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Спiн-1/2 модель Гайзенберга на простiй кубiчнiй гратцi у
методi функцiй Грiна

Олег Менчишин, Тарас Крохмальський, Олег Держко

Анотацiя. Ми розглядаємо спiн-1/2 модель Гайзенберга на простiй
кубiчнiй гратцi з феромагнiтною чи антиферомагнiтною взаємодiєю
найближчих сусiдiв методом спiн-ротацiйно-iнварiантних функцiй
Грiна другого порядку. Ми зосереджуємося на високотемператур-
нiй поведiнцi статичної сприйнятливостi, яка може бути використана
для визначення критичної температури моделi. Ми порiвнюємо ре-
зультати методу функцiй Грiна з даними симуляцiй методом кванто-
вого Монте Карло. Ми обговорюємо перспективи застосування мето-
ду функцiй Грiна для вивчення високотемпературних властивостей
фрустрованих квантових спiнових систем.

Simple-cubic-lattice spin-1/2 Heisenberg model within Green-
function method

Oleg Menchyshyn, Taras Krokhmalskii, Oleg Derzhko

Abstract. We consider the spin-1/2 Heisenberg model on a simple cu-
bic lattice with ferromagnetic or antiferromagnetic nearest-neighbor in-
teraction within the spin-rotation-invariant second-order Green-function
method. We focus on the high-temperature behavior of the static suscep-
tibility which can be used to determine the critical temperature of the
model. We compare the Green-function results with the quantum Monte
Carlo simulation data. We discuss perspectives for application of the
Green-function method for the study of the high-temperature properties
of frustrated quantum spin models.

c© Iнститут фiзики конденсованих систем 2014
Institute for Condensed Matter Physics 2014
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1. Introduction

Competing interactions are known to have a drastic influence on the
ground-state/low-temperature properties of lattice spin systems [1]. On
the other hand, they can influence the finite-temperature properties
too, in particular, the critical temperature Tc which separates a low-
temperature ordered phase (T < Tc) and the high-temperature disor-
dered phase (T > Tc). There are only a few methods which can be used
to examine this issue. One among them is a two-time Green-function
method. The two-time Green-function method is well known in the quan-
tum spin system theory for more than fifty years due to seminal stud-
ies by N. N. Bogolyubov, S. V. Tyablikov, D. N. Zubarev and other
researches [2–7]. Many further developments of the method as well as
various specific applications have been reported until now. One special
version of the Green-function approach which is applicable to quantum
spin systems with frustration was suggested by Kondo and Yamaji [8].
Two-time Green functions can be found from the equation of motion
after introducing some decoupling scheme [2–4,7]. The Tyablikov decou-
pling [3] is used at the first stage but it is not a good one if the model does
not have a long-range order. The Kondo-Yamaji decoupling [8] is used at
the second stage of the equation of motion and it certainly improves the
description. This so-called spin-rotation-invariant second-order Green-
function method introduced in 1972 [8] was further developed and ap-
plied to Heisenberg magnets by several groups, see Refs. [9–13] and ref-
erences therein.1

We intend to discuss the effect of frustration on the critical tempera-
ture of quantum Heisenberg magnets using the spin-rotation-invariant
second-order Green-function method and begin with a test example.
Namely, in the present study we exploit the Green-function method for
studying the high-temperature properties and determining the critical
temperature of the spin-1/2 Heisenberg magnet on a simple cubic lattice
with ferro- or antiferromagnetic nearest-neighbor interaction. The idea
of our calculations is as follows. We consider thermodynamic quantities
in the region without long-range order, i.e., T > Tc, and calculate the
Green function 〈〈s+

q
; s−

q
〉〉ω . In the case of the ferromagnet, we define

1Here we need to comment shortly on the terminology we use. Namely, “second-
order Green-function method” simply means that decoupling procedure is made on
the second round of the equations of motion for the Green functions. “Proper” second-
order theory for Green functions would mean a correct renormalization of the mass
operator, leading to magnon decay. There was also a modification of the famous Callen
decoupling from Yu. A. Tserkovnikov in [14] which keeps a spin-rotation invariance
in the high-temperature region.
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Table 1. The Curie temperature TC of the simple-cubic-lattice spin-1/2
Heisenberg ferromagnet (in units of |J |/kB, kB = 1) obtained within
different methods.

QMC [18] Tyablikov [3] Kondo-Yamaji [12] Kondo-Yamaji
(present paper)

0.839(1) 0.989 0.926 0.926
100% 118% 110% 110%

the critical temperature for the ferromagnetic ordering Tc = TC (the
Curie temperature) as the temperature of the divergence of the uniform
static susceptibility χ+−

q=0,ω=0. In the case of the antiferromagnet, we look
for the temperature Tc = TN (the Néel temperature) of the divergence
of the staggered static susceptibility χ+−

q=(π,π,π),ω=0. Since the model is

unfrustrated we can compare our findings with quantum Monte Carlo
simulations [15–18] which we perform for completeness using the ALPS
package [19].

The paper is organized as follows. In Sec. 2 we introduce the model
and notations. In Sec. 3 we briefly illustrate the Tyablikov approxima-
tion, whereas in Sec. 4 and Appendices A and B we explain in some
detail how to obtain the high-temperature thermodynamics within the
Kondo-Yamaji approximation. In Sec. 4 we also compare our findings
with the results of various authors as well as with the high-temperature
expansions and the quantum Monte Carlo data. We make a summary and
sketch perspectives for further studies in Sec. 5. Our conclusions concern-
ing the critical temperatures are conveniently summarized in Tables 1
and 2.

2. The model. Green-function method

In this section, we introduce the model under consideration and nota-
tions for the Green-function technique. The Hamiltonian of the spin-1/2
isotropic Heisenberg model on a simple cubic lattice reads

H = J
∑

n.n.

si · sj

ICMP–14–01E 3

Table 2. The Néel temperature TN of the simple-cubic-lattice spin-1/2
Heisenberg antiferromagnet (in units of J/kB, kB = 1) obtained within
different methods.

QMC [18] Tyablikov [3] Kondo-Yamaji [12] Kondo-Yamaji
(present paper)

0.946(1) TN = TC 1.079 1.041
100% 105% 114% 110%

= J

Nx
∑

mx=1

Ny
∑

my=1

Nz
∑

mz=1

(

sm · smx+1 + sm · smy+1 + sm · smz+1

)

. (2.1)

Here J = −|J | < 0 corresponds to the ferromagnetic interaction and
J = |J | > 0 corresponds to the antiferromagnetic interaction, the first
sum in Eq. (2.1) runs over all nearest-neighbor bonds on the simple cu-
bic lattice of N = NxNyNz sites, and periodic boundary conditions are
implied. In the second line of Eq. (2.1) we write down the sum over the
nearest-neighbor bonds explicitly introducing convenient shorthand no-
tations for further calculations. Furthermore, spin-1/2 operators satisfy
the standard on-site commutation rules, [s+, s−]− = 2sz, [sz, s+]− = s+,
[sz, s−]− = −s−.

We introduce

s±
q

=
1√
N

∑

m

e∓iq·ms±
m
, (2.2)

where the sum runs over all N lattice sites. The (retarded) Green func-
tion is defined according to the following equations:

〈〈s+
q

; s−
q
〉〉t ≡

1

ih̄
Θ(t)〈[s+

q
(t), s−

q
(0)]−〉,

〈〈s+
q

; s−
q
〉〉ω =

∫ ∞

−∞

dteiωt〈〈s+
q

; s−
q
〉〉t,

〈〈s+
q

; s−
q
〉〉t =

1

2π

∫ ∞

−∞

dωe−iωt〈〈s+
q

; s−
q
〉〉ω+iǫ, ǫ → +0. (2.3)

Here 〈(. . .)〉 means the standard statistical mechanics average of (. . .),
i.e., 〈(. . .)〉 = Tr(e−H/T (. . .))/Tr(e−H/T ).
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Two-time Green functions can be found from the equation of mo-
tion after introducing some decoupling scheme [2–4,7]. The equation of
motion at the first stage reads:

h̄ω〈〈s+
q

; s−
q
〉〉ω =

2

N

∑

m

〈sz
m
〉 + 〈〈ih̄ṡ+

q
; s−

q
〉〉ω (2.4)

with 〈sz
m
〉 = 0 (rotational symmetry in spin space) in the disordered

phase. The equation of motion for the Green function in the r.h.s. of
Eq. (2.4) reads

h̄ω〈〈ih̄ṡ+
q

; s−
q
〉〉ω = ih̄〈[ṡ+

q
, s−

q
]−〉 − h̄2〈〈s̈+

q
; s−

q
〉〉ω . (2.5)

We will use in the Green function in the r.h.s. of Eq. (2.5) the Kondo-
Yamaji decoupling [8]:

s−As
+
Bs

+
C → ηABCABs

+
C + ηACCACs

+
B,

szAs
z
Bs

+
C → 1

2
ηABCABs

+
C , (2.6)

where we introduce the notation CAB = 〈s−As+B〉 and the relation
〈s−As+B〉 = 2〈szAszB〉.

If the Green function 〈〈s+
q

; s−
q
〉〉ω is known, the correlation function

〈s−
q
s+
q
〉 follows from the relation:

〈s−
q
s+
q
〉 =

ih̄

2π
lim

ǫ→+0

∫ ∞

−∞

dω
〈〈s+

q
; s−

q
〉〉ω+iǫ − 〈〈s+

q
; s−

q
〉〉ω−iǫ

e
h̄ω
T − 1

, (2.7)

see Ref. [2]. Thus, Eq. (2.7) gives the correlation function 〈s−
q
s+
q
〉 and

therefore the correlation functions

〈s−
m
s+
m+a

〉 =
1

N

∑

q

eiq·a〈s−
q
s+
q
〉, (2.8)

i.e.,

C000 = 〈s−s+〉 =
1

2
− 〈sz〉 =

1

N

∑

q

〈s−
q
s+
q
〉,

C100 =
1

N

∑

q

eiqx〈s−
q
s+
q
〉,

C110 =
1

N

∑

q

ei(qx+qy)〈s−
q
s+
q
〉,

C200 =
1

N

∑

q

e2iqx〈s−
q
s+
q
〉 (2.9)
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etc.. As a result, all thermodynamic quantities can be found. For exam-
ple, the internal energy (per site) reads

e(T ) = 3J
(

〈sx
m
sxmx+1〉 + 〈sy

m
symx+1〉 + 〈sz

m
szmx+1〉

)

=
9

2
JC100. (2.10)

On the other hand, the Green function 〈〈s+
q

; s−
q
〉〉ω is directly related to

the (isolated) dynamic transverse spin susceptibility χ+−
q,ω,

χ+−
q,ω = −〈〈s+

q
; s−

q
〉〉ω, (2.11)

see Ref. [2], bearing in such a way also nonequilibrium properties of the
model at hand within a linear response theory.

3. Tyablikov decoupling: Approaching Tc from below

Consider at first the ferromagnetic case J = −|J | < 0. Within the Tyab-
likov approximation szAs

+
B → 〈szA〉s+B resulting in

〈〈s+
q

; s−
q
〉〉ω =

2〈sz〉
h̄ω − 6|J | (1 − γq) 〈sz〉 , (3.1)

where γq = (cos qx + cos qy + cos qz) /3 and 〈sz〉 = 1/2 − C000 satisfies
the following equation:

1

2
− 〈sz〉 =

1

N

∑

q

2〈sz〉
e6|J|(1−γq)〈sz〉/T − 1

. (3.2)

〈sz〉 equals zero in the high-temperature phase and starts to deviate from
zero at Tc which therefore satisfies the equation

3|J |
2Tc

=
1

N

∑

q

1

1 − γq

=
1

π3

∫ π

0

dx

∫ π

0

dy

∫ π

0

dz
3

3 − cosx− cos y − cos z

≈ 1.516 386, (3.3)

see Ref. [20]. From this equation we get for the Curie temperature TC ≈
0.989|J |, see Ref. [3]. In the high-temperature phase the Green function
〈〈s+

q
; s−

q
〉〉ω is zero that indicates that the Tyablikov approximation is

too crude and violates ergodicity [4]. (However, it is still possible to get
〈s−

q
s+
q
〉, see Ref. [4].)
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In the antiferromagnetic case J = |J | > 0, one may perform a π-
rotation over y-axis in the spin space for one of two sublattices of the
simple-cubic lattice arriving at the simple-cubic-lattice spin-1/2 Hamil-
tonian with the ferromagnetic but anisotropic interaction

H = −|J |
∑

n.n.

(

sxi s
x
j − syi s

y
j + szi s

z
j

)

. (3.4)

Introducing in addition to the Green function (2.3) the Green function
〈〈s−−q

; s−
q
〉〉t, within the Tyablikov approximation we may find

〈〈s+
q

; s−
q
〉〉ω =

2〈sz〉 (h̄ω + 6|J |〈sz〉)
(h̄ω)

2 − 36|J |2
(

1 − γ2
q

)

〈sz〉2

=
h̄ω + 6|J |〈sz〉
6|J |

√

1 − γ2
q

×





1

h̄ω − 6|J |
√

1 − γ2
q
〈sz〉

− 1

h̄ω + 6|J |
√

1 − γ2
q
〈sz〉



 . (3.5)

As a result, we arrive at the following equation for 〈sz〉
1

2
− 〈sz〉

=
1

N

∑

q

(√

1 − γ2
q

+ 1
)

〈sz〉
√

1 − γ2
q

(

e6|J|
√

1−γ2
q
〈sz〉/T − 1

)

+
1

N

∑

q

(√

1 − γ2
q
− 1
)

〈sz〉
√

1 − γ2
q

(

e−6|J|
√

1−γ2
q
〈sz〉/T − 1

) (3.6)

and the following formula for the Néel temperature TN = Tc:

3|J |
2Tc

=
1

N

∑

q

1

1 − γ2
q

=
1

2N

∑

q

1

1 − γq
+

1

2N

∑

q

1

1 + γq

=
1

2π3

∫ π

0

dx

∫ π

0

dy

∫ π

0

dz
3

3 − cosx− cos y − cos z

+
1

2π3

∫ π

0

dx

∫ π

0

dy

∫ π

0

dz
3

3 + cosx + cos y + cos z

≈ 1.516 386 (3.7)
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since the second integral transforms into the first one after the change of
the variables x′ = π − x, y′ = π − y, z′ = π − z. Thus, TN = TC [3]. For
further details concerning the Tyablikov approximation see Refs. [3, 4]
and references therein.

In summary, the high-temperature quantities within the Tyablikov
approximation are hard to calculate straightforwardly and therefore this
decoupling in the equation of motion for 〈〈s+

q
; s−

q
〉〉ω is hard to use

for pinning down the critical temperature Tc coming from the high-
temperature limit. Besides the fact that the Tyablikov approximation is
not straightforward in the high-temperature phase, after all, the Kondo-
Yamaji decoupling is the next step after the Tyablikov decoupling.
Therefore the Kondo-Yamaji decoupling is expected to provide a better
description. However, the Tyablikov approximation may be used while
studying Tc approaching it from below.

4. Kondo-Yamaji decoupling in the disordered phase

4.1. Analytical results

Within the Kondo-Yamaji approximation (2.6) we have the following
result for the Green function:

〈〈s+
q

; s−
q
〉〉ω =

Mq

(h̄ω)2 − (h̄ωq)2

=
Mq

2h̄ωq

(

1

h̄ω − h̄ωq

− 1

h̄ω + h̄ωq

)

,

Mq = −12JC100 (1 − γq) ,
(

h̄ωq

J

)2

= 3 (1 − γq) (1 + 10η100C100

+8η110C110 + 2η200C200 − 12η100C100 (1 + γq)) , (4.1)

where γq = (cos qx + cos qy + cos qz) /3, see Appendix A for details of
calculations.

The obtained result contains three unknown correlation functions
C100, C110, C200 and the corresponding parameters η100, η110, η200.
We assume that η100 = η110 = η200 = η [these parameters (for the
antiferromagnetic case at low temperatures) can be determined using
some additional conditions beyond the standard prescriptions, see, e.g.,
Refs. [12, 13] and references therein]. From Eq. (4.1) we find the imagi-
nary part of the Green function

〈〈s+
q

; s−
q
〉〉ω+iǫ − 〈〈s+

q
; s−

q
〉〉ω−iǫ
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= −2πi
Mq

2h̄ωq

(δ(h̄ω − h̄ωq) − δ(h̄ω + h̄ωq)) (4.2)

and evaluate the r.h.s. in Eq. (2.7)

ih̄

2π
lim

ǫ→+0

∫ ∞

−∞

dω
〈〈s+

q
; s−

q
〉〉ω+iǫ − 〈〈s+

q
; s−

q
〉〉ω−iǫ

e
h̄ω
T − 1

=
Mq

2h̄ωq

(

1

e
h̄ωq

T − 1
− 1

e−
h̄ωq

T − 1

)

=
Mq

2h̄ωq

(

1 +
2

e
h̄ωq

T − 1

)

. (4.3)

Thus, we have obtained the correlation function

〈s−
q
s+
q
〉 =

Mq

2h̄ωq

(

1 +
2

e
h̄ωq

T − 1

)

(4.4)

which, according to Eq. (2.2), is related to the site-site correlation func-
tions

〈s−
q
s+
q
〉 =

1

N

∑

m1

∑

m2

eiq·(m1−m2)〈s−
m1

s+
m2

〉 =
∑

a

e−iq·a〈s−
m
s+
m+a

〉. (4.5)

Inverting the latter formula we get

〈s−
m
s+
m+a

〉 =
1

N

∑

q

eiq·a〈s−
q
s+
q
〉 (4.6)

[cf. Eq. (2.8)] and in particular

C000 = 〈s−s+〉 =
1

2
− 〈sz〉 =

1

2
, C000 =

1

N

∑

q

〈s−
q
s+
q
〉,

C100 =
1

N

∑

q

eiqx〈s−
q
s+
q
〉,

C110 =
1

N

∑

q

ei(qx+qy)〈s−
q
s+
q
〉,

C200 =
1

N

∑

q

e2iqx〈s−
q
s+
q
〉 (4.7)
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[cf. Eq. (2.9)], where in the thermodynamic limit the sum should be
replaced by the three-fold integral

1

N

∑

q

(. . .) → 1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz(. . .). (4.8)

These equations for η, C100, C110, C200 [i.e., Eqs. (4.7), (4.8), (4.4), (4.1)]
will be solved numerically starting from the high-temperature limit.

Let us discuss how to determine the critical temperature Tc. Consider
the ferromagnetic case J = −|J | < 0. To find Tc, we may examine the
behavior of the uniform static susceptibility χ+−

q=0,ω=0 as temperature

decreases starting from infinite value. If χ+−
q=0,ω=0 → ∞ that would mean

that T → Tc = TC. From Eq. (4.1) we have

χ+−
q=0,ω=0 = −

4C100

J

1 − 14ηC100 + 8ηC110 + 2ηC200
(4.9)

and χ+−
q=0,ω=0 diverges when

1 − 14ηC100 + 8ηC110 + 2ηC200 → 0. (4.10)

For the antiferromagnetic case J = |J | > 0, we have to examine the
staggered static susceptibility

χ+−
q=(π,π,π),ω=0 = −

4C100

J

1 + 10ηC100 + 8ηC110 + 2ηC200
(4.11)

which diverges when

1 + 10ηC100 + 8ηC110 + 2ηC200 → 0 (4.12)

in this way giving the critical temperature Tc = TN.
The magnetic correlation length ξ above Tc may be calculated by

expanding χ+−
q=(0+kx,0+ky,0+kz),ω=0 in the neighborhood of the vector q =

(0, 0, 0) or χ+−
q=(π+kx,π+ky,π+kz),ω=0 in the neighborhood of the vector

q = (π, π, π). For the ferromagnet the expansion yields

χ+−
q=(0+kx,0+ky,0+kz),ω=0 =

χ+−
q=(0,0,0),ω=0

1 + ξ2k2
,

ξ2 =
2ηC100

1 − 14ηC100 + 8ηC110 + 2ηC200
. (4.13)



10 Препринт

For the antiferromagnet the expansion yields

χ+−
q=(π+kx,π+ky,π+kz),ω=0 =

χ+−
q=(π,π,π),ω=0

1 + ξ2k2
,

ξ2 =
−2ηC100

1 + 10ηC100 + 8ηC110 + 2ηC200
. (4.14)

We may also examine the temperature dependence of the specific
heat (per site)

c(T ) =
∂

∂T

(

3J
3

2
C100

)

=
9

2
J
∂C100

∂T
, (4.15)

which should signalize the approach to Tc from above.

4.2. Numerical results. Critical temperature

To solve the equations for η, C100, C110, C200, we begin with analytical
results in the high-temperature limit, see Appendix B. It can be shown
that the first nonvanishing terms for the unknown quantities η, C100,
C110, C200 in the series with respect to J/T behave as follows:

η = 1 + o(1),

C100 = −1

8

J

T
+ o

(

J

T

)

= CHT
100 + o

(

J

T

)

,

C110 =
1

16

(

J

T

)2

+ o

(

(

J

T

)2
)

= CHT
110 + o

(

(

J

T

)2
)

,

C200 =
1

32

(

J

T

)2

+ o

(

(

J

T

)2
)

= CHT
200 + o

(

(

J

T

)2
)

. (4.16)

We use these formulas in a numerical solution described below.
More specific, first of all we introduce the notations C̃αβγ = ηCαβγ

and notice that the latter three equations in Eq. (4.7) do not con-
tain η, i.e., they are equations for C̃αβγ , whereas η follows from the

first equation in Eq. (4.7) after C̃αβγ are found. Furthermore, us-

ing the high-temperature results C̃HT
αβγ(T ) (4.16) we obtain the ini-

tial point C̃∗
αβγ(T = 5) = C̃HT

αβγ(T = 5). Then we consider a cube

[C̃∗
αβγ − C̃∗

αβγ/2 . . . C̃∗
αβγ + C̃∗

αβγ/2] and calculate the value of the ob-

jective (goal) function F = (C̃100 − η(1/N)
∑

q
eiqx〈s−

q
s+
q
〉)2 + (C̃110 −

η(1/N)
∑

q
ei(qx+qy)〈s−

q
s+
q
〉)2 + (C̃200 − η(1/N)

∑

q
e2iqx〈s−

q
s+
q
〉)2 which
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follows from Eqs. (4.7) within this cube with the step (∆C̃αβγ)(1) =

C̃∗
αβγ/m, m = 50 or 100. We determine the values of C̃

(1)
αβγ for which

the objective function attains its minimum. Then we consider a cube

[C̃
(1)
αβγ − 2(∆C̃αβγ)(1) . . . C̃

(1)
αβγ + 2(∆C̃αβγ)(1)] and calculate the value of

the objective function F with the step (∆C̃αβγ)(2) = 4(∆C̃αβγ)(1)/m,

obtaining as a result the values of C̃
(2)
αβγ for which the objective function

attains its minimum. We repeat this procedure k times (k = {10, 12, 15}).
As a result, we obtain the solutions of Eqs. (4.7) at T = 5, say,

C̃αβγ(T = 5) = C̃
(15)
αβγ(T = 5). Similarly, we obtain the solutions of

Eqs. (4.7) at T = 5 + 0.1, C̃αβγ(T = 5 + 0.1). Using these two points

for linear extrapolation we obtain the initial point C̃∗
αβγ(T = 5 − 0.1).

[Note that we do not use the high-temperature results to obtain the
initial point C̃∗

αβγ(T = 5 − 0.1). In fact, it is indeed impossible to use
the high-temperature results for getting the initial point at, say, T = 2.]
We repeat the procedure of seeking for the minimum of the objective
function F starting from the cube [C̃∗

αβγ − 2∆C̃αβγ . . . C̃
∗
αβγ + 2∆C̃αβγ ],

where ∆C̃αβγ ≡ C̃∗
αβγ(T = 5−0.1)− C̃αβγ(T = 5). Proceeding in such a

way with gradual decrease of the temperature T , we find all solutions of
Eqs. (4.7). Moreover, after reaching T = 2 we decrease the temperature
step from 0.1 to 0.02 (and to 0.01 for lower temperatures).

For the ferromagnetic case J = −|J | < 0, we report the obtained
results for η, C100, C110, C200 along with the susceptibility (4.9) and
the denominator in Eq. (4.9) which is given in the l.h.s. of Eq. (4.10) in
Fig. 1. The denominator vanishes at Tc = TC ≈ 0.926|J |.

For the antiferromagnetic case J = |J | > 0, the obtained results for η,
C100, C110, C200 along with the susceptibility (4.11) and the denominator
in Eq. (4.11) which is given in the l.h.s. of Eq. (4.12) are reported in
Fig. 2. The denominator vanishes at Tc = TN ≈ 1.041J .

Knowing the correlation functions, one can find, e.g., the magnetic
correlation length ξ(T ), see Eqs. (4.13), (4.14), or the specific heat c(T ),
see Eq. (4.15). The results for the specific heat are shown in the corre-
sponding panels in Figs. 3 and 4 and in Fig. 5.

4.3. Comparison with another Green-function papers

Similar problems were studied within the Green-function method in the
past [12, 21–28].

In particular, A. F. Barabanov with coauthors [25] obtained the fol-
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Figure 1. (Color online) Temperature dependence (T = 0.8 . . .5) of cor-
relation functions C100, C110, C200, and η for the case J = −|J | < 0
(|J | = 1) obtained numerically (circles). Curves correspond to the high-
temperature asymptotics given in Eq. (4.16) (solid, short-dashed, dotted,
and dash-dotted curves correspond to η, C100, C110, and C200, respec-
tively). In the high-temperature limit the asymptotics and the numerical
solutions coincide. We also show the susceptibility χ+−

q=0,ω=0 (4.9) [long-
dashed green curve with (without) up-triangles correspond to the numer-
ical solution (high-temperature asymptotic)] and the l.h.s. of Eq. (4.10)
[dash-dashed black curve with (without) circles correspond to the nu-
merical solution (high-temperature asymptotic)]. The denominator in
Eq. (4.9) vanishes at Tc ≈ 0.926.

lowing expression for Green’s function and spin excitation spectrum:

Gσ(q, ω) =
−12JKg (1 − γq)

ω2 − ω2
q

,

(ωq

J

)2

= 6 (1 − γq)

(

6αKg +
1

2
− αKg (1 + 6γq)

)

= 3 (1 − γq) (1 + 12αKg − αKg (2 + 12γq))

= 3 (1 − γq) (1 + 22αKg − 12αKg (1 + γq)) (4.17)

[see Eqs. (5) and (6) of this paper in the case J2 = 0]. This result
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Figure 2. (Color online) Temperature dependence (T = 0.8 . . .5) of cor-
relation functions C100, C110, C200, and η for the case J = |J | > 0
(|J | = 1) obtained numerically (circles). Curves correspond to the high-
temperature asymptotics given in Eq. (4.16) (solid, short-dashed, dotted,
and dash-dotted curves correspond to η, C100, C110, and C200, respec-
tively). In the high-temperature limit the asymptotics and the numer-
ical solutions coincide. We also show the susceptibility χ+−

q=(π,π,π),ω=0

(4.11) [long-dashed green curve with (without) up-triangles correspond
to the numerical solution (high-temperature asymptotic)] and the l.h.s.
of Eq. (4.12) [dash-dashed black curve with (without) circles correspond
to the numerical solution (high-temperature asymptotic)]. The denomi-
nator in Eq. (4.11) vanishes at Tc ≈ 1.041.

correspond to our findings given in Eq. (4.1) if

10ηC100 + 8ηC110 + 2ηC200 → 22αKg. (4.18)

Note, that the result of A. F. Barabanov with coauthors [25] does not
contain C110 and C200.

Later on, in Ref. [12] the thermodynamics of layered Heisenberg
magnets with arbitrary spin was investigated within the second-order
Green-function technique. The authors consider an arbitrary spin value
s ≥ 1/2 and two different bonds, the in-plane bonds J‖ and the inter-
plane bonds J⊥. In their study, they introduce several different vertex
parameters η (denoted α1µ, α2µ with µ =‖,⊥) and find for s = 1/2 and
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J⊥/J‖ = 1 the Curie temperature TC ≈ 0.926|J‖| and the Néel temper-
ature TN ≈ 1.079J‖, see Table II of Ref. [12]. The obtained in Ref. [12]
Green function is given in Eqs. (5), (2), (6) – (9) of this paper. For the
case s = 1/2, when the vertex parameter λµ = 0, it can be written as

〈〈s+
q

; s−−q
〉〉ω =

Mq

ω2 − ω2
q

,

Mq = −8J‖C100

(

1 − cos qx + cos qy
2

)

− 4J⊥C001 (1 − cos qz) ,

ω2
q

=

(

1 − cos qx + cos qy
2

)

×
(

∆‖ + 16J2
‖α1‖C100

(

1 − cos qx + cos qy
2

))

+ (1 − cos qz)
(

∆⊥ + 4J2
⊥α1⊥C001 (1 − cos qz)

)

+∆̃

(

1 − cos qx + cos qy
2

)

(1 − cos qz) (4.19)

with

∆‖ = 2J2
‖

(

1 + 2α2‖ (2C110 + C200) − 10α1‖C100

)

+8J‖J⊥
(

α2⊥C101 − α1‖C100

)

,

∆⊥ = J2
⊥ (1 + 2α2⊥C002 − 6α1⊥C001)

+8J‖J⊥ (α2⊥C101 − α1⊥C001) ,

∆̃ = 8J‖J⊥
(

α1‖C100 + α1⊥C001

)

. (4.20)

For the case J‖ = J⊥ = J we have to put C001 = C100, C101 = C110,
C002 = C200 and α1‖ = α1⊥ = α1, α2‖ = α2⊥ = α2. Therefore instead of
Eq. (4.20) we have

∆‖ = 2J2 (1 − 14α1C100 + 8α2C110 + 2α2C200) ,

∆⊥ = J2 (1 − 14α1C100 + 8α2C110 + 2α2C200) ,

∆̃ = 16J2α1C100. (4.21)

As a result,

(ωq

J

)2

=

(

1 − cos qx + cos qy
2

)

× (2 (1 − 14α1C100 + 8α2C110 + 2α2C200)

+16α1C100

(

1 − cos qx + cos qy
2

))
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+ (1 − cos qz)

× (1 − 14α1C100 + 8α2C110 + 2α2C200 + 4α1C100 (1 − cos qz))

+16α1C100

(

1 − cos qx + cos qy
2

)

(1 − cos qz)

= (1 − 14α1C100 + 8α2C110 + 2α2C200)

× (2 − cos qx − cos qy + 1 − cos qz)

+16α1C100

(

1 − cos qx + cos qy
2

)2

+ 4α1C100 (1 − cos qz)
2

+16α1C100

(

1 − cos qx + cos qy
2

)

(1 − cos qz)

= 3 (1 − γq) (1 − 14α1C100 + 8α2C110 + 2α2C200)

+4α1C100

(

(2 − cos qx − cos qy)
2

+2 (2 − cos qx − cos qy) (1 − cos qz) + (1 − cos qz)
2
)

= 3 (1 − γq)

× (1 − 14α1C100 + 8α2C110 + 2α2C200) + 36α1C100 (1 − γq)2

= 3 (1 − γq)

× (1 + 10α1C100 + 8α2C110 + 2α2C200 − 12α1C100 (1 + γq)) . (4.22)

Comparing Eqs. (4.1) and (4.22) we see that they coincide if

η100 → α1, η110 → α2, η200 → α2. (4.23)

Within the simplest assumption about the vertex parameters, η100 =
η110 = η200 = η, Eq. (4.1) corresponds to the result of Ref. [12] with the
same assumption about the vertex parameters: α1 = α2 = α. We notice
that this simple assumption yields TN ≈ 1.041 whereas more sophisti-
cated manipulation with the vertex parameters gives TN ≈ 1.079 [12].

4.4. Comparison with high-temperature expansions and quan-
tum Monte Carlo simulations

Simple cubic Heisenberg ferromagnet for arbitrary spin values s ≥ 1/2
has been studied within high-temperature extrapolation techniques since
the early sixties and a lot of results are available (see, e.g., Refs. [29,30]).
Even more sophisticated high-temperature-series techniques, which are
also applicable for more complicated quantum spin models, have been
reported recently in Ref. [31]. The Curie temperature was estimated as
0.84|J |/kB already in 1967 [29] and confirmed later, e.g., in Ref. [30].
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Quantum Monte Carlo simulations started in the late eighties. The
simple-cubic-lattice spin-1/2 Heisenberg ferromagnet and antiferromag-
net were examined many times in the past. The most recent data for the
Curie temperature and the Néel temperature are:

kBTC = 0.839(1)|J |,
kBTN = 0.946(1)J, (4.24)

see Refs. [16–18]. This result agrees with earlier data from high-
temperature expansions [29, 30].

We perform quantum Monte Carlo simulations using the ALPS pack-
age [19], namely, utilizing the application called the directed loop al-
gorithm in the stochastic series expansion (SSE) representation (the
dirloop sse package). Using the directed loop SSE application we il-
lustrate the temperature dependencies of various quantities. For the fer-
romagnetic case we examine the magnetization (per site) m, the static
uniform susceptibility (per site) χ = χ+−

q=0,ω=0 = 2χzz
q=0,ω=0, and the spe-

cific heat (per site) c. We set J = −1 and take N = L3 sites with L =
10, 20, 40, 80, 120. We put small symmetry-breaking uniform magnetic
field h = 10−4. Our findings are collected in Fig. 3. For the antiferro-
magnetic case we examine the temperature dependencies of the staggered
(i.e., sublattice) magnetization (per site) ms, the staggered static uni-
form susceptibility (per site) χs = χ+−

q=(π,π,π),ω=0 = 2χzz
q=(π,π,π),ω=0, and

the specific heat (per site) c. We set J = 1 and take N = L3 sites with
L = 20, 40, 80. Again we put small symmetry-breaking staggered (i.e.,
which has different signs on different sublattices) magnetic field hs =
10−4. Since the employed ALPS package does not yield χzz

q=(π,π,π),ω=0,

we find this quantity as the ratio (ms(hs2)−ms(hs1))/(hs2 − hs1) with
hs2 = 10−4 and hs1 = 0.5 · 10−4. Our findings are collected in Fig. 4.

If one plots the thermodynamic quantities against T/Tc with the
value of Tc as it is determined by the specific method, a discrepancy be-
tween the Green-function results and quantum Monte Carlo data (con-
ditioned by different predictions for Tc) becomes hidden, see Fig. 5. [The
quantum Monte Carlo estimate for Tc is obtained from the magnetiza-
tion curve for the largest system size: We get TC ≈ 0.845 and TN ≈ 0.975
that is not far from more precise quantum Monte Carlo results, 0.839(1)
and 0.946(1), reported in Tables 1 and 2, see also Eq. (4.24)].

In Fig. 6 we present the results for the magnetization as it follows af-
ter the Tyablikov approximation, see Eq. (3.2) (the ferromagnetic case)
and Eq. (3.6) (the antiferromagnetic case). As Fig. 6 shows, the Tyab-
likov decoupling leads to reasonably good predictions for the magneti-
zation, especially in the antiferromagnetic case.
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Figure 3. (Color online) Temperature dependence of the magnetization
m, the static susceptibility χ, and the specific heat c for the spin-1/2
Heisenberg ferromagnet on a simple cubic lattice. Quantum Monte Carlo
data are obtained for the system of different sizes 103, 203, 403, 803, 1203

with J = −1 and h = 10−4 (curves with circles). Green-function results
are shown by (green) curves with up-triangles. The Curie temperature
according to the reported quantum Monte Carlo simulations for magne-
tization curve of largest sizes is 0.845, whereas according to the Green-
function method it is 0.926.
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Figure 4. (Color online) Temperature dependence of the staggered mag-
netization ms, the staggered static susceptibility χs, and the specific heat
c for the spin-1/2 Heisenberg antiferromagnet on a simple cubic lattice.
Quantum Monte Carlo data are obtained for the system of different sizes
203, 403, 803 with J = 1 and hs = 10−4 (curves with circles). Green-
function results are shown by (green) curves with up-triangles. The Néel
temperature according to the reported quantum Monte Carlo simula-
tions for magnetization curve of largest sizes is 0.975, whereas according
to the Green-function method it is 1.041.
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Figure 5. (Color online) Temperature dependence of the specific heat
c for the spin-1/2 Heisenberg ferromagnet (left) and antiferromagnet
(right) on a simple cubic lattice. These results were reported already in
the corresponding panels of Figs. 3 and 4. Now we use for the quan-
tum Monte Carlo simulations Tc = 0.845 (ferromagnet) and Tc = 0.975
(antiferromagnet), whereas for the Green-function results Tc = 0.926
(ferromagnet) and Tc = 1.041 (antiferromagnet).

Figure 6. (Color online) Temperature dependence of the magnetization
m for the spin-1/2 Heisenberg ferromagnet on a simple cubic lattice
(left) and of the staggered magnetization ms for the spin-1/2 Heisenberg
antiferromagnet on a simple cubic lattice (right). Quantum Monte Carlo
results were reported already in the corresponding panels of Figs. 3 and
4. Now we compare them to the results which follow after the Tyablikov
approximation.
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Let us make a few comments on the obtained temperature depen-
dences. All approaches yield the value of ms(0) ≈ 0.42, see the corre-
sponding panels in Fig. 4 and Fig. 6, which agrees with previous studies
see, e.g., Ref. [32]. We notice that numerical differentiation in Eq. (4.15)
produces a noise in the Green-function predictions for the dependence
c(T ) while approaching Tc, see the corresponding panels in Figs. 3 and
4 and Fig. 5. Therefore, the Green-function predictions for the specific
heat become less reliable around Tc.

Comparing the Green-function results with the benchmark quantum
Monte Carlo data in Figs. 3 and 4, and in Fig. 5, one may conclude that
in general, the agreement between both findings is quite reasonable.

5. Conclusions

To summarize, we have illustrated an application of the spin-rotation-
invariant second-order Green-function method for studying the high-
temperature properties of the spin-1/2 Heisenberg magnet on a simple
cubic lattice with ferro- or antiferromagnetic nearest-neighbor interac-
tion. The critical temperature Tc as it follows from the divergence of
χ+−
q=0,ω=0 (for J = −|J | < 0) or of χ+−

q=(π,π,π),ω=0 (for J = |J | > 0) is in a

reasonable agreement with quantum Monte Carlo and high-temperature
expansions data. We intend to apply this approach for studying high-
temperature properties in the presence of competing interaction (frus-
tration).

Although we do not report new results, we believe the paper is valu-
able from methodological point of view, since it presents all details of
calculations as well as comparisons with some other Green-function pa-
pers and numerics. Therefore it may be a good starting point for further
attack of the high-temperature properties of frustrated quantum Heisen-
berg magnets.
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A. Green function 〈〈s+
q
; s−

q
〉〉ω within the Kondo-

Yamaji approximation

Let us elaborate in detail each term in Eqs. (2.4) and (2.5).
Consider the term ih̄〈[ṡ+

q
, s−

q
]−〉. Since

ih̄ṡ+
q

=
1√
N

∑

m

e−iq·m[s+
m
, H ]− (A.1)

and

[s+
m
, H ]− = J

(

s+mx−1s
z
m

+ s+my−1s
z
m

+ s+mz−1s
z
m

−szmx−1s
+
m

− szmy−1s
+
m

− szmz−1s
+
m

+sz
m
s+mx+1 + sz

m
s+my+1 + sz

m
s+mz+1

−s+
m
szmx+1 − s+

m
szmy+1 − s+

m
szmz+1

)

, (A.2)

we get

〈[ih̄ṡ+
q
, s−

q
]−〉

=
J

N

∑

m

〈−s+mx−1s
−
m

− s+my−1s
−
m

− s+mz−1s
−
m

−2szmx−1s
z
m

− 2szmy−1s
z
m

− 2szmz−1s
z
m

−s−
m
s+mx+1 − s−

m
s+my+1 − s−

m
s+mz+1

−2sz
m
szmx+1 − 2sz

m
szmy+1 − 2sz

m
szmz+1

+2e−iqxszmx−1s
z
m

+ 2e−iqyszmy−1s
z
m

+ 2e−iqzszmz−1s
z
m

+e−iqxs−mx−1s
+
m

+ e−iqys−my−1s
+
m

+ e−iqzs−mz−1s
+
m

+2eiqxsz
m
szmx+1 + 2eiqysz

m
szmy+1 + 2eiqzsz

m
szmz+1

+eiqxs+
m
s−mx+1 + eiqys+

m
s−my+1 + eiqzs+

m
s−mz+1〉. (A.3)

Because of translational invariance we have
∑

m
(. . .) = N and C100 =

〈s+mx−1s
−
m
〉 = C010 = 〈s+my−1s

−
m
〉 etc., B100 = 〈szmx−1s

z
m
〉 = B010 =

〈szmy−1s
z
m
〉 etc.. Because of rotational invariance we have B = C/2.

Therefore

〈[ih̄ṡ+
q
, s−

q
]−〉 = Mq,

Mq = 4JC100 (cos qx + cos qy + cos qz − 3) . (A.4)
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We pass to the term −h̄2〈〈s̈+
q

; s−
q
〉〉ω in Eq. (2.5). Since

−h̄2s̈+
q

=
J√
N

∑

m

e−iq·m

×
(

[s+mx−1s
z
m
, H ]− + [s+my−1s

z
m
, H ]− + [s+mz−1s

z
m
, H ]−

−[szmx−1s
+
m
, H ]− − [szmy−1s

+
m
, H ]− − [szmz−1s

+
m
, H ]−

+[sz
m
s+mx+1, H ]− + [sz

m
s+my+1, H ]− + [sz

m
s+mz+1, H ]−

−[s+
m
szmx+1, H ]− − [s+

m
szmy+1, H ]− − [s+

m
szmz+1, H ]−

)

, (A.5)

we must calculate first [s+
m′szm, H ]−. We get

1

J
[s+

m′s
z
m
, H ]− =

1

2

(

s+
m′s

+
m
s−mx+1 − s+

m′s
−
m
s+mx+1

)

+
1

2

(

−s+
m′s

+
mx−1s

−
m

+ s+
m′s

−
mx−1s

+
m

)

+sz
m′s+m′

x+1s
z
m

+ s+m′

x−1s
z
m′szm

−s+
m′s

z
m′

x+1s
z
m

− szm′

x−1s
+
m′s

z
m

+
1

2

(

s+
m′s

+
m
s−my+1 − s+

m′s
−
m
s+my+1

)

+
1

2

(

−s+
m′s

+
my−1s

−
m

+ s+
m′s

−
my−1s

+
m

)

+sz
m′s+m′

y+1s
z
m

+ s+m′

y−1s
z
m′szm

−s+
m′s

z
m′

y+1s
z
m

− szm′

y−1s
+
m′s

z
m

+
1

2

(

s+
m′s

+
m
s−mz+1 − s+

m′s
−
m
s+mz+1

)

+
1

2

(

−s+
m′s

+
mz−1s

−
m

+ s+
m′s

−
mz−1s

+
m

)

+sz
m′s+m′

z+1s
z
m

+ s+m′

z−1s
z
m′szm

−s+
m′s

z
m′

z+1s
z
m

− szm′

z−1s
+
m′s

z
m
. (A.6)

Now we can proceed with the r.h.s. of Eq. (A.5). We begin with the first
three terms in the r.h.s. of Eq. (A.5). Let us write down the contribution
of the first term in the r.h.s. of Eq. (A.5) (i.e., of the one which contains
[s+mx−1s

z
m
, H ]−) to −h̄2〈〈s̈+

q
; s−

q
〉〉ω :

J2

N

∑

m

∑

g

eiq·(g−m)
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×
(

1

2
〈〈s+mx−1s

+
m
s−mx+1; s−

g
〉〉ω − 1

2
〈〈s+mx−1s

−
m
s+mx+1; s−

g
〉〉ω

−0 +
1

2
〈〈
(

1

2
+ szmx−1

)

s+
m

; s−
g
〉〉ω

+〈〈szmx−1

(

−1

2
s+
m

)

; s−
g
〉〉ω + 〈〈s+mx−2s

z
mx−1s

z
m

; s−
g
〉〉ω

−1

4
〈〈s+mx−1; s−

g
〉〉ω − 〈〈szmx−2s

+
mx−1s

z
m

; s−
g
〉〉ω

+
1

2
〈〈s+mx−1s

+
m
s−my+1; s−

g
〉〉ω − 1

2
〈〈s+mx−1s

−
m
s+my+1; s−

g
〉〉ω

−1

2
〈〈s+mx−1s

+
my−1s

−
m

; s−
g
〉〉ω +

1

2
〈〈s+mx−1s

−
my−1s

+
m

; s−
g
〉〉ω

+〈〈szmx−1s
+
mx−1,my+1s

z
m

; s−
g
〉〉ω + 〈〈s+mx−1,my−1s

z
mx−1s

z
m

; s−
g
〉〉ω

−〈〈s+mx−1s
z
mx−1,my+1s

z
m

; s−
g
〉〉ω − 〈〈szmx−1,my−1s

+
mx−1s

z
m

; s−
g
〉〉ω

+
1

2
〈〈s+mx−1s

+
m
s−mz+1; s−

g
〉〉ω − 1

2
〈〈s+mx−1s

−
m
s+mz+1; s−

g
〉〉ω

−1

2
〈〈s+mx−1s

+
mz−1s

−
m

; s−
g
〉〉ω +

1

2
〈〈s+mx−1s

−
mz−1s

+
m

; s−
g
〉〉ω

+〈〈szmx−1s
+
mx−1,mz+1s

z
m

; s−
g
〉〉ω + 〈〈s+mx−1,mz−1s

z
mx−1s

z
m

; s−
g
〉〉ω

−〈〈s+mx−1s
z
mx−1,mz+1s

z
m

; s−
g
〉〉ω − 〈〈szmx−1,mz−1s

+
mx−1s

z
m

; s−
g
〉〉ω
)

.(A.7)

We have used the following exact on-site relations: s+s+ = 0, s+s− =
1/2 + sz, s+sz = −s+/2, and szsz = 1/4. Next we have to use the
Kondo-Yamaji decoupling (2.6). As a result, Eq. (A.7) becomes

J2

N

∑

m

∑

g

eiq·(g−m)

×
(

1

2
η200C200〈〈s+m; s−

g
〉〉ω − 1

2
η100C100〈〈s+mx+1; s−

g
〉〉ω

+
1

4
〈〈s+

m
; s−

g
〉〉ω

+
1

2
η100C100〈〈s+mx−2; s−

g
〉〉ω

−1

4
〈〈s+mx−1; s−

g
〉〉ω − 1

2
η200C200〈〈s+mx−1; s−

g
〉〉ω

+
1

2
η110C110〈〈s+m; s−

g
〉〉ω − 1

2
η100C100〈〈s+my+1; s−

g
〉〉ω

−1

2
η100C100〈〈s+my−1; s−

g
〉〉ω +

1

2
η110C110〈〈s+m; s−

g
〉〉ω
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+
1

2
η100C100〈〈s+mx−1,my+1; s−

g
〉〉ω +

1

2
η100C100〈〈s+mx−1,my−1; s−

g
〉〉ω

−1

2
η110C110〈〈s+mx−1; s−

g
〉〉ω − 1

2
η110C110〈〈s+mx−1; s−

g
〉〉ω

+
1

2
η101C101〈〈s+m; s−

g
〉〉ω − 1

2
η100C100〈〈s+mz+1; s−

g
〉〉ω

−1

2
η100C100〈〈s+mz−1; s−

g
〉〉ω +

1

2
η101C101〈〈s+m; s−

g
〉〉ω

+
1

2
η100C100〈〈s+mx−1,mz+1; s−

g
〉〉ω +

1

2
η100C100〈〈s+mx−1,mz−1; s−

g
〉〉ω

−1

2
η101C101〈〈s+mx−1; s−

g
〉〉ω − 1

2
η101C101〈〈s+mx−1; s−

g
〉〉ω
)

.(A.8)

We have to do similar calculations for the second and the third terms
in the r.h.s. of Eq. (A.5). Combining these findings, we get for the first
three terms in the r.h.s. of Eq. (A.5) the following result:

−h̄2〈〈s̈+
q

; s−
q
〉〉ω

J2〈〈s+q ; s−q 〉〉ω
=

1

2
η200C200 +

1

4
+ η110C110 + η101C101

+η110C110 +
1

2
η020C020 +

1

4
+ η011C011

+η101C101 + η011C011 +
1

2
η002C002 +

1

4
− (η010C010 + η001C001) cos qx

−1

2
η100C100e

iqx

+

(

−1

4
− 1

2
η200C200 − η110C110 − η101C101

+η100C100 cos qy + η100C100 cos qz) e−iqx

− (η100C100 + η001C001) cos qy

−1

2
η010C010e

iqy

+

(

−η110C110 −
1

4
− 1

2
η020C020 − η011C011

+η010C010 cos qx + η010C010 cos qz) e−iqy

− (η100C100 + η010C010) cos qz

−1

2
η001C001e

iqz
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+

(

−η101C101 − η011C011 −
1

4
− 1

2
η002C002

+η001C001 cos qx + η001C001 cos qy) e−iqz

+
1

2
η100C100e

−2iqx +
1

2
η010C010e

−2iqy +
1

2
η001C001e

−2iqz . (A.9)

Next three terms (the second three terms) in the r.h.s. of Eq. (A.5) give
the same result as in Eq. (A.9). Furthermore, the third three terms and
the fourth three terms in the r.h.s. of Eq. (A.5) yield complex conjugate
expression of that one which is given in Eq. (A.9). We can simplify
our formulas using the consequences of translational invariance: C100 =
C010 = C001, C110 = C011 = C101 etc. Therefore, after tedious but doable
calculations we have arrived at the final formula for the Green function
〈〈s+

q
; s−

q
〉〉ω .

The final result for the Green function 〈〈s+
q

; s−
q
〉〉ω within the adopted

approximation (2.6) reads:

〈〈s+
q

; s−
q
〉〉ω =

Mq

(h̄ω)2 − (h̄ωq)2
, (A.10)

where

Mq = 4JC100 (cos qx + cos qy + cos qz − 3) (A.11)

and

(

h̄ωq

J

)2

= 3 + 24η110C110 + 6η200C200

− (1 + 10η100C100 + 8η110C110 + 2η200C200)

× (cos qx + cos qy + cos qz)

+8η100C100

× (cos qx cos qy + cos qx cos qz + cos qy cos qz)

+2η100C100 (cos(2qx) + cos(2qy) + cos(2qz)) . (A.12)

We may rewrite to obtained result even in a more convenient form.
After introducing

−1 ≤ γq =
1

3
(cos qx + cos qy + cos qz) ≤ 1, (A.13)

we have instead of Eqs. (A.11) and (A.12) the following formulas

Mq = −12JC100 (1 − γq) (A.14)
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and

(

h̄ωq

J

)2

= 3 (1 − γq) (1 + 10η100C100

+8η110C110 + 2η200C200 − 12η100C100 (1 + γq)) , (A.15)

respectively [cf. Eq. (4.1)].

B. η, C100, C110, and C200 in the high-temperature limit

In the high-temperature limit T → ∞, Eq. (4.4) becomes

〈s−
q
s+
q
〉 =

Mq

2h̄ωq

(

1 +
2

e
h̄ωq

T − 1

)

=
Mq

2h̄ωq

(

1 +
2

1 +
h̄ωq

T + . . .− 1

)

→ Mq

(h̄ωq)
2T =

−12C100 (1 − γq)

3 (1 − γq) (1 + 10ηC100 + 8ηC110 + 2ηC200 − 12ηC100 (1 + γq))

T

J

=
−4C100

1 + 10ηC100 + 8ηC110 + 2ηC200 − 12ηC100 (1 + γq)

T

J
(B.1)

and the equations to be solved [see Eqs. (4.7), (4.8)] read:

1

2
=

1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz〈s−q s+q 〉

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz

× −4C100

1 + 10ηC100 + 8ηC110 + 2ηC200 − 12ηC100 (1 + γq)

T

J
, (B.2)

C100 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqze
iqx〈s−

q
s+
q
〉

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx

× −4C100

1 + 10ηC100 + 8ηC110 + 2ηC200 − 12ηC100 (1 + γq)

T

J
, (B.3)
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C110 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqze
i(qx+qy)〈s−

q
s+
q
〉

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx cos qy

× −4C100

1 + 10ηC100 + 8ηC110 + 2ηC200 − 12ηC100 (1 + γq)

T

J
, (B.4)

C200 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqze
2iqx〈s−

q
s+
q
〉

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos(2qx)

× −4C100

1 + 10ηC100 + 8ηC110 + 2ηC200 − 12ηC100 (1 + γq)

T

J
. (B.5)

We look for the first nonvanishing terms in |J |/T . Assume that

C100 =
A

Tα
, C110 =

B

T β
, C200 =

C

T γ
, η = D. (B.6)

Then Eq. (B.2) immediately yields

C100 = −1

8

J

T
. (B.7)

Furthermore, Eq. (B.3) reads

1 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx ×

−4

(1 + 10ηC100 + 8ηC110 + 2ηC200)
(

1 − 12ηC100(1+γq)
1+10ηC100+8ηC110+2ηC200

)

T

J

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx

× −4

1 + 10ηC100 + 8ηC110 + 2ηC200

×
(

1 +
12ηC100 (1 + γq)

1 + 10ηC100 + 8ηC110 + 2ηC200
+ . . .

)

T

J
.(B.8)

We have used already the assumptions (B.6): The term which contains
(1 + γq) is small with respect to 1. Furthermore,

1 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx
T

J
×
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−48ηC100

(1 + 10ηC100 + 8ηC110 + 2ηC200)
2

(

1 +
cos qx + cos qy + cos qz

3

)

=
−48ηC100

(1 + 10ηC100 + 8ηC110 + 2ηC200)
2

1

2π

∫ π

−π

dqx
cos2 qx

3

T

J

=
−16ηC100

(1 + 10ηC100 + 8ηC110 + 2ηC200)2
1

2π

∫ π

−π

dqx
1 + cos(2qx)

2

T

J

=
−8ηC100

(1 + 10ηC100 + 8ηC110 + 2ηC200)2
T

J

=
η

(1 + 10ηC100 + 8ηC110 + 2ηC200)
2 → η.(B.9)

Hence

η = 1. (B.10)

In fact, owing to Eq. (B.7), we were considering the following equation:

2C100 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx
1

1 + 3
2η

J
T (1 + γq)

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx

×
(

1 − 3

2
η
J

T
(1 + γq) +

9

4
η2
(

J

T

)2

(1 + γq)
2

+ . . .

)

=
1

2π

∫ π

−π

dqx cos qx

(

−3

2
η
J

T

cos qx
3

)

= −3

2
η
J

T

1

3

1

2
= −1

4
η
J

T
, (B.11)

which gives η = 1.
Similarly for C110 and C200 (and another correlation functions) we

should rewrite Eqs. (B.4) and (B.5) as follows:

2C110 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx cos qy
1

1 + 3
2
J
T (1 + γq)

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos qx cos qy

×
(

1 − 3

2

J

T
(1 + γq) +

9

4

(

J

T

)2

(1 + γq)
2

+ . . .

)
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=
1

(2π)2

∫ π

−π

dqx

∫ π

−π

dqy cos2 qx cos2 qy
9

4

(

J

T

)2
2

9

=
1

4

9

4

(

J

T

)2
2

9
=

1

8

(

J

T

)2

;(B.12)

hence

C110 =
1

16

(

J

T

)2

; (B.13)

2C200 =
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos (2qx)
1

1 + 3
2
J
T (1 + γq)

=
1

(2π)3

∫ π

−π

dqx

∫ π

−π

dqy

∫ π

−π

dqz cos (2qx)

×
(

1 − 3

2

J

T
(1 + γq) +

9

4

(

J

T

)2

(1 + γq)
2

+ . . .

)

=
1

2π

∫ π

−π

dqx cos (2qx)
9

4

(

J

T

)2
1

18
cos (2qx)

=
1

8

(

J

T

)2
1

2
=

1

16

(

J

T

)2

; (B.14)

hence

C200 =
1

32

(

J

T

)2

. (B.15)

Thus, in the high-temperature limit the unknown quantities should
behave as follows:

η = 1 + o(1),

C100 = −1

8

J

T
+ o

(

J

T

)

,

C110 =
1

16

(

J

T

)2

+ o

(

(

J

T

)2
)

,

C200 =
1

32

(

J

T

)2

+ o

(

(

J

T

)2
)

, (B.16)

cf. Eq. (4.16).
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