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Abstract

In the finite-size scaling analysis of Monte Carlo data, instead of
computing the observables at fixed Hamiltonian parameters, one
may choose to keep a Renormalization-Group invariant quantity,
also called phenomenological coupling, fixed at a given value.
Within this scheme of finite-size scaling, we exploit the statistical
covariance between the observables in a Monte Carlo simulation
in order to reduce the statistical errors of the quantities involved
in the computation of the critical exponents. This method is
general and does not require additional computational time. This
approach is demonstrated in the Ising model in two and three
dimensions, where large gain factors in CPU time are obtained.
This poster is based on [1].
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Motivation

Monte Carlo method [2, 3]
Pros:

• very flexible

• allows in principle arbitrary precision

Cons:

• Statistical error bars decrease slowly with the CPU time

σ ∝ 1√
CPU time

⇒even small improvement in error bars can represent a
significative gain in CPU time

Some methods used to reduce error bars (with a given algorithm):

• improved estimators [3]

• optimal weighted averages [4]

• use of control variate [5]

Our: improvement of the accuracy of MC estimates using
Finite-size scaling at fixed phenomenological coupling
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Finite-size scaling at fixed

phenomenological coupling

Finite-size scaling methods [6]:

• extract the critical behavior of a model

• works in the region where correlation length ξ ∼ L linear size

Close to a second-order phase transition, Renormalization-Group
predicts scaling behavior:

χ = cL2−ηfχ(atL1/ν) + scaling corrections

R(β, L) = fR(atL1/ν) + scaling corrections

with

• χ susceptibility

•R RG-invariant quantity (phenomenological coupling)

• t ≡ (T − Tc)/Tc = βc/β − 1 reduced temperature

• fχ(τ ), fR(τ ) universal scaling functions

• a,c non-universal amplitudes

•R(βc, L) = R∗ critical-point value

FSS at fixed RG-invariant quantity R [7, 8, 9]

Fixing R = Rf , we determine βf (L) such that

R(βf (L), L) = Rf

For L → ∞, βf (L) → βc such that

βf − βc = O(L−1/ν), for generic Rf

βf − βc = O(L−1/ν−ω), for Rf=R∗

Any observable O(β, L) is computed at β = βf (L), resulting in
Of (L) = O(β = βf (L), L).
Error bars can be computer with Jackknife techniques [10].
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Optimal FSS at fixed

phenomenological coupling

In a MC simulation, observables are sampled using statistical
estimator, i.e., random variables.

Some notation:

• Â is a random variable

•E[Â] = A expectation value of Â

• δ̂A ≡ Â − A fluctuations of Â

The fluctuations of an observable O computed at fixed
phenomenological coupling R are given by:

δ̂Of ≃ δ̂O − O′

R′ δ̂R

where:

•R is sampled with estimator R̂

• Observable O is sampled with estimator Ô

• δ̂Of fluctuation of observable O at fixed R

•R′ = dR/dβ, O′ = dO/dβ

In presence of N RG-invariant quantities {Ri}, i = 1,. . .N :

δ̂Of ({λi}) = δ̂O − O′∑N
i=1 λiδ̂Ri∑N

i=1 λiR
′
i

.

Problem: Find {λi} which minimize variance of Of

Invariance under rescaling λi → µλi, µ 6= 0.
⇒Fix normalization as

N∑

i=1

λiR
′
i = O′,

so that we have to minimize the variance of

δ̂Of,norm({λi}) = δ̂O −
N∑

i=1

λiδ̂Ri
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A geometrical picture

In the space of random variables with null expectation value,
covariance defines a positive-definite scalar product <, >:

< δ̂A, δ̂B >≡ COV [δ̂A, δ̂B] = E[δ̂Aδ̂B] − E[δ̂A]E[δ̂B],

Variance of δ̂A is square length:

V AR[δ̂A] = COV [δ̂A, δ̂A] =< δ̂A, δ̂A >

Let V = Span < δ̂R1, . . . , δ̂RN > the space generated by {δ̂Ri}.

δ̂Of,norm({λi}) = δ̂O − δ̂v, δ̂v ∈ V
Normalization

N∑

i=1

λiR
′
i = O′

represents a N − 1 affine subspace W , δ̂v ∈ W ⊂ V
A geometrical picture:

V

W
δ̂v

δ̂Oδ̂O⊥

δ̂O‖
δ̂O‖ − δ̂v

Variance of δ̂Of,norm is minimum when δ̂O‖ − δ̂v ⊥ W

The optimal coefficients {λi} are found using linear algebra [1].
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Results: Ising model

We test the method on the Ising model in d = 2, 3

H = −J
∑

〈ij〉
σiσj, σi = ±1,

We consider four RG-invariant quantities:

U4 ≡
〈M4〉
〈M2〉2, M ≡

∑

i

σi,

U6 ≡
〈M6〉
〈M2〉3

Rξ ≡ ξ/L,

RZ ≡ Za/Zp,

with

• ξ second-moment correlation length

• Za partition function with antiperiodic b.c. on one direction

• Zp partition function with fully periodic b.c.

RZ can be sampled with algorithm introduced in Ref. [11].
Fixed-point values are found in Refs. [1, 12, 13, 14].

Observables:

χ ≡ 〈M2〉/Ld ∝ L2−η

dU4/dβ ∝ L1/ν

dU6/dβ ∝ L1/ν

dRξ/dβ ∝ L1/ν

⇒Estimators for the critical exponents ν, η.

Simulation algorithms: Metropolis and Wolff, separately.

Large gain in the CPU time

Model/dynamics χ, dU4/dβ, dU6/dβ dRξ/dβ

d = 2 Metropolis ∼ 20 − 50 ∼ 3 − 5
d = 2 Wolff ∼ 6 − 9 ∼ 2 − 3
d = 3 Metropolis ∼ 20 − 30 ∼ 4 − 6
d = 3 Wolff ∼ 5 − 8 ∼ 3

Possible other applications:

• Improved models [6]

• Disordered models [15]
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