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1. Empirical facts

THe search of the universal relations which applicable to
broad class of substances is of great importance. One

of the most known is the principle (theorem) of correspond-
ing states (PCS) which goes back to van der Waals [1].
Well-known the rectilinear diameter law (RDL) [2] for the
density as the order parameter of the phase coexistence:

nd =
nliq + ngas

2nc
− 1 = A |τ | + . . . , τ =

T − Tc
Tc

(1)

is another example. Although the relation (1) is also approx-
imate it is observed for a wide variety of fluids in a surpris-
ingly broad temperature interval beyond the critical region.
Another typical phenomenological Batchinsky law was de-
rived from the van der Waals equation [3]:

p =
nT

1− n b
− a n2

It states that the curve defined by the equation Z = 1, where
Z = P

nT is the compressibility factor, is a straight line which
can be described by simple equation on (n, T )-plane:

n

nB
+
T

TB
= 1 . (2)

where TB = a/b is the Boyle point and nB = 1/b. In work of
Ben-Amotz and Herschbach [4] the line Z = 1 is called by
the Zeno-line (ZL). They also noted the striking correlation
between two remarkable linearities (1) and (2).
These findings have been further developed in works of
Apfelbaum&Vrob’ev [5]. These authors formulated the con-
ception of the “Triangle of Liquid-Gas States“ [5]. We show
that the facts (1) and (2) can be naturally explained within
the conception of the global isomorphism between the Lat-
tice Gas (LG) or equivalently the Ising model given by the
Hamiltonian:

H = −J
∑
〈 ij 〉

ni nj − µ
∑
i

ni , ni = 0, 1 (3)

and simple fluids.

2. Liquid-vapor binodal as the image of the binodal
of the lattice model

It is easy to see that linear laws (1) and (2) are fulfilled triv-
ially in the case of the Lattice Gas (LG) model or equiva-
lently the Ising model. Indeed, the rectilinear diameter law
for the LG is fulfilled due to the symmetry of the Hamiltonian
(3) with respect to the line x = 1/2.
The analog of the Zeno-line for the LG can be defined too.
In this case it is the line x = 1 where the “holes“ are absent.
It is clear that if x = 1 then the perfect configurational or-
der takes place and the site-site correlation function for (3)
vanishes: 〈 〈

qi qj
〉 〉

=
〈
qi qj

〉
− 〈 qi 〉

〈
qj
〉

= 0 .

Thus the line x = 1 plays the role of the Zeno-line on the x−t
phase diagram of the LG. Due to simple structure of the LG
Hamiltonian (3) and explicit symmetries there are degener-
ate elements of the phase diagram. The critical isochore
xc = 1/2 coincides with the diameter. The Zeno-line is the
tangent to the binodal which in this case expands up into
the region t → 0. Thus there is the degeneration of these
in the case of the LG. Naturally, that both mentioned de-
generations for the linear elements (1) and (2) of the phase
diagram disappear for the real fluids. The difference of the
diameter and the isochore is nothing but the asymmetry of
the binodal. The definition of the tangent linear element

n

n∗
+
T

T∗
= 1 (4)

relies upon the van der Waals approximation for the given
EoS and therefore does not coincide with the Zeno-line.
The parameters entering (4) are:

T
(vdW )
B =

a

b
. (5)

where

a = −2π

+∞∫
σ

Φattr(r) r
2 dr (6)

and Φattr(r) is the attractive part of the full potential Φ(r), σ
is the effective diameter of the particle so that b = 2π

3 σ
3,

n∗ =
T∗

B3 (T∗ )

dB2

dT

∣∣∣∣
T=T∗

. (7)

This relation follows from the constraint that the compress-
ibility factor Z changes linearly with the change of the tem-
perature T along the linear element (4).

Figure 1: The geometrical correspondence between the
elements of the thermodynamic phase diagram.

Because of linearity of the characteristic elements (1) and

(4) the following transformation:

n = n∗
x

1 + z t
, T = T∗

z t

1 + z t
, (8)

maps the phase diagrams of the Lattice Gas and the con-
tinuum fluid. Obviously z is as following:

z =
Tc

T∗ − Tc
. (9)

(8) provides the mapping between the binodals of the LG
(Ising model) and Lennard-Jones (LJ) fluid with the poten-
tial

Φ(r) = 4U0

(
−
( σ
r

)6
+
( σ
r

)12
)
. (10)

In accordance with (16) (see below), z = 1/3 for 2D LJ fluid
and z = 1/2 for 3D case respectively. For 2D case the
known exact solution for 2D Ising model is:

x = 1/2± f (t)1/8 , f (t) = 1− 1

sinh4 ( 2J/t )
. (11)

Substituting (11) into (8) the parametric representation
for the binodal of LJ fluid is obtained and can be com-
pared with the known numerical simulation results (see
Fig. 2). Note that the values of the parameters T∗
and n∗ obtained by fitting are very close to that follow-
ing from the consideration above T∗ ≈ T vdWB = 2 and
n∗ ≈ 0.91 (see also [6]). The locus of the CP ob-
tained is in good correspondence with the results of [7].

Figure 2: Fitting the binodal of two dimensional LJ fluid (8)
with z = 1/3, T∗ = 2.03 and n∗ = 0.971 to the results of the
simulations [8, 7]. Also the corresponding locus of the CP
is shown.

The empirical EoS for 3D Ising binodal

x =
1

2

(
1± τβ

(
b0 + a1τ + a∆1

τ∆1

))
, τ = 1− t , (12)

where β = 0.326941 ,∆1 = 0.50842, b0 = 1.6919 , a1 =
−0.42572366 , a∆1

= −0.34357731 was obtained in [9]. This
expression represents the data in the region 0.0005 < τ <
0.26. In Fig. 3 the result of mapping (8) onto n − T plane is
shown. The exparimental data are shown by “◦“.

Figure 3: Binodal for 3D LJ fluid (blue line) obtained from
the mapping of the empirical EoS of the 3D Ising model
after transformation (8) with z = 1/2, T∗ ≈ T

(vdW )
B = 4 and

n∗ ≈ 0.94.

3. The locus of the critical point for the
Lennard-Jones fluid

In (8) the critical parameters of the LG is xc = 1/2, tc = 1.
The coordinates of the CP for the fluid are:

nc =
n∗

2 ( 1 + z )
, Tc = T∗

z

1 + z
. (13)

In addition to (9) the parameter z can be connected with the
properties of the attractive potential. The scaling relation:

−d ln (Tc/T∗ )

d ln (nc/n∗ )
=

1

z
, (14)

directly follows from (13). This leads to:

d ln
( ∣∣∣Φatt(n−1/d

c )
∣∣∣ /T∗ )

d ln (nc/n∗ )
=

1

z
(15)

If the attractive part of the potential has the power-like
asymptotic Φatt(r) ∝ r−m ,m > d then

z = d/m . (16)

E.g. for three dimensional Lennard-Jones potential z = 1/2.

LJ “6-12“ fluid 2D 3D 4D 5D
Tc 0.5 1.333 3.2 9.08

T
(num)
c , [10] 0.515 1.312 3.404 8.8 (?)

nc 0.353 0.322 0.404 0.693

n
(num)
c , [10] 0.355 0.316 0.34 -

Table 1: The comparison of the estimates (13) with the re-
sults of numerical simulations [10]. The value T 5D

c ≈ 8.8 of
the critical temperature for 5D case was obtained in [10] by
simple extrapolation of the results for lower dimensions.

The approach can be applied to the Mie-potentials:

Φ(r;m, q) = ε
m

q −m

( q

m

)q/(q−m) (( σ
r

)q
−
( σ
r

)m )
,

(17)
Further we pay special attention to the case m = 6,
for which the extensive numerical results are available
[11, 12, 13]. Using (13) it is possible to relate the critical
temperatures for Φ(r; 6, q) with different q [14]:

T∗(q) = 2

√
6

q − 6

( q
6

) q
2(q−6) ⇒ Tc(q) =

2

3

√
6

q − 6

( q
6

) q
2(q−6)

.

(18)

Figure 4: Critical temperature Tc of Mie(6, q)-fluid: theory
(open) and the numerical data (filled) [11, 15, 16].

Figure 5: Critical density nc of Mie(6, q)-fluid: theory (open
circles) and the numerical data (points) [11, 15, 16].

The results for the Sutherland potential can be ob-

tained from (18) by taking the limit q → ∞. The
results are shown in Tables 2 and Figs. 4, 5.
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m nc n
(num)
c Tc T

(V L)
c T

(num)
c

3.1 0.254 0.247 14.75 8.14 11.45
4 0.286 0.299 1.286 1.307 1.37
6 0.333 0.376 0.667 0.574 0.597

Table 2: The results for the Sutherland potential
(Mie(6, q), q =∞).

The same procedure can be applied to the Buckingham po-
tential:

ΦB(x; a) =

∞ , x ≤ r0/rm,
ε

1−6/a

(
6
a exp ( a ( 1− x ) )− 1

x6

)
, x > r0/rm ,

(19)
where x = r/rm and r0 determines the hardcore cut-off and
is defined by the point of maximum of ΦB. The distance
rm is the point where ΦB reaches minimum ΦB(r0) = −ε.
Also the distance where ΦB crosses zero we denote σ. It
depends on the parameter a and clearly r0 < σ < rm. Note
that for the Buckingham potential it is handy to make the
distance dimensionless in units of rm and use the corre-
sponding dimensionless density n r3

m.
Comparing (17) for m = 6 and (19) we see that the corre-
sponding change of scale is needed. It is easy to find that
at a ≈ 12.8 the attractive part of the Buckingham potential
equals to that of the standard LJ 6-12 potential Φ(r; 6, 12)

and therefore for such potential Tc = T
(vdW )
B /3. So we

choose this case as the reference point. The analog of (18)
is:

Tc(a) =
2

3

( rm
σ

)3 1√
1− 6/a

. (20)

Figure 6: Critical temperature Tc of Buckingham potential:
theory (dashed) and the numerical data from [17].

Figure 7: Critical density nc of Buckingham potential. The
numerical data (open) from [17]. The dashed line is the
interpolation of the calculated values of nc.

The comparison of the results and available numerical data

for the Buckingham potential is given in Figs. 6,7.
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