ_q(t)v(k) (ngsxn-x — nq)

- —ZE (I )by by —x - —ZlnndetE(k t)+ZlndetW(k t)] (3.21)

where

bix=) wi;
j

im i’
ajict S P a6 0],
j/

.oy s
and wyj, ‘JJI;Z)] 7 (k; 1) and E;(k; t) are not dependent on A,y . Here, the cumulants ‘JJI;Z)] " (k; ) have the
following structure:
@j,j' PR A N
0, RCDE <a]'ykaj',—k>1[<in-sh - <a]',k>1t<in<aj',—k>1[<in-sh' (3.22)
Now, we calculate the hydrodynamic velocities v;y(a; ) in a Gaussian approximation according to the
formula

6 G X t 2 )] )
vik(a; ) = mlnw (a,A; 1) Ae=0 ()10 yin = JZJEI U Nwjiw My A Dak.  (3.23)

Specifically, we consider the particular case when one can divide the longitudinal and transverse fluctu-
ations for collective variables. That is, we choose the direction of the wave vector k along the axis of Oz.
Thus, one obtains:

WG(a; 1) =fda)exp

. _ 1
lﬂz @1kALk = 5o Z Z B-q(DVvEK) (ngsxn-i — ng)
Lk q k

”2 3 i
- 2 Z Z EIRZI v 2(k1,k2§ t)wll,kl wlz,kz
h,bL=1k; ko

7.[2

4
> 2 3 bk 4, ke Do 01k, | (3.24)
I1,l=1ky ko
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where ‘Jth’ll’lz (k1,ko; t) are the matrix elements of the non-equilibrium correlation functions of longitu-
dinal fluctuations N
A 7\C ~fllye A a\C
Ainen  Wxinsn MEiinsn
Mhda ko0 = [Glaye, o dlihe o dlas | (3.25)
AA\C 23llyc Ap\C
EMgnen  Ekinsh  €Ekin-sh iy ko
93?2“1'12 (ky, ko; £) are the matrix elements of the non-equilibrium correlation functions of transverse and
transverse-longitudinal fluctuations

0 ( ﬂj fc_ ) 1C<in-sh ( ﬂj JJ/_ ) liin-sh 0

3L A\C Flyl\c Flyl\c 3Ll a\c
T nsn TI0kinen 5T kinsn TxEkinsn

;)ﬁ”,J.(kl k2' 0= (3.26)
2 825 TP §L51 FLiL Lo
Ty Mgnsn DT kinn I kinsn I3 inen
AL AL
0 @ x >lc<in—sh @ y >lc<in—sh 0 ki k2

In this case, the hydrodynamic velocities in the Gaussian approximation are as follows:

”G(a 1) = (P ipan + E1 O 1) (@11 7k + w21lk +w3181) QU (k; 1), (3.27)

”G(a 0= (! 1Wkinesh + Ey () (w2 + wzzlk +w3281) Qy (k; 1),

V(@ 1) = @k + B3 0 1) (01370 + wa3]) + 03381) Qe (1),
where

Q (k t) wll(”’kn k>k1n sh + w21 <] n k>k1n sh + w3 <€kn' k>k1n sh’ (328)

Q](k t) w12<nk1” k>k1n sh + (1)22(] I” k>k1n sh + w32<gk1” k>k11’1 sh’

QE (kr t) = w13 <nk8‘k>k,in-sh + w23 <Ik8_k>k,in-sh + w33 <gk£_k>k’il’l-sh’

and w;; are the elements of matrix W (k; t).

As one can see the hydrodynamic velocities (3.27) in the Gaussian approximation for WS(a, A; t) are
linear functions of the collective variables ny, Jix and €. It is remarkable that if the kinetic processes
are not taken into account, i.e., Qké“ shxN ;1) =1, then (.. .)fdn_sh — (...)p is an average over a microscopic
ensemble W (a); in this case, the expressions (3.27) for hydrodynamic velocities transform into the re-
sults of the previous work [@], in which the nonlinear hydrodynamic fluctuations in simple fluids were
investigated.

4. Conclusions

Using the method of Zubarev non-equilibrium statistical operator, we have obtained a modified chain
of BBGKY kinetic equations that take into account non-equilibrium hydrodynamic fluctuations for a sys-
tem of interacting particles. At the same time, the non-equilibrium distribution function that describes
the hydrodynamic fluctuations, satisfies a generalized Fokker-Planck equation. We divide the contribu-
tions from short-range and long-range interactions between particles, and describe the short-range inter-
actions (hard sphere model) in the coordinate space, while the long-range interactions are described in
the space of collective variables.

Moreover, the short-range component will be considered as a basis with distribution ka shxN; 1),
which corresponds to the BBGKY chain of equations for the model of hard spheres ]

The used method of collective variables @, ., ] has made it possible to calculate the structural
distribution function of hydrodynamic collective variables and their hydrodynamic velocities in approxi-
mations higher than the Gaussian one. In particular, the hydrodynamic velocities above the Gaussian ap-
proximation that follow from equation and (3.27) will be proportional to d; i@y x, and the transport
kernels in the Fokker-Planck equation will be of fourth-order correlation functions over variables a; .
It is significant that the Fokker-Planck equation in a Gauss approximation for WS (k; ), v?k(a; t) leads to
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transport equations for (@; )" and the structure of these equations is the same as in molecular hydrody-
namics [50, 51, although the averaging is performed using py,(x", a; 1) = ngirll'hyd(xN 0 f(@/WS(a; ).

The proposed approach makes it possible to go beyond the Gaussian approximation for W (k; 1),
vik(a; 1) and for transport Kernels in the Fokker-Planck equation. As a result, we obtain a nonlinear
system of equations for the (d;y)’. It is remarkable that the kinetic equation contains generalized
integrals of Fokker-Planck type with generalized coefficients of diffusion and friction in the phase space
(r,p, 1), where the limit of change of |r| is restricted by value |k|1_1}}dr that corresponds to collective non-
linear hydrodynamic fluctuations. This means that in areas smaller than |k|1:)}dr, the processes are de-
scribed by generalized coefficients of diffusion and friction, while in areas larger than Iklﬁ}}dr they are de-
scribed by generalized coefficient of viscosity, thermal conductivity ¢;(k,q, a,a’; t, 1), pee(k,q, a,a’; t, t')
and by cross coefficients ¢ . (k,q,a,a’; t,t'), ¢¢j(k,q,a,a’; t,t'). The correlations between these areas of
transport are described by Kkernels ¢,;(x,q,a,a;t,t), ¢ne(x,q,a,a’;t,t), Penl,x',a,a’;t,t),
Ginlk, x',a,a’; t,t'), which are present both in kinetic and Fokker-Planck equations, and describe cross-
correlation between kinetic and hydrodynamic processes.
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JlaHLI0)KOK KiHeTUYHMX piBHAHbL BBIKI, meToA HepiBHOBa)KHOTO
CTaTUCTUYHOrO onepaTopa Ta MeTo/, KOJIeKTUBHUX 3MIHHUX B
HepiBHOBAaXHI CTaTUCTNYHIW Teopil piavH

I.P. OxHoBCbKMIA, M.A. Tnywak, M.B. Tokapuyk

IHCTUTYT §i3nkn KoHAeHcoBaHMX cnctem HAH YkpaiHu, Byn. CeeHuiLbkoro, 1, 79011 JibBiB, YKpaiHa

3anpornoHOBaHO NAHLOXOK KiIHETUYHUX PIBHAHb ANSt HEPIBHOBAXHUX OJHOYACTUHKOBOI, BOYACTUHKOBOI i §-
YaCTUHKOBOT GYHKLIi PO3MOAINY YACTUHOK 3 ypaxyBaHHAM HeNiHiHWX rigpognHaMivyHNX GaykTyauiii. Bukopu-
CTOBYETbCS METO/ HEPIBHOBAXHOT0 CTaTUCTUYHOrO onepaTopa 3ybapesa 3 NpoekTyBaHHAM. HeniHiiHi rigpoamn-
HaMiYHi GayKTyaLii onncyTbCa HepiBHOBAaXHOK GYHKLIEID PO3MOAINY KONEKTUBHUX 3MIHHMX, L0 3a/0BO/b-
HA€ y3araibHeHe piBHAHHA ®okkepa-laaHka. Ha 0CHOBI MeTOAy KONEKTUBHMX 3MiHHUX 3anponoOHOBAHO Cro-
Ci6 po3paxyHKy HepiBHOBaXHOI CTPYKTYPHOI GYHKLi PO3NOAiNY KONEKTUBHUX 3MIHHMX Ta iX TiAPOAVHAMIUHNX
LUBMAKOCTEN (BULLe raycoBOro HabamkeHHS), L0 MICTATbCA B y3araabHeHOMY piBHAHHI ®okkepa-lnaHka ans
HepiBHOBAXHOT GYHKLT po3Moainy KONeKTUBHMX 3MiHHMX. Py LbOMY pO3ZineHi BKAaAM Bij KOPOTKOAILOUMX
i JaneKoAiUMX B3aEMOAIN MiX YacTUHKaMW, LLO NPUBENOo A0 TOro, L0 KOPOTKOAiKUi B3aEMOAIT (HanpuKnag,
MoZeNb TBepAMX chep) ONMCYTbCA B KOOPAMHATHOMY MPOCTOPI, @ Aanekogitoui — y npocTopi KONeKTUBHUX
3MiHHKX. KopoTKkogitoua cknafoBa po3rnsfacTbcs Ak 6a3ncHa, Ak Biagnosigae NaHLXOK piBHAHb BBIKI gns
Mogeni TBepaunx chep.

KntouvoBi cnoBa: HesiHiviHi ¢pnykTyauii, HepiBHOBaXHWUI CTaTUCTUYHWI 0repaTop, QYHKLis PO3roginy,
piBHAHHSA ®okkepa-l11aHKa, npocTa pignHa
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