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Abstract

We consider a mixture of interacting
particles with two different masses (m1
and m2) but otherwise equal proper-
ties (e.g. size, interaction strength)
at different number densities and con-
centrations. For the transport coef-
ficients like mass diffusion and viscos-
ity at lower densities, a Stokes relation
holds over a large range of concentra-
tions x of the heavy particles [1]. Here
we report simulations at higher den-
sities and compute the mass diffusion
coefficient (DC) for both types of par-
ticles at different concentrations x and
mass ratios µ = m2/m1.
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Fig. 1. Mass diffusion D2 against

total viscosity for different concentra-

tions x and different mass ratios µ =

1, 10, 100, 500, 3000, 104 (ρ = 0.6 and

temperature T = 1.05).

With increasing mass ratio, one expects to reach in the limit of µ → ∞ the
model of a liquid in a fixed random matrix with finite diffusion coefficent D1
for the light particles. At higher density, however, we observe a localization
transition at a high but finite and concentration dependent value µc for the
mass ratio. At the transition, both mass diffusion coefficients go to zero.
Moreover, in the region where such a transition exists, the values of D1 and
µD2 seem to become equal. Near the transition at µc the mass diffusion co-
efficients decrease to zero with a power law Di ∼ (µc − µ)z and an exponent
z of about 2.1.

The model

We consider a two-component mixture consisting of N = N1 + N2 particles
in a cubic volume V with periodic boundary conditions. A pair of particles
i , j of species α and β, respectively, separated by a distance r =

∣

∣ri − rj
∣

∣ ,
interacts via a truncated and shifted Lennard-Jones potential φ (r), given by

φ (r) =

{

φLJ (r) − φLJ (rc) , r < rc
0, r > rc

, (1)

and

φLJ (r) = 4εαβ

[

(σαβ
r

)12
−

(σαβ
r

)6
]

, (2)

where rc = 2.5, and the two species have the same interaction strengths
ε11 = ε22 = ε12 ≡ ε and particle sizes σ11 = σ22 = σ12 ≡ σ, but different
masses m2 > m1. From the point of view of statics, such a system is identical
to a one-component Lennard-Jones fluid, the dynamic properties, however, will
of course depend on the mass ratio µ = m2/m1 and the concentration speci-
fied by the mole fraction x = N2/N . In the extreme limit of µ → ∞ we are
effectively dealing with a system of N1 particles moving in a disordered matrix
of N2 fixed obstacles of the same size. Since this model system interacts via
an attractive potential, its properties (e.g. the phase diagram) differ in many
respects from a system of hard spheres. However, many properties depending
on geometrical constraints, especially in the limiting case of percolation, may
be similar.

The physical systems covered by the
model

Fig. 2. The mixture in different regions of concentration x and mass ratio µ.

Changing the mass ratio µ, the mixture crosses over from a pure fluid at
µ = 1 (equal masses) to a liquid in a matrix of fixed particles. This implies
a crossover of the critical behavior of such a liquid from the Ising universality
class to the universality class of the random field Ising model [2]. At certain
finite values of the mass ratio a change from a mixture of two types of mobile
particles to a one component fluid in a matrix of fixed particles (represented
by the classical Lorentz model [3]) might happen, or even both components
might be localized [4]-[7]. This might of course depend also on temperature
and density.

In [1] a localization for a finite time scale has been studied: the so called cage
effect, which becomes more dominant with increasing density.

Simulations

We performed molecular dynamics (MD) simulations for different concentra-
tions and mass ratios in the NVT ensemble using a Nosé-Hoover thermostat
in the formulation of Martyna et al. [8] and a velocity Verlet integration
scheme. A multiple time step algorithm [9] was applied in order to deal with
the different time scales due to the high mass asymmetry of the two mixture
components. Simulations usually lasted at least 2 × 106 time steps, where
one time step of the light species was chosen as δt = 0.005

√

m1σ2/ε, with
equilibration times of 2 × 105 time steps.
In the comparison of theory with MD simulations, one has to be careful with
the setup of the simulation. First, one has to properly define the equilibration
of the fluid and the matrix: (1) In the quenched-annealed case one may start
from a random configuration of the fixed particles and then equilibrate the
fluid, or (2) in the equilibrated mixture case one equilibrates a pure fluid and
then randomly fixes the matrix particles. The choice of the starting config-
urations makes a difference as to whether one restricts them to percolating
clusters only or not. In order to be consistent in the limit of infinite mass
ratio, the case of the equilibrated mixture has been chosen and the mean over
16 simulations with random initial positions of the particles has been taken.
The configurational properties of this type of fixed matrix for the fluid have
been investigated recently in [11].

Calculation of the diffusion
coefficients

The self DCs in the case of normal diffusion may be calculated from the large
time limit of the mean square displacement (MSD) of a particle of species α
defined as

〈

∆r2
α (t)

〉

=
1

Nα

Nα
∑

i=1

〈

[ri (t) − ri (0)]2
〉

, (3)

where ri (t) is the three-dimensional trajectory of particle i , and 〈·〉 denotes a
canonical average. The Einstein-Helfand relation [10], which states that the
self-diffusion coefficient of light or heavy particles is given by its slope at large
times, leads to

Dα = lim
t→∞

〈

∆r2
α (t)

〉

6t
. (4)

Another way to obtain the DCs of the two components (which has been chosen
here) is via their velocity autocorrelation functions (VACFs) ψα(t), defined as

ψα (t) =
1

3Nα

Nα
∑

i=1

〈vi (t) vi (0)〉 . (5)

These allow us to calculate the self-diffusion through the Green-Kubo relation
[12]

Dα =

∫ ∞

0
ψα (t) dt. (6)

Mass diffusion

Fig. 3. Mass diffusion of light and heavy particles

at ρ = 0.5, x = 0, 5 and T = 1.0 at different mass

ratios µ. In the limit µ → ∞ the light particle

diffusion reaches a finite value, whereas the heavy

particle diffusion goes to zero as expected.

In order to get an overview of the behavior of the DCs, we have performed sim-
ulations at different concentrations of heavy particles and mass ratios. They
are shown below.
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Fig. 4. At particle density ρ = 0.75, the

expected behavior is seen. Red dots, D1;

blue dots, µD2; green dots, anomalous

diffusion.

Fig. 5. At higher density (ρ = 0.9), a

new effect is observed. Description as in

Fig. 4.

As expected, both DCs are slightly smaller at higher densities and at low con-
centrations behave similar to the former case, but at higher concentrations
the curve connecting the values of D1 approaches those of the ’scaled’ DC
µD2. Moreover, at this concentration both DCs seem to drop to zero at a
finite value of the mass ratio µ = µc , indicating an arresting of both particles.

Normal and anomalous diffusion

In the region of normal diffusion the values for the DC calculated by the two
different equations (4) and (6) have to agree [10].
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Fig. 6. Mean square displacement di-

vided by time as a function of time. Hor-

izontal lines calculated from the velocity

autocorrelation function (VACF).

Fig. 7. Deviations from the constant val-

ues given by the VACF in the infinite time

limit indicate anomalous diffusion.

Approaching the localization
transition

Localization transitions have been observed in other similar models [13, 14, 15].
In order to find the critical value of the mass ratio µc where the localization
sets in, we analyze the behavior of the DC data for light and heavy particles
at x = 0.8.

A guess of the expected behavior of
the DC as a function of the parame-
ter varied might be the results found
in other cases. Two cases may be con-
sidered: (1) a mixture of two mobile
species, and (2) the case where one
species is fixed and simulates a type
of porous matrix. A model of case
(1) has been studied in [16]. It shows
that near the localization of one (the
larger) component of the mixture the
DC of the arresting particles follows a
power law as a function of the density
difference to the critical density value

D(ρ) = B(ρc − ρ)γ . (7)

An exponent γ slightly larger than 2
was obtained.
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Fig. 8. Mass diffusion of light particles

D1 and mass diffusion D2 multiplied by

the mass ratio µ for the heavy particles

at x = 0.8, ρ = 0.9 and T = 1.0 for dif-

ferent mass ratios. Both mass diffusions

go to zero at the same finite mass ratio

as (µ − µc)
2.1 (solid curve). A relation

D1(µ) = µD2(µ) seems to hold near this

limit.

Conclusion

A localization transition seems to take place under certain conditions. In or-
der to investigate its specific properties, further simulations are necessary to
obtain the concentration dependent transition line and to fix the exponent in
the power law behavior.
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