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Teopist 30ypeHb AJid9 KOJEKTUBHUX MOJ B AWHAMIII IIPOCTUX Ta
CKJIaHUX PiavH

I.M. Mpurson, B.M. Kynopos

Amnorarisi. @opmastizm Teopil 30ypeHb BUKOPUCTOBYETHCS JIJTsi O0UUCTIe-
HH$ TIOMPABOK JI0 Y3araJIlbHEHUX KOJEKTUBHUX MOJI, BUKJIMKAHUX CJIa0-
KM II€PEXPECHUMHU KOPEJIAIIsIMUA MiK TEIUIOBUMH Ta B SI3KOIPYKHU-
MU JUHAMIYHAMH IIPOLECAME B IIPOCTUX Ta CKJIAJHUX pinuHax. Bymye-
ThCs 3arajibHe (hOpMYJTIOBAHHS TAKOI Teopii 30ypeHb JI0 IPYTOoro MoPsIKY
BKIIOUHO. [IpoBoguThCst 11 anpobariis Ha BioMuX HANIPOCTIIMX JUHA-
MITHUX MOJIENIX PIAWH Ta BUKOHYETHCS aHAJi3 OTPUMAHUX PE3YJIbTATIB
V HOPIBHSAHHI 3 TOYHUMU pe3ybTaTaMu Jjid nux Mojeseil. ITokazano, o
pe3ysbTaT TeOPil 30ypeHb JO3BOJIAIOTH 3a BiIOBIIHUX YMOB BiaATBOPH-
THU BIJIOMI Pe3yJIbTATH JIJId ITUX MOJIEJIEH.

Perturbation theory for collective modes in dynamics of simple
and complex liquids

I.Mryglod, V.Kuporov

Abstract. Formalism of perturbation theory is developed and used for
calculations of perturbation theory corrections to generalized collective
modes, that are caused by the cross-correlations of heat and viscoelastic
dynamic processes in pure and complex liquids. General form of such
theory is formulated up to the second order including. This theory is
verified for the cases of simples dynamic models of liquids, and obtained
results are analyzed in comparison with known results. This shown that
under appropriate conditions the results of perturbation theory allow us
to reproduce the results know for this models.
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IIpn BuB4YeHH]I TPUPOAW AMHAMIYHHAX IPOIECIB Y MPOCTUX Ta CKJIa-
JHUX PIJIMHAX BaKJIMBUM 3aBJIAHHSAM € JIOCJIIPKEHHS 1X KOJIEKTUBHOI JU-
HaMIKH1 1 3HAXO/PKEHHS CITEKTPIB KOJIEKTUBHUX MOJI, IO XapPaKTePU3YIOTh
OCHOBHI THIM KOJIEKTUBHUX IIpoIieciB y cucremi. Ha rizpoamunamiano-
My PiBHI OIHCY 3a OCHOBY OOMPAETLCS 06A3MC IUHAMIYHUX 3MIHHUX, IO
BKJIIOYA€ y cebe T'YCTHHM BCiX KOHCEPBATUBHUX BEJIUYIUH, TOOTO I'yCTH-
Hy 9HCJIa YACTHHOK Nk (LapIiabHi IyCTHHE CKIANOBUX Tk q Y BULAIKY
6araTOKOMIIOHEHTHOI PiInHN), TYCTUHY OTOKY Jx ta TyCTUHY TOBHOI
enepril €y, sKi B mpocTopi ¢pyp’e-00pa3iB BU3HATAIOTHCS TaK:

R

e = 17 jgzl exp(ikr;),
R 1 N 1 al p? ikr
k=17 ;:1 ejexp(ikr;) = v JE:l o + Z;J Vi | €™,

N
- 1
Jx = Zmi‘j exp(ikr;).

Yacosa 1oxijHa I'yCTHHI JACTHHOK IIOB’d3aHa 3 IyCTHHOIO IIOTOKY, a ca-
Me H0ro IpoeKIiio Jx Ha XBUIboBHUiT BEKTOD K (I103/10BKHST KOMIIOHEHTA.):

. 1k~ ok~
e = iLnfe = =3y = 2 .
m m

TyT birypyioTs r; — IpOCTOPOBI KOOPAUHATH j-1 YACTUHKH, IMILYJILC Pj =
mij; m, €; — Maca Ta eHeprisd JaCTHHKH BiJIIIOBiHO, IIOTEHIial IapHol
B3aemozii Vj;, a 1Ly — oneparop Jliysing N-gacTuakoBol mjia cucreMu.

K MOKa3yoTh JOCTIIZKEHHS, T1APOMHAMITHA MOJETb IacTO BUSIB-
JISETHCs HEJOCTATHBOIO JIJIf KOPEKTHOro onucy pinun [1-3] i me moxe
MIOSICHUTH JIESKi PE3yIbTATH €KCIIEPUMEHTY Ta YUCEJBHUX TOCJIiIKEHbD.
Ile, 30Kkpema, CTOCYeThCs 3MiHM IIBUJIKOCTI 3BYKY B PiInHAX Ta T'YCTUX
rasax, a caMe CIIOCTEPEXKEeHHsI SIBUINA MIBUJIKOTO 3BYKY B [4-6], a Takox
nosutuBHOI (ab0 HeraTuBHOI) nucnepcii 3ByKy [7,8]; mosiBu nponararop-
HUX OCHUJIAIGAHUX MOJ| B I0HHUX cucTeMax [1], Tomo.

YV 1mpomy BUMAIKy OLIBIN aJeKBATHUI ONUC PEAI3yETHCS HA PO3-
MMUPEHNX MOJEJISAX, MO KPIM I'IpOANHAMIYHIX 3MIHHUX BKJIIOYAIOTh JIO
po3IIs Ay TX MOXimgHi o0 Jacy abo BUIMI MOTOKH, 30KpeMa MOXiTHY ITOTO-
Ky IycTUHH (MapuiajbHUX IIOTOKIB), ryctuHn eHepril 1 T. . Hanpukiag,
TEPMOB’I3KOEIACTUIHA MOJIEJIb Y IPOCTUX PifnHa 6a3y€ThCs HA 3MIHHUAX

{nx, nk, ex} + {f, éx},
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ab0 117151 6araTOKOMIIOHEHTHUX PIINH Mae€MO BiIITOBiTHO
{nk,a, Jk,as ek} + {Jk,a, €k }-

Bonnowac, npu BKIIOUEHHI BEIUKOI KiJIBKOCTI JTOAATKOBUX JTUHAMITHIX
3MIHHUX, CUCTE€Ma PiBHAHb MaKPOJWHAMIKH CTa€ JOCUTH CKJIQITHOIO JIJIs
araJiTuaHOro posrsmy. lllonpasna, y nesikux BUIAIKAX MOYKHA 3HEXTY-
BATH [IEPEXPECHUMH KODPEJIAIisMI, BBaXKawdn 1x caabkuvu. Tomi ckia-
JIHA, ITHAMIYHA MOJIEJIb PO3NAIAEThCS HA JIEKIIbKA MPOCTIIINX, JIJIsi TKIX
HEBaKKO OOYMCIINTH AHAJITHYHO CIEKTD BJIACHUX MOJI, 1 9acTO Taki Mo-
JeJ1i MOKYTh JOBOJI TOYHO B IIEBHUX JIialla30HAX XBUJILOBOI'O YUCJIa OTIU-
cyBaTH OCHOBHI mporecu y cucremi. [IpukiagsoMm mpoMy MOXKyTb OyTH
06J1acTi napuiaJbHOl i KorepeHTHOI AuHamiku [9], Busgsiieni y GiHapHUX
cyMirmax.

dAxro mepexpecHi Kopesdnil y meBHii 06J1acTi XBUILOBUX BEKTOPIB
1 4acTOT CTAIOTh MAaJUMH, TO CIIPOIIEHI MOJEsi, Y SKUX HUMU HEXTY-
€THCsI, JIO3BOJIIOTH 3pO3yMiTu (pi3udHuit MexaHizM (pOpMyBaHHS MO/ i
JTal0Th KOPUCHY iHMoOpMario s inrenperariii ekcuepumenTis. [Ipore in-
KOJI HEOOXiTHO BPaXOBYBAaTH TAKOXK 1 IMOIPABKU 0 KOJEKTUBHUX MO,
[0 BUHUKATUMYTb DU BPaXyBaHHI CIa0KHUX II€PEXPECHUX KOPEJISIii,
30KpeMa MiK €Hepri€ro Ta napiiaJbHIMUA I'yCTHHAMU, €EHEPTi€I0 Ta TIOTO-
KaMU I'YCTUH, TIOTOKOM I'yCTHHH Ta IIOTOKOM IMITyJibCy. OCKIIBKE CIIeKTD
KOJIEKTUBHUX MOJ| CUCTEMHU JIJIsi CIPOIIEHNX MOjeiell — 6e3 BpaxyBaHHs
TIepeXpeCcHNX KOPEJSIiil — JIeTKO 3HAUTU aHAJITUIHO, TO BUHUKAE ies
IIIOI0 PO3BUTKY Ta BUKOPUCTAHHSA BiAIOBiaHOI Teopil 30ypens. Ha imeit-
HOMY piBHI Taka 3ajilava € OJU3BKOIO JI0 CTAIliOHAPHOI Teopil 30ypeHdb y
KBAHTOBIi#I MexaHiIIi.

[Tpu npomy 3a TouHy HE30ypeHY 3a/ady MOXKHA PO3IJIAIATH 3a1aqy
Ha, KOJIEKTUBHI MOJIN JIJIsI CUCTeMU 0€3 MIePEXPECHNX KOPEJISIIIiL, JIJIs SKIX
KiHETHYHA MATPHUIlS CKJIATAETHCS 3 KIJTbKOX MEHINNX 3a PO3MipoM 0J10-
KiB, JIJISI KOKHOI'O 3 9KAX MOXKHa He3aJIe?KHO NIYKaTH BJIACHI 3HaUeHHH i
BiiacHi BekTopu. OUeBHIHO, IO BJIACHI BEKTOPU pi3HUX OJIOKIB HE30ype-
HOT 331241 OYLyTh Mi*K COO0I0 OPTOrOHAJILHUMU. 38 30y PEeHHsI KIHETHIHOT
MAaTPHUIl OOMPAETHCS MATPHUIIS TAKOTO YK TMOPSAIKY, IO i BUXiIHA KiHeTH-
YHA MATPWUIlA, V SKifl HA MICISIX MePEXPECTb MiXkK OJIOKAMHU CTOSITUMYTH
BIJIITOBIJIHI TIEpEXPECHI KOPEJIATOPU CTATHYHOI YU JTUHAMIYHOI IIPUPOIH,
fAKi B He30yPpeHiil MaTpuUIli HEXTYIOThCs, & BCi iHIM esleMeHTn OYIyTh HY-
JIOBUMH.

[TobymyBatu 3aranphe hopmyaiOBaHHS Takol Teopil 30ypeHb, a Ta-
KOK IIPOJIEMOHCTPYBATH SIK BOHA MPAIOE Y BUMAIKAX JIESTKUX IIPOCTUX
JUHAMIYHAX MOJeIell piauH € 3aBIaHHaM 1€l poboTH.
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1. ¥V3arajgpHeHa TiApogWHAMiYHA MAaTPUIs i CIIEKTP
KOJIEKTUBHUX 30Y/1>KEHb

3asmada Ha OOYWC/IEHHsI CIEKTPY KOJEKTUBHUX 30YI2KEHb CHCTEMU
{z4(k)} vy MeTozi y3araabHEHNX KOJEKTHUBHUX MO/ 3BOJUTHCS JI0 3aa4i
Ha BJIACHI 3HAYEHHS Ta BJIACHI BEKTOPU y3araJIbHEHOI I'iJIpOJIMHAMIYHOL
(ximerwanoi) marpuni T(k) [1,2]:

T(k)X (k) = X(k)2(k), (1.1)

sxa Mictuth gpa Braamgn T(k) = —iQ(k) +®(k, 0), ne iQ(k) ta ®(k, 2) ¢,
BIITOBIHO, IaCTOTHA MATPHILS Ta MATPHUIT PYHKINN maM’sITi CHCTeMH,
2(k) — miaromaybHa MATPHIIA 13 BIACHHX 3HAYEHD: Zog(k) = JapZa(k).
YacToTHa MaTPHUIS PO3PAXOBYETHCS U€pe3 CTATUYIHI PIBHOBAXKHI KOpe-
Jamiftai Gyl gax

iQ(k) = (iLPP_1 ) (PP _y )L

Y cumerpuzosaniit opmi, Tpo 110 OyIe JTOKIATHO CKA3AHO JaJii, BOHA
€ aHTUEePMITOBOIO, a OTIKe JIA€ JINIEe YABHI BKJIAJIW Y BJIACHI 3HAYECHHS
2 (k), sKi ONUCYIOTH XapaKTepH] YaCTOTHU IPOIATaATOPHUX OCIMJIAIIHHAX
Moz, Matpurisg pyHKIHH mam’aTi

bk, z) =
(1 =P)iLyPr(z+ (1 = P)iLy) (1 = PYiLyP i) (PP _3 ) *

y cuMeTpu3oBaHiit opmi € epMiTOBOIO i Mae JuIie JificHi BIacHi 3Hate-
HHsl, IPUIOMY Bcl omHOro 3HaKy [10], mo 3abe3nedye 3racaHHsi YaCOBUX
Kopesaniianx dyskmiin 3 yacom. Tyt Py — me Habip 6azoBux auHaMi-
YHUX 3MIHHUX, 1[0 BUKOPHUCTOBYETHCs JIJIS OLUCY cUCTeMU, (...) — piB-
HoBaxkue crarucruane ycepeanenns, P = (..P_1)(PxP_x) 1Py — me
npoekuiitauii oneparop Mopi. 3uaiineni BiacHi 3HadeHHd 24 (k) ZaroTh
CIIEKTP KOJIEKTUBHUX MO/I CHCTEMH PO3PaXOBaHUil y paMKaXx II€BHOI IHA~
MigHOT MO, o Bu3HaYaeThCst Habopom {Py}, a Bianosimui im BracHi
BEKTOPH X, = {)A(m} JAl0Th MOKJIMBICTb PO3paxyBaTH aMILUIITYIM IIAX
MO/I, IO ONHCYIOTh BHECOK IIEBHOI MOJHM y YaCOBI KOPEJSIiiiHi dyHKIT
(UYKD):
S
Fij(k,t) =Y G (k) exp(za(k)t), (1.2)
a=1

ne ammtityan G¥ (k) mykaiorbes sk

s—1
Gi(k) = XiaX, Fj;(k,0). (1.3)
=0
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dxmo 6a3uc quHAMIYHIX 3MIiHHIX P MOXKHA po30UTH Ha MiIK/IacH,
IepexpecHi KOpeJdlil MiK SKUMU 3 MeBHUX (PIi3MIHUX MipKyBaHDbL BBa-
JKAIOThCA MAJIMMH, TO 33/1a49a Ha KOJIEKTHBHI MOJM CIPONLYETHCS 1 MOXKe
OyTH PO3B’si3aHa MOPIBHIHO IMPOCTO AHAJITUIHO y HYJIBOBOMY HaOJIHU-
2KEHH] 32 IIIMU KOPeJIAMiIMU. EeMenTn XK nmepexpecHux KOpessIii, sKi
BBaXKa€MO MAaJIIMU i siki B HYJIbOBOMY HAOJIMYKEHHI HE BPaXOBYBAJINCH,
MOYKHA OIIIHUTH JIaJIi 3 JIOIIOMOTOIO Teopil 30ypeHDb y MepIioMy, IpyromMy
iT 1. HOPAAKY 32 IUMHU BEJIUINHAMU.

Bajiaua BUIJISIIIAE JOCUTH CXOXKOI0 Ha 3a/1a4y CTallioHapHOI Teopil 30y-
pPeHb Yy KBAHTOBINl MeXaHIIl, aje dKIIO TPoaHaIi3yBaTH 11 yBaxKHiIne, TO
BUSABJISIOTHCSA CYTTEB1 1 mpuHIUIIOB] BinmMinHocTi. [lepmr 3a Bce 1e Heep-
MITOBICTb y3arajgbHEHOI TiIpOAMHAMIYHOI MaTPHIl, IO BeJle B 3aralib-
HOMY BUIIQJIKY JO0 HEOPTOTOHAJBHOCTI BJIACHUX BEKTOPIB, AKi BiIIOBijI-
aloTh PI3HNM BJIACHUM 3HAYEHHSIM. 3ayBayKUMO, 110 OPTOTOHAJIBHICTD y
KBAaHTOBI# MeXaHiri Bi/lirpae HAI3BUYIAITHO BaXKJIUBY POJIb IIPHU TOOYI0BI
dopmasizmy Teopii 30ypens. Tomy 11t 0aaIBINIOT pOOOTH BAPTO OiIbIIT
JETAJHGHO PO3TJIAHYTH BJIACTHBOCTI y3araJlbHEHOI T'iIpOIMHAMITHOI Ma-
rputi. [lo-nepime, 715 criporienHs IPU 0OYHNCIEHHAX KOJEKTUBHUAX MO/T
MOKHA& IIPOBECTH OPTOTOHAJI3ZAINI0 MATPUILl CTATUYHUX KOPEJIAIIHIX
dyukuiit (PyP_y), npusiBum i1 g0 giaronanassol dopmu. Taka opro-
roHaJi3aIisd MoxKe OyTH MpoBelleHa 3a JOIMOMOTOK mporeaypu I'pama-
IIminra 3 AOIOMOrOK TEXHIKM IPOEKHiiiHux oneparopis [11].

Ilo-pyre, HEOOXiTHO 3a0€3MEUNTH OPTOTOHAIBHICTD BJIACHUX BEKTO-
PiB, IO BiIIOBIIAIOTH PI3HUM BJIACHUM 3HAYEHHH y3araJbHEHOI I'iIpo iu-
HAMIYHOI MATPUII], & TAKOYXK BUPIIMIUTH MUTAHHSA 3 HOPMYBAaHHSIM BJIACHUX
BEKTOPIB, sKi B3araji kaxy4n € dyukimiavu k. [le moxua qocartu miis-
XOM JIOJATKOBOI CUMETPHU3AIli]l y3araJbHEHOI IIpOJIMHAMITHOI MATPHIIL],
IO JocAraeThes mepersopennsM Py — Pg/ (PﬁPﬁ)l/ %,

s Toro, mob kpaire chopMyIoBaTH 3arajbHy ifefo i cxeMmy Io-
Oym0Bu Teopil 30ypeHb st OOUUCTIEHHST KOJIEKTUBHUAX MO/I, PO3TVISTHEMO
IPOCTHH MPUKJ/IAJ AAHAMITHOI MO PiIMHY, IO OMUCYETHCST HAOOPOM
JUHAMIYHUX 3MIHHUX, sIKAU BKJIIOYAE y cebe Taki I'yCTHHU JIOKAJIBHUX
iHTerpaIiB pyXy fK: I'YCTUHA YHUCJIa JYACTUHOK Nk, 11 MepIra MOXiTHa IO
gacy (abo rycruHa IOTOKY) 1 4acoBa MOXiJHA I'YCTUHU IIOTOKY IMILYJIbCY,
T00TO: {nk, Nk, ik }. AKIIO 3HEXTYBATH IEPEXPECHIMHE B’ SI3KOIPY X KHAMUI
KOPeJISIisiMi, TO TaKuil 6a3uc MOKHA pO3OUTHU HA JBa MiIK/IACU 3MIHHIX
{nk, "k} + {fix}, KoxKeH 13 AKUX Mae CBOI He3aJIe’KHI BIACHI 3HAYCHHS
i BigmoBizHi M BiacHi BekTOpu. J[1sT Takol Mojiesli MOXKHA TepeiiTh 110
CHMETPU30BAHOrO i oproronasiizosanoro 6asucy [12]. Toxi y3aranbaena
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riIpoMHaMigHa MATPUILT MATUME BUTJIS:

0 iCTk 0

To(k) = | terk 0 0 . (1.4)

VY 11b0My BHUIAJKY JIETKO 3HAXOINMO BJIACHI 3HAYEHHS, IO Bi/ITOBiIAI0TH
(0)

JIBOM 3BYKOBHM KOMILIEKCHO-CIPsZKEHUM MogaM z = Ztcrk 1 ommiit
o . (0 2 . .
peJiakcariitnin Mo zé ) = —(%T" — 1)% TyT ¢, coo — Le i3oTepMi-

9HA Ta BUCOKO-YACTOTHA MIBUIKOCTI 3BYKY, a T — I1€ KOPEeJIAIiiiHuii Jac
JJISE 9aCOBO1 KOpeJsIiitaol pyHKI ryctuan. [30TepMivna mMBUIKICTD
3BYKY C7 BUBHAYAETHCA 3 PiBHOCTI c2k? = (Myn_i)(nen_x) Hrso =
(kT/mSnn(0)k?, ne Spn(k) = (nxn_x) — crarwanmii CTPYKTYpPHUIL
dakrop, sxuit y rpanumi k — 0 38’a3aHuil i3 CTHCIWBICTIO cUCTeME; €2,
— Ile TaK 3BaHa HYJbOBa ab0 BUCOKO-YACTOTHA IMBUIKICTH 3BYKY, AKa
BpaxoBye Jiuiie npyzxkHi edexkru (oaibHO K y TBepaoMy Tijii) i BusHa-
qaeTbes K 2 k? = (figii—k) (fn—x) *|k—o. Bracui Bekropu, mo Bij-
[IOBIJIAIOTH ITUM MOJIAM, TAKOXK HEBAXKKO 3HAWTHU i, HOpMYyIOouH X Ha 1,
MaEMO xgo) = (0,0,1), xf) = %($1, 1,0). OueBugno, MmO yci BoHU €
B3a€MHO-OPTOIOHAJIbHI, ajle TYT JiJIsi HAC BasKJNBa, HACAMIIEPEJ, OPTO-
TOHAJIBHICTb BEKTODA Xgo) 0 iHmmMX BjacHUX BeKTOpiB. Ak masi Oyme
BUHO, BOHA € BAXKJIMBOIO JJIsI y3araJbHEHHS I[bOTO IIPOCTOT0 TPUKJIIALY
i mocTi10BHOT OOY/T0BU Teopii 30ypeHb.

KO BKIIOUATH TIEpeXpecHi KOpeJsIlii, To y3araJbHeHy TiapoirnHa-
MiuHy MaTpuio MoxkHa 3amucatu y surasagi T(k) = To(k) + dT(k), ne
MaTpuild 30ypeHHs B CUMETPU30BAHOMY BUIJIS]IL:

0 0 0
JT(k)=| 0 0 ik\/Z, — & (1.5)
0 —iky/c2 —c& 0
MICTUTB BUpa3 /2, — ¢, sAKHil MOKHA BBAKATH MAJIUM LPH OJIU3BKUX

BHAYEHHSIX Coo TA C7. IIpU IbOMY BUHHUKAE TUIIOBA 3a/[a49a Teopil 30ypeHb
y MaTpUIHiit dpopmi.
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2. 3arasbpHe (opMyTIOBaHHS Teopil 30ypeHb

TaxkuM guHOM, 3arajibHa MOCTAHOBKA 3aJa4i € HACTYIHOIO: HAC IIKABUTH
CIIEKTP BJIACHUX 3HAYEHb Ta BJIACHI BEKTOPU y3araJbHEHOI I'iIponHaMi-
YHOI MATPUIIi, KA MOYKe OyTH 3allUCaHa y BUIVIAI CYMU JIBOX JIOJIAHKIB
T =Ty + AT, ne Ty marpurs 6e3 BpaxyBaHHS MePEXPECHUX KOPEJIs-
miit, a A — gedkuii GOpMATHHUN TApAMETD, SKUIl BBAYKAETHCS MAJIAM.
Toni 3ama9a HA CHEKTP BJIACHUX 3HAYEHDb 1 BJIACHUX BEKTOPIB JIJI Ma-
rputi Ty Moxke OyTu Po3B’si3aHa HOPIBHSIHO JIETKO, a 0T — 1e Marpuiis
[IePEeXPeCHUX KOPEJIAIii, sKi € MaJIMMHU i MOXKYyTh OyTH BpaxoBaHi Ipu
0oO4MC/IeHH] CIIEKTPY BJACHUX 3HAYEHBb Ta, BJIACHUX BeKTOpiB MaTpwuili T
3 JIOTIOMOTOIO Teopii 30y peHb.

Otxke, BBAXKAIOYN TIEPEXPECH] KOPEJIAI] Mi2K IIEeBHUMU 3MIHHUMUA Ma~
JIUMH, TIONPABKH JIO BJACHUX MO/ Ta BIIIIOBITHUX 1M BJIACHUX BEKTOPIB
MOYKHA MIYKATHA Y BUIVISI PO3KJIaLy Teopil 30ypeHb:

Zo = 20 + 202D + 226 + .,

Xoq = x((lo) + )\5x((11) + )\25)(((12) + ...

Vel 1i poskiiaum MOXKeMOo IijacTaBuTH y Marpudse piBasguaa (1.1) i3
BPaxyBaHHAM

To (k)X (k) = X (k)2 (k)

MPUPIBHATH BUPA3W OTHOTO MOPSAKY MAJOCTI y JIBili Ta mpaBiil da-
cTuHI 1pOro piBHAHHA. OTPUMAEMO JIAHITIOXKOK JIHITHIX DPIBHSHB, IO-
IiOHO $K y BHIAQJKY CTAIliOHAPHOI Teopil 30ypeHb y KBAHTOBI Mexa-
HiIi, IO JI03BOJISI€ 3HAMTHU MOIPABKHU JIO BJIACHUX 3HAYEHb 1 BJIACHUX
BEKTOPIB, gKi BUKJMKaHi 30ypeHusM. Haramaemo, 1mo B mporieci 3uaxo-
JIPKEHHSI PO3B’sI3KY yV KBAHTOBIfl MeXaHiIli BaXK/JIUBUM € Te, IO He30y-
peHi BJIaCHI BEKTODPH, SKi BIANOBIIAIOTH PI3HUM BJIACHUM 3HAYEHHIM
omepaTopa TaMiJbTOHA, € OPTONOHAJHLHUMH, OCKLIHPKMA TaMiJIbTOHIaH €
epMiTOBUM. Y BUIAQJIKY K y3araJbHEHOI TiApoJuHAMIYHOI MATPHUIN Ta-
Ke TBep/RKeHHs He € crpasemBuM. OHAK BaXKJIMBO, IO JJIsT JIETKAX
BJIACHUX BEKTODPIB yMOBa OPTOrOHAJILHOCTI Oy/e BUKOHYBATHUCH HAIIEB-
He, OCKIJIbKN y I[hOMY KJIaci 3a/ad 0a3uc AMHAMIYHAX 3MIHHUX MOYKHA
YMOBHO po36uru Ha Hesastexui mikinacu: {Px} = {P,P}}, nepexpe-
CHI KOpeJIsIil MiXK fKHMH He BPAXOBYIOThCHA B HYJIHOBOMY HAOJIMKEH-
mi. Taxk y po3risiHyTOMy paHilie TpUKIaIl TaKUMHU HE3aJEKHUMU ITiI-
kiaacamu € Pl = {nk,nk}, P} = fix. Koxen 3 nux nigkmacis gae
He3aJeXKHNH OJIOK MATPHUIl, CBOI He3aJIe>KHI BJIACHI 3HAYEHHS 1 Bimo-
Bimui M BiacHi BekTOopu. lIpmuomy 1imKoMm odeBHIHO, IO BJIACHI Be-

(0)

KTOPHU X, U PI3HUX MiAKIACIB OYyIyTbh OPTOrOHAJBHUMM, OCKIIBKH
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MATUMYTh CTPYKTYDY x0 = {1,053 200;0,..0} mpr @ = 1,..,p i

0) .

X((l = {0, s 052410, "-aI,quv,a} mpu « = p+ 1, ..., u + v. Crassipauit

JIOOYTOK TaKHX BEKTODIB MOXKHA O3HAUUTU sIK (XoXg) = 2 TF  Tig, 1
i

NoBiIbHA MaTpuIs A y mpejcraBieHHi BiacHux Bekropis marpui T(O)
BU3HAYAETbCA 9K Aop = (XqAxg) = Y xF Az 5. OueBugHo, MaTpu-
4,J
1151 IepexpecHnx KopeJsiiit T B TaKoMy IIpeJICTaBICHH] 3aBXK I MATAME
HYJIBOBY JjiiaroHaJib 071, = 0, i HaBiTh OiJjibllle TOrO: BiAMIHHIUMY BiJ HYJIs
y Hilt 6y1y T e Ti 67,8, 1711 Akux o i B BiAnosigaoTs pisHuM miaxIa-
T *
caM. Takoxk BAPTO BUSHAYUTH CIPsIZKEHY MaTPUIIO 115 = E z; ﬁTZ—j T
i,
IloBeprarouncs 10 HABEIEHOTO BUITE MPUKJIATY, BIIMi9aeMO, IO TaM BiJl-

MiHHEIME B Hyna € mamre 613, Ta 01,3, a = 1,2(+, —).
Orxe mipcrapnsiioun poskaaau Teopii 306ypens y pisastHEs (1.1), i
36epiraroum YJIeHU J0 APYTOro MOPsIKY BKJIIOYMHO, MaEMO:

To(k)xy) (k) = x (k) 2{ (k), (2.1)

o

ST (k)x ) (k) + To(k)ox{V) =
xO (k)52 (k) + 6x(V (k)20 (k), (2.2)

[e3

ST (k)ox(V (k) + To(k)oxP =
ox (D (k)02 (k) + 6x ) (k)20 (k) 4 6% (k)22 (k). (2.3)

Ocki oxM 6 2.2
CKINbKY 60X’ 6e3 H0JaTKOBUX YMOB 3 (2.2) BU3HAYAETHCS HEOJIHO3HA~

0
YHO, TO MOXKHA JOJAaTKOBO HAKJIACTU YMOBY HOPMYBaHHSH (xax((l )) =1,
a B pa3l HODMYBAaHHs Ha OJMHUINO He30ypPEHWX BJIACHUX BEKTOPIB Iie

HIPUBOAUTH J0 TOTO, IO (x((yo)éxgl)) =0, (x&o)éx((f)) = 0. JoMHOXKYIO-

un piBHsHHS (2.2) Ha x((xo) i BpaxoByIOUM CKa3aHe BHUIINE, OAIUMO, IO

yCi mepiir monpaBKu JI0 MOJT (52((11) = 0. IlompaBky mepIrnoro MoOpsIKy 10
)

. . 0
BJIACHUX BEKTODIB Oy/IeMO IIyKaTH y BUNISL 0Xy ' = ) aa.yxgy ), Je Qo
¥
— HeBiZOMI KOedImieHTH IepIIoro mopsaaKy Majocti. Iligcrasistoan meit
poskiaaz y (2.2) Ta JOMHOXKYyIOUH HOrO 3J1iBa CKaJgpHO Ha (ikcoBane
(0))
« k)

0) ; Ao (0)
X3 3 IHIIOTO IiJIKJIACY, HEBAXKKO [IOKA3ATH, 110 0Top = aBa(zﬁ —z
a 3BlJCU MaeMO BHUPAa3 I IIE€PIIO] IIOIPABKH JI0 BJIACHUX BEKTOPIB:

5T,
1) _ Ba (0)
ox(V) = E UBERORE (2.4)

gl Fal T B
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ITposomgauu moi6ui oneparii 3 piBusaasM (2.3) MOKEMO 3HATH APYTY
[IOIIPABKY [0 BJIACHUX 3HAYEHD:

8T 6T,
2) _ ap9Lpa
0z, —E NOBROR (2.5)
5/ %o —Zg

Tyt 3/ o3Hauae, IO miICYMOBYBAHHS IPOBOIUTHCS 10 3 3 IHIIOTO TIij-
KJIaCy, Hi2K <. YMOBOIO CIIPABEJIMBOCTI TaKOI Teopil 30ypeHb €, OveBU-

o, Bumora |0T,] < |Z¢(10) - Z/(30)|'

3. Haiinpocrinii npukiaaym 3acToCyBaHHS

st imrocTparii cpopmymboBaHOro hOpMaIiZMy PO3TJISTHEMO 3 HOTO J10-
TIOMOTOI0 JIEKLIbKA MMPOCTUX MPUKJIAJIIB, IO BiIIOBIIAIOTH BiJIOMUM JTU-
HAMIYHUM MOJIEJISIM JJIsI IIPOCTOl PiIMHM, JUIA AKUX BiJoMi aHAJJITHUYHL
PO3B’A3KH.

3.1. TiapoamuamiyHa Moaes b

Tinpoauuamivna MOZEb 330a6eThest GasucoM 3MiHHUX {ny, Nk, hk}, 1€
rycTuHa eHTasbmii hx = ex — (exn_ix)(nkn_x)” 'nyx BUHEKae 3aMicTb
T'YCTHHU €HePTil ey BHACJIIOK OPTOrOHAJI3aIlll 6a3UCy I'yCTUH KOHCEPBa-
TuBHUX 3MiHHUX. CUMETPU30BaHA IiJIPOJMHAMIYHA MATPUIS B I'DAHUII
MaJuxX k MaTUMe BUIJISAL:

0 iCTk 0
T(k)=| icrk Dyk? Gan — wan | (3.1)

0 Onn — iwhn Dy k?

Jie eJIEeMEeHTH MATPWUIIL, IO BiITOBIIAIOTH TEPMOB’ I3KUM IIEPEXPECHIM KO-
PeJISIiSM, BKIIIOYAIOTH K CTATHYHI KOPEJATOpU (Yepe3 eJIeMEHTH 9acTO-
THOI MATPUI Wy}, Whi ), TAK 1 IUHAMIYHI BKJIQJIU, M0 BPAXOBYIOTHCS Y€~
pe3 eqeMeHTH DYHKIIH maM Tl @prn, Oph, AHAJTITHYHI BUPA3H JIJIs AKUX
Bizomi [2]. B cuMeTpuzsoBaHOMY BUTJISIl MOYKHA 3AIIUCATH Qhy, = — Ppjy =
—ikzg(k}, O)/\/ TCVm Ta iwhh = —iwhh = Z'k(ozp/HT)\/ TV/pO\/, e (bi—
rypyIOTh I'DaHUYHI 3HadYeHHd npu k — ( y3arajbHEHHX i30TepMivHOT
CTHCJIUBOCTI K7, KoedilienTa JHIHHOTO TEII0BOr0 PO3IIUPEHHS (p Ta
remioemuocTi Cy ; HeriipojguHaMivyHuil KoedillieHT IIepeHocy, Tak 3BaHa
reriosa B’si3kictsb £(k,0) |k—o — 0; p — MacoBa rycruna, T — Tepmomn-
HaMiYHa TeMIlepaTypa.
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YV HyJIbOBOMY HAOJIMKEHHI YaCTO MOYKHA 3HEXTYBATU IE€PEXPECHUMUI
KOPEJIAIISIMU TEIJIOBOI I'YCTUHH 3 T'YCTUHOIO YUCJIa YaCTUHOK Ta 11 I0TO-
KOM, posbusaroun Marpuro (3.1) Ha JBa TOJAHKK

T(k) = To(k) + 6T (k),

e
0 0 0

6T(k) = 0 0 ¢hh - iwhh . (32)
0 Pnn — iwnn 0

V3arasjbHeni KojaekTuBHI Moau Mogesi 3 marpuieio To(k) 6e3 nepexpe-
CHEX KODeJIAIiit 3 TouHiCTIO 10 k2 GYIyTbh MATH BUTJIALI:

A = D2 /2 ticrk, 2\ = —Duk?. (3.3)
Tyr Dy, = (V/Cy)A, ne Cy, A — rpanu4ni 3HAYEHHS y3araJbHEHOI

rermmoemuocti Cy (k) Ta ysarambaenoi terutonposignocti A(k, z) npm
k— 0, z=0, a D; — 11e KoediIieHT M0310BKHBOI B’I3KOCTI.

Jlerko 3HaxoaMO BJIACHI BEKTOpM HE30YpEeHOI 3ajadi HOPMOBaHI Ha
OJIUHUIIIO: Xgo) = (0,0,1), ng) = (1/v/2)(#£1,1,0).

Ha mactymnaomy erami mepexpecHi KOpessiii MOXKHA BKJIIOUUTU BU-
KOPHUCTOBYIOUN Teopito 30ypernb. O4UeBUIHO, MO 13 MATPUIHUX €JIEMEH-
TiB (5Ta3 BiMiEHIME Bi Hy/ts 6yayTh smmre 013, Ta 01,3 mpu o =
1,2(+,—).

TonpaBku Ipyroro mopsaiKy 0 MOJ, 3rifHO (2.5) MyKaThes 9K

2

59— 3 T4, 0T

PO
6T 30T 30,
622 = ﬁ a=1,2(+,-). (3.4)
Zo 'l — 23

Iykaroun 3 ToUHICTIO 10 k2 106yTOK 6T3007 83, MAEMO

Ozp>2 TV

30 (3.5)

TaabToa =~ (

KT

Mincrasnsroun (3.5) B (3.4) Ta BpaxoBYIOUH 3HAYCHHS 280 snaxommio
HONPABKH 0 BJIACHUX 3HAYEHD y JAPYTOMy IIOPAAKY Teopii 30ypeHb:

V2TA [ap)’
) @ __ -2 (2F k2 3.6
“s 2pC%¢c2 \ kr ’ (36)
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5 (2) VQT/\ ap 2]{32 4 ap 2 v k (3 7)
2y = — i|— | ——c )
* 2pC%c2 \ kr kr ) 2pCyc3 ™
a oTXKe:
2
(0) 2 VA vT (ap> 9
220 15 = YA (AP ) 2 3.8
3 3 3 CV 2pCVC% KT ( )
0, 5,2 Di VPTA (ap RYE
Z4L > Z z = — R - _ -
= + 2 2pC%c3 \ kr
2
. ap TV
ticrk | 1 ) — 1. 3.9
ter + (HT> 2pCy 2, (3.9)

Bauumo, mo mj1s 3ByKOBUX 30ypPEHb 1 TEIJIOBOI PEIAaKCAIIHOT MOIT
HOIpaBKa HepeHopMOoBye KoedirienTtn sracanns ~ k2. OKpiM 1poro s
3BYKOBUX MOJI IEPEHOPMOBYETHCH MBUIKICTb 3BYKY. TaK0K HEBayKKO Oa-
quTH, WO B ycix Bupasax dirypye Beauanna (ap /K7 ), sKa Bigirpae da-
KTUYIHO POJIb MAJIOrO mmapamerpa Teopil 30ypeHb. JAKINo 3rajgaru BUpas3
JUIsi y3arajgbHeHol i3orepmivunoil cruciausocti 1/kp(k) = nkpT/Spn(k) 1
MOPIBHATH WOTO 3 BUIE3TaIaHUM BAPA30M JJIsT i30T€PMITHOI MMBUIKOCTI
3BYKY, TO 6a4MMO MixK HUMHU € HpocThii 38’130k 1/k = ¢ /p, p = nm.
Ile mae MoxkJMBiCTH mepenucaTd APYrUit 1ogaHoK y (3.7) i orpumarn
SIBHO MHOYKHUK II€DEHOPMYBaHHSI MBUAKOCTI 3ByKY B (3.9) y mobGpe Bi-
nomiit dpopmi v = 1+ TVa%/krCy. TobTo BpaxyBaHHs HepeXPECHHX
KOpEJISIiit MixK (hJIyKTyalissMu eHepril i I'yCTUHU MPUBOJIUTH [0 Iepe-
HOPMYBalHHsl 130TePMivHOI MIBUJIKOCTI 3ByKY B ajiiabaTH4Hy Cs = c14/7-
ITpu 1poMy HAMU BUKOPUCTAHO CHiBBipHOmenns v/1 + x ~ 1 + /2, mo
cupaBejuBe npu Maiaux . Lle o3navae, mo Teopis 30ypeHs IS Tipo-
JUHAMIYHOI MOJIEeJIi Jla€ CTaHIapTHUI BUTJIS JIJIsl 3BYKOBUX MOJI 3 a/lia-
OATUIHOIO MBUIKICTIO 3BYKY:

2~ 28 4+ 62 = —Tk? +ic.k, (3.10)

ne koedinient 3aryxanns 38yky 2I' = D+ (v —1)(V/Cy ), a dbopmasin-
HUM [TapaMeTPOM MAJIOCTI B Te€OPil 30ypeHb y bOMY BUIAJKY BUCTYIIAE
semmanna ¥ — 1 = (c2 — ¢2.)/c2..

AKIno npoIOBXKUTH B TiIPOJNHAMIYHIX MOJAX PO3KJIA[] 38 XBHUJIBO-
BUM uncyioM 10 k2, Bpaxosyroun B (3.3) MOMPaBKY /10 TBUKOCTI 3BYKY

c(k) = ep\/1 — (D} /4c2)k?, opepxumo:
D2

2 20 4620 = TR Licoky [1 - Tk (3.11)
T
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o crocyerbest KoedilieHTIB 3aracanHst, TO JUBJISYACH HA BUPA3U
(3.8)-(3.9) criocrepiraemo epeHOPMYBAHHST MO3/I0BXKHBOT B’3KOCTI 1 KO-
edirienTa 3aracaHHs 3BYKY Ta TEILJIOIPOBIIHOCTI y BUpa3ax Jjis Birmmo-
BIJHUX MO, IO CIPUYMHEHO BKJIIOYEHHSM TE€PMO-B SI3KUX KOPEJIAIiil

3.2. B’a3zkoeslacTudyHa MoOJIeJIb

IIs nuunamivna mMosesb OyAyeThes Ha 6a30BUX 3MIHHHUX, 1O BKJIIOYAIOTH
noxinui o wacy {nk, nk, ik . 3MiHHA i) ONUCYE 3MIHY HOTOKY IMITYJIbCY,
a OTKe BpaxoBye NpyzxkHi edektu. PeasbHo Taka MOJ€Ib MOXKE BHUKO-
PUCTOBYBATHCH JJIS OIHCY CHCTEM, Jie e(PeKTH TEIIOBOr0 PO3IIMPEHHS
HECYTTEB], HAIIPUKJIAJ B BUIAJIKY AeAKNX Piakux Merajis. OproronaJi-
3allis IPUBOIUTH /10 (Di3ndaHO ekBiBaseHTHOrO Gasucy {ny,nk, N3k}, Je
n3x = Mk — (Aen—k)(nn_x) " nk. PopMaIbHO It MOJIE/b € TIOIIGHOIO
JI0 TIOTIEPETHBOT, OCKIIBKY eI ABi 3MiHHI OYIyTh Ti 2K caMi, a TyCTUHA
eHepril 3aMIHIOETHCS Ha T'YyCTHUHY TEH30pa HaIIPY2KeHb, KOPEJSIisMU SIKO-
r'o 3 JBOMAa IHINMUMHU 3MIiHHAMEA B HYJIbOBOMY HaOJIMKEHHI Teopil 30ypeHb
MoxkHA 3HexTyBaTu. OT2KE, eJIeMeHTH KiHeTUIHOI MATPHIL, K BiIIOBiI-
Al0Th KOpeJdmisaMu 3 ng abo 7, Oymemo BBaxkaTu Majgumu. PopmasibHO
TOAJIBIIAN PO3TJISi]T CUCTEMHU 3BOJIUTHCS JI0 TEPMOB’SI3KOI 3aMiHOIO h HA
ns.

BiaminHOCTI BUHUKHYTD Y 3HAUEHHSAX TOJIOBHUX Ta IIEPEXPECHUX eJie-
MEHTIB 9aCTOTHOI MaTpuIli Ta MaTpurli dyHkIii mam’ati. Hezbypena mo-
JIeJIb Y CHMETPU30BaHOMY 0a3uci JaBaTuMe y3arajbHeHy KIHETUIHY Ma-
rpumo (1.4).

Hez6ypeni Biachi 3nauenns 6y1yTh zf) = icrk, zéo) = (% -1/,

Cr
TOOTO JBi CIpsi?KeHi 3BYKOBI Ta pejlakcaliiina, o BiImoBigae B’ sa3KOe-
nactuuHil pesakcanii Makcsesa [13], a Bimmosinai IM Biacui BekTOpH

xgo) = (0,0,1), xgg) = %($1, 1,0). CumerpusoBaHa MATPUIISI IIepexpe-
CHUX KOpeJisiniii 3amaerbest BupaszoM (1.5).
Takum 9uHOM, MaEMO:

— — 1
6T306T 03 = —§k2(c§o -3, (3.12)
a TIOMPABKU JI0 BJIACHUX 3HAYEHDL MPU JOBIILHOMY T OYIyTh:
2 /2 1)2
6 (2) — 2 k2 (Coo/CT 3.13
23 CT T(Cgo/c% — 1)2 + C%«k27_27 ( )
6zf) _ —c2k*7(c2 ) — 1) LicrT? (2, — &)k? (3.14)

2(c /G — 12 + Gh2r)
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Kopenaniitauit vac 7 1y 9acoBoi KopeJsiiaol (GpyHKINI rycTuHA
BPaXOBY€E sIK TENJIOBi, Tak i B’a3Ki edekTu i BUpa3 JJjisi HHOTO CJiIye
iz cmiBBimnomenus Jlamgay-Ilnateka mjas AUHAMITHOTO CTPYKTYPHOTO
dakTopa nmpoctoi piguan [13,14], Mo MicTHTE K TerioBuit BHECOK ~ k2
Tak 1 B'I3KOEJaCTUIHUIA.

Tomy masti TOMiIPHO PO3IVISTHY TH OKPEMO BUIIA KU KOJIU TEILIOBI ede-
KTH (7 # 1) BpaxOBYIOTHCs T4 KOJIM HUMM MOYKHA HEXTYBATH B MOPIBHSIH-
Hi 3 B'si3kumu (7 = 1). V nepmioMy BUNAJKY JUIS T MAEMO TipojMHA-
Miuny noBeminky T ~ k2, oTeke if BinMiHHA Bim Hysmst dbyHKIi mam’sTi
Po = (cci? — 1)% ~ k2 6y1e Bectu cebe Tak, sIK i B TizpomuHaMiuHiil Moe-
ai. B ;LgyFOMy BUITQJIKY Ti/IPOJIMHAMIYHUI BHECOK B KOPEJAIIMHUN dac
MicTuTh BesmunHy ¥ — 1 &~ 0, gKka 3HUKAE IIPU HEXTYBAHHI TEIJIOBUMU
diaykTyamismMu, a oTKe CJIiJ BPpaXOBYBaTH HACTYIIHANA BHECOK IIOB’s3a-
HUH 3 O3/I0BKHBOIO B's13KicTio Dy, a came 7|,_o — Dy/c%.

SyIUHIMOCH CIEpITy JOKJAJIHIIe Ha BUIAJKY Y # 1, KOJU Bpaxo-
BYIOTHCSI HESIBHO TEILIOBI IIPOIECH, & KOPEJIAIINHUN Yac BU3HAYEHHI 31
criBBigHomenns Jlanmay-Ilnageka

—1 (VA L\
T = r=- (—kz) ,
v \Cv
To610 T ~ k~2. Ilosmauusmm (cZ /c2 — 1)(1/7) = dk? i Bpaxosywoun

zéo) = —dk?, maeMo:

2 2
23~ 20 46242 = —dk? (1 - %) : (3.15)
T

d(cgo - C%) k2
262T

C2 —C2
+icrk <1 + LZ,T) : (3.16)
2ct

zi:z(io)—i—ézf) = —

TyT, sx 6aunmo, (GopMaJIbHUM MapaMeTpoM Teopil 30ypeHb BUCTYyIAE
pisHUIA i30TepMivHOT Ta Hy/IbOBOT IMBUIKOCTI 3BYKY (€2, — CQT) / CQT. 3Ho-
By, BUKODHCTOByIOun Bupas 1 + z/2 &~ /14 x oxepxkyemo B (3.16)
1+ (& — %) /2¢% ~ coo /e, TOOTO Ma€ Micle IepeHOPMYBAHHS IIBH/I-
KOCTi 3BYKY 3 130T€pMIYHOI y BHCOKOYACTOTHY CT — Coo- 41K BiZmOMO
Coo > Cs > cp. Bapro BimMiTuTH, M0 TOYHUN PO3B’'A30K JJIs BUOAIKY
T ~ k2 nae 3BYKOBl1 MO/ caMe 3 BUCOKOYACTOTHOIO IMIBUJIKICTIO 3BY-
Ky 24+ = Fikcos + DE?. Taka curyamisi Mae Mmicue B pigumHax, Je s
3BYKY BHCOKOI 9actoru (3Bincu it Ha3Ba “BucokovacToTHA”) piauHa Beje
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cebe 9K Npy2KHE CePeJIOBUIIE TIOMIOHO /10 TBEPAOro Tijia (BUIAI0K MAJIO-
CTUCJIUBUX PLIUH, HAIPUKIIA piakux Metatis). Ile mosicHioe edekTrBHE
30i7IbIIeHHS IIBUIKOCTI 3BYKY B PiJMHAX K Pe3yabTaT IPYKHOTO MeXa-
HI3My HOIIUPEHHS 3BYKY.

Opnak, Gi3dHO KOPEKTHIMUM jis i€l Mojesi Oyae BUIAIOK, 1€
[JIKOM BUKJIIOUEHI TerioBi edektu, T00To v = 1, i moMiHylouYnMu BBa-
JKalThest B'a3Ki mpomecn [12]. YV takomy BUnasky KopessuiitHuii gac
T = consl € CKIHYeHUM HaBiTh y TiJpOJAWHAMIYHIN T'paHUIl i BUHU-
Kae He30ypeHa peJIaKCAIliifHa MOJa 31 CKIHIeHUMH 9aCOM KHUTTSI zéo) =
(2 /2 —1)(1/7) = do = const, a nonpasku (3.13)-(3.14) npu mamux k
OyIyTh 3ajeXKaTy BiJ CHIBBIIHOIIEHHS BeJIMYNH, 10 (DIirypyioTh y 3Ha-
MEHHUKY, a came k Ta xapaktepHoro snadenns ki = (2, /ck —1)/cht =
(2, — &) /erDy, ne BpaxoBaHo, Mo T|p—0 — Dy/c3.

Axmo k < k1, monpasBku 10 KOeDIIieHTIB 3aTyXaHHs Oy/IyTh OPSi/I-
Ky k2 [12]:

5Z§2) = —chrk? = —Djk?,

Re (6212) = —Ark%/2 = —Dik2/2

Binbm riikaBumu € mompaBKu 10 YIBHUX YACTUH KOJEKTUBHUX MOJI, IO
JAIOTH 3MiHy 110 3aKkoHy auctepcil. Tak, dbopmasnbao nepexogan B (3.14)
JI0 TigpoamHaMivHOl TpaHuIl i 36epiralovun JOJAHKH ~ k3, OTPUMAEMO
KBAJIPATUYHY TIOMPABKY M0 MBUAKOCTI 3BYKY [12]

D2

(2) _ 2 _ l
dc CT(D[/do)k cT 72(030 — C%)

k? = epBK2, (3.17)

OTke, MaEMO MO3UTUBHY TOINPABKY [0 JIHIHOI mucmepcii, mo Bu-
KJINKaHA, B’SI3KUMU IPOIECAMU, STKa HACIPABII CIOCTEPIra€ThCA HA €KC-
[EPUMEHT], PO 110 3rajiyeThes B jireparypi [8]. fkicHo neii pesyiabrar
MIOSICHIOE PeAJIbHY TOBEJIIHKY JUCIEPCIHOT 3aJI€2KHOCT1.

Ilpu k ~ ky curyarmia 6yne inmoro. I[lompaBku 10 KoedirienTin
sracanHs 3rigHo (3.13)—(3.14) BecTuMyTBH cebe CKiajHiIIe, a caMe siK
adk?/(d + ak?), a nosuTuBHA TIOMpaBKa /0 JuCHepCii MaTUMe BUIJIS
bk3/(d + ak?).

Jutst B'SI3KO€IaCTUIHOT MOJIeJIi MOYKHA, 3HANTH TOIHUI PO3B’SI30K 3a-
Jadi Ha BJIACHI 3HAYEHHS Yy T1JIPOJIMHAMIYHIN I'paHUIl, NIyKAIO4Yn HOro y
st poskiaay z(k) = do +ick + dk* 4+ bk3 + .... Ockinbku y MaTpuri
T(k) nepuuii creniab k BXOAUTD JIUIIE 3 YSABHOIO OJUHUIIEIO, YCI BHECKH
HEIAPHUX CTEIEHIB, 30KPeMa IIEPIIIOro 1 TPEThOro, OyIyTh ysaBHUMHA. Tak,
OGUUCITIOIOYH CHEKTP MOJL CUCTeMHU JYIst BUNAJIKy T = const = D;/c% 3
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roynicTIO 710 k2, 3HAXOIUMO:

2o = —Dik? /2 +icrk(1 + Bk?),
o — C?F 2
23 =——2_—T 1 Dk? (3.18)
D

0 He CYIEPEUNTh PO3B’sI3KY 3 IONMpPaBKaMu JI0 Teopii 30ypens (3.13)-
(3.14). TonpaBKy /10 MBUIKOCTI 3BYKY ~ k? MOXKHA OTPUMATH TIPOJIOB-
Kytoun poskaas z(k) mo k% i Buminsioun yaBHY "9acTHHY Bimmosimmoro
BHecKy. TOUYHUIT pe3ysibTar Jae:

_Dps—c /G D D}(1— % /c})

8 & —cp  2Ack—c}) 8(ck—c})

B : (3.19)

Jle nepinuii JOJaHOK CIIBIAJAE 3 IOIPABKOIO Teopil 30ypenn (3.17), mo
OTPUMYETBCS i3 3araabHOro BUpasy (3.7), a apyruit ~ c2 /ck — 1 nae
BpaXyBaHHs TPOJIOBYKeHHs poskiany z(k) mo k® (nus. Bupas (3.11) Ta
TEKCT TIepeJi HUM), Ta BUKOPUCTAHHS BiIOMOTO po3kiary /1 +x ~ 1 +
x/2.

OkpiM MO3UTHUBHOI JuCHEpCii MIBUIKOCTI 3BYKY, BIIMI9a€MO MOsIBY B
pesaKCcalliiiHIX MOJIaxX NOJAHKIB ~ Dik?, gk i B rizponunamianiil Moesi.

3.3. TepmoB’a3KoegacTUIHA MOOEIb

Taka MoJIeIb MOYXKe PO3IVISIIATHCS K y3araJbHEeHHs JIBOX IOIE€PEIHIX
i Oyayerbca ma Gasuci guHaMiYHUX 3MIHHUX {n, N, ik} + {hx} abo
{nk, "k, n3x} + {hx}, e KpiM B’S3KONPY’KHUX NPOIECIB BPAaXOBYIO-
ThCsl TAKOYXK TEIUIOBI e(DeKTH, KOPEeJAIil sIKIX MOYKHA BBAYKATH MAJIU-
MU 1 posrisgaTu sk 30ypennsi. OTike, 3a HE30ypeHy MOJEeIb 00UPAEMO
{nk, "k, n3x}, 1 ByneMo BKiOUaTH AK 30YPEHH: IIE€PEXPECHi KOpesisiijl
eneprii hx 3 IHITUMUI 3MIHHUMUA.

V3araabHeHa TigpoauHAMIigHA MATPHUIE 0€3 MePeXPeCHUX KOPEJIATIiil
JUUTsl TAKOT MOJIEJTI B CUMETPU30BAHOMY 0A3UCI MATHME BUTJISL:

0 icrk 0 0
icrk 0 —iky\/c2, — 3 0
To(k) = . (3.20)
C2
0 ik -2 (-11 0
T
0 0 0 AR
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& TePMOB’s13Ki IepexXpeCcH] KOPEJIsIlil PO3IIAIAIOTHCA IK 30y PEHHS

0 0 0 0
ST (k) = : (3.21)

0 —iwnin Pn3 0

Je KOpeJIAIiiiHuil Jac 7 Ha BiMiHY BiJl MONEPEIHBOTO BUIIAJKY 3AJIU-
MAaEThCsl CKiHdeHHNUM B rpanuri k — 0 waBith npu v # 1 i npsamye B
rizpopuuamivuiil rpanuni go D/ c2T, a Qp3, P3p — 1e PYHKIN mam’saTi,
modyaoBaHi Ha 3MiHHUX h Ta nj.

Ba crapToBi yMoBH mpHiiMeMO, O ¢2 — c2T He MaJie 1 B Tiapoau-
HamiuHiii rpanumni k < k. BukopucroByrounm TouHMit po3B’SI30K IjIst
B’s13Kk0esacTuaHOl Moziei (3.18) y rigpoaunaMivniil rpaHuIl, MAEMO IS
He30ypenol Mogzedti (3.20) Taxi BiacHl 3HAUEHHS:

2O = _Dik?/2 +icrk(1 + BEK?),

2 2
0 Cx — C
Zé ) = —TT +le2,
\%
20 = - k2, (3.22)

Cv

Jie 5 BusHadaerbes 3 (3.19).

st “He30ypernx”’ BJIACHUX BEKTOPIB HOPMOBAHUX HA OIUHUITIO Mae-
wo x = (1/v/2){#1,1,0,0}, x{) = {0,0,1,0}, x{* = {0,0,0,1}.

Marpulisgd nepexpecHuX KOPEJsIiii y CHMEeTPH30BAHOMY 0a3mci Ma-
TUMe BiAMIHHI BiJ, Hy/JId e€JeMeHTH Ha BIIIMOBIHUX IE€peXpecHO-
KOPEJISAIIMHUX TTO3UITISTX.

Masnum mapaMeTpoM Teopil 30yPeHb € 3HOBY K Taku ap /KT, abo K
xapakrepua sesuuuna (a5TV)/(krCy) = v — 1. O64ucauMo nonpasku
JIO BJIACHUX MOJI CHCTEMH BUKJIMKAHI BKJIIOYEHHSIM [IEPEXPECHUX KOPEJIsi-
wiii (3.21) 3a JONOMOro0 OTPUMAHKMX BHUIIE BUPA3iB Teopil 30ypensn (2.5).
Maewmo:

_ _ ATV
0Ty 0Ty = —21‘;70‘/0%1432,
6T430T5a = padan ~ k*, (3.23)

OCKIJIBKI CHMETDPH30BaHi ¢p3, ¢, npomopmitiai k2. Jaji, BUKOPHCTOBY-
foun Bupasu (2.5) ta Touni Momu (3.22), MOKEMO OTPHMATH MONPABKY
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10 3BYKOBHUX Ta TEIJIOBOI MO

BTV ((V/Cy)X + Dy /2)

_ 279 _ 2
Z4 = le /2 ZIQTCV k

2TV

ticp(14 k%) (14 2227 ) i 3.24

ier(u+ 012 (14 520 ) (3.21)
1% LTV ATV

=—— M2 (1- =L — = " Dk? 3.25

= CV ( HTCV) IQTCV ! ( )

TOOTO, 3HOBY CIIOCTEPIra€MO MEPEHOPMYBAHHS 130T€PMITHOI IIBUIKOCTI
B aniabarudny c; = cr./7y, 9Kmo Buxkopuctaru 1+ /2 ~ /14 x, ne-
peHopMyBaHHSI KOedilieHTiB 3aTyXaHHs 1 3aMiHOIO BUPa3y C%Tk2 /2 Ha
c27k? /2, Ta nepenopmysanms Temyioemuocti B Cp = yCy,, SKIIO Bpaxy-
saru (1 +2)" ~ 1 — 2 npu Majmux 2. Y MbOMY BUIAJIKY MOMXKEMO CTBEp-
JZKYBATHU, M0 KOPEJSANifiHII Jac IepeHOPMOBYEThC B Tr—o — Dj/c2.
IITo crocyeThesi TIONIPpABKU JIO0 23, TO B TiJIPOJIMHAMIYHINA IDaHUI BOHA
6yne nponopuifina k*. 3aysazkumo, 110 zéo) = const # 0 B rpaHumi
k — 0, mo TumnoBo jjis 30y/KeHb KineTuanoro tuny. Jlo TenmoBol Moau
zflo) OTPUMYETLCA HOIIPaBKa IPOIOpIifiHa 10 k2, mo o3Hauae IepeHop-
MyBaHHS TEIUIOIPOBIHOCTI, Ke CIPUYNHEHe B3a€MHUMH KOPEJIAisIMU
TEIUIOBUX Ta B’SI3KOEJACTHUYHUX IIPOIIECIB.

OT2ke, 0OCTATOYHO MAEMO:

1%
2y = —Dik?/2 — (v — l)c—v)\k2 +i(cs + 0cP)k

2 2
23 = _7600Dl CS —+ l)lzkf2
Ve 2
Z4 = Ak? — (v = 1)Dik”. (3.26)
Cp

dx 6aunMo, BUHHIKAE KBaIPATUIHA MO3UTUBHA IUCIEPCia amiabaTuaHol
HIBUJKOCTI 3BYKY, 0 BUKJIUKAHA B’SI3KOEJACTUIHOO HONPABKOIo (3.19),
i BpaxoBy04YN IEPEHOPMYBaHHS IIBUIKOCTI 3BYKY B a/[1a0aTUIHy, MaEMO
KBa/I[PATUYHY IIOIPABKY y dopMi:

D25 — 2 /2
des = cs—lC%”/QCTk{ (3.27)

2
8 i —cp

0 J1a€ MO3UTHUBHY IUCIEPCIo aaiabaTuIHOl MBUIKOCTI 3BYKY.
Ou4eBuHO, 1Tt OLIBIT TOYHOTO PO3B’SA3KY BaPTO PO3IVISIATU TEPMO-
B’SI3KO€JIACTUYHY MOJIEJIb 3 BKJIIOYEHHSIM IIe il TeEPMO-eJIaCTHIHIX KOpe-
JAMiit 7 — h, a TAKOXK KOPeJSIliil 3 MOTOKOM E€HTAJIBITT h, To6TO cTap-
TyBaTH BKe 3 I'saTu-3MiHHOT Mogiesti [15]. Ile posmuputs i yekiaa HuTh
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OTINC, OCKIIbKHU TIPHU I[HOMY BKJIIOUAThCH epeKTu TepMoaudy3il Ta Termo-
BOI IIPY2KHOCTI.

4. BucHoBku

Takum guHOM, /15T OOYUCIEHHS TOMPABOK JI0 y3arajJbHEHUX KOJEKTUB-
HUAX MOJI, IO CIPUYWHSAIOTHCS MEPEXPECHUMEI KODPEIAIisMA MiXK JIHHA~
MIYHUMHU ITPOTIECAMU PIi3HOT MPUPOJN MOXKHA BHKOPUCTOBYBATHU TEOPIIO
30ypenb. HaMmu 3ammpornonoBano 3arajibHnii (popMasiizaM TaKoro miIxoryy
JuHaMivHIA Teopil pizmH. OTpuMaHO 3arajibHi BUpa3w JO JAPYroro Io-
psIKy Teopil 30ypeHb BKJIIOYHO.

Tlokazano, mo He3BaXkar4u Ha (HOPMAJIBbHY CXOXKICTh TOOYI0BAHOTO
dopmasizmy 10 cTarioHapHol Teopil 30ypeHb Y KBAHTOBI MeXaHiIl, Taka
Teopisg 30ypeHb Ma€ JesdKi nmpuHnumnosi Bigminnocti. Tak, mo-mepiie, Ha
BiJIMIHY BiJl KBAHTOBO-MEXAHIYHOI TeOpil, Jie OPTOTOHAJIBHICTH BJIACHUX
BEKTOPIB 3abe3nedyerhcs epmiToBicTio [aminbroniana, BiacHi BeKTOPHU
He30ypeHOT KIHeTUIHOT MATPHUII B 3araIbHOMY BUIIAJIKY HE € OPTOTOHAJIb-
anmvu. [lo-mpyre, crerudika CTPyKTYypH y3arajabHEHOI IiapoanHaMigHOT
MAaTPHUI[l TPUBOJIUTH [0 MEBHUX OCOOJUBOCTEN y PO3PAXyHKY He30ype-
HUX BJIACHUX BEKTOPIB, BHAC/IIJIOK YOT0 IepIa MopaBKa Teopil 30ypeHb
JI0 KOJIEKTUBHHUX MO/JI CUCTEeMHU OyJie HYJIbOBOIO, a TEpIi HeTpUBiabHi
[IOIPABKY OY/IyTh BUHUKATH JIUIIE Y IPYTOMY IOPSIKY.

IIpoBeneno ampobariirto Takoi Teopil 30ypeHb [Ijisi HAWIIPOCTIINX i1~
HaMIYHUX MoJjiejiell mpoctoi pinmnam. llokazamo, mo orpumani y Ta-
Kuii crocib pe3ysIbTaT IPaBUIBHO OIHUCYIOTH €(PEeKTH IT€PEHOPMYBAHHSA
MIBUJIKOCTI 3BYKY Ta KoedillieHTiB 3racants B I'iIpoguHAMIIHIN IpaHUII],
a HAOJIMKEHI aHAJITUYIH] BUPA3HU 3BOJAATHCS JI0 BiJIOMUX pe3y/IbTaTiB pu
MiICYMOBYBaHHI BIAIOBIIHUX PAMIB Teopil 30ypeHb.

OTpumani pe3ysbrary JAOTh IJICTABA BBaXKATHU, IO € 100pi mep-
CIIEKTHBU y HAIIPSIMKY BUKODPUCTAHHS T€OPil 30ypEHHS y 3aIIPOTIOHOBAHI
HaMU CXeMi IIPU BUBYEHH] OiJIBIMT CKJIAIHIX MOJIEIEi, 30KpeMa ¥ BUIAIKY
6araTOKOMIIOHEHTHHUX PiJIMH.
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