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1o po3paxyHKy BeJHKOI CTATUCTUYHOI CyMU MOJEJI IJIUHY
M.II. Koznoecekuit, O.A. o6y, P.B. Pomanik

Amnorariisi. 3anpornoHoBaHO crioci® po3paxyHKY BEJIUKOI CTATUCTUIHOL
CyMH MOJEJi MPOCTOro IJIMHY B PAMKaX y3arajJbHEHOI I'DATKOBOI MO-
JieJii, B KOXKHOMY 3 BY3JIB KOl MOXe IepeOyBaTh IOBiIbHA KiJbKICTH
JaCTUHOK. B SIKOCTi MOTeHIia Iy B3aeMO/Iil Mi2K IaCTUHKAMUA BUKOPUCTA-~
o notentiia; Mop3e. VY mporieci po3paxyHKy BUKOHAHO MiICyMOBYBAHHS
3a YUCJIOM YATHHOK Ta iHTerpyBaHHS 3a IXHIMHU KOOpJAUHATAMHU. ¥y Haii-
MIPOCTIIIIOMY HaOJIM2KEHHI OTPUMAHO DIBHSIHHS CTaHYy, K€ CIIPABEJJINBE
JJIS. TIIPOKOTO JTialma3oHy TeMmnepaTyp. s remmepaTyp HUKYIAX, HiK
KPUTHUYHA, BCTAHOBJIEHO HASBHICTH TOPU30HTAJIBHUX JIITHOK Ha KPUBIA
3aJIE2KHOCT1 TUCKY BiJI I'YCTUHU.

Concerning a calculation of the grand partition function of a
fluid model

M.P. Kozlovskii, O.A. Dobush, R.V. Romanik

Abstract. The calculation method of the grand partition function of
a simple fluid model in frames of generalized lattice model, where each
cell may contain random number of particles, was proposed. As an in-
teraction potential between particles the Morse potential was chosen. In
course of calculations summation over number of particles and integra-
tion over it’s coordinates were performed. Using a simplest approxima-
tion the state equation valid in wide temperature ranges was obtained.
At temperatures lower than critical one, the presence of horizontal plots
at curve of the pressure dependence on the density was established.
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1. Introduction

The behavior of many-particle system in both gaseous and liquid phases
has been attracting attention of scientists for over a century. The task
of microscopic description of such a behavior remains vital even today.
Especially urgent is the problem of describing fluid in the vicinity of and
below the critical temperature T,. Below T, two phases, — gas at small
density and liquid at large density, — can coexist. The phenomenon of
the system transiting from the state in one phase to that in another is
called the phase transition of the first order.

One of the most successful and extensively used, and undoubtedly the
most known, is the Van der Waals (VAW) theory of phase transitions.
Two phenomenological parameters of the theory along with the Maxwell
rule, allows one to build the equation of state for fluid that elucidates the
main properties of phase transitions. At the same time, the simplicity of
the VAW theory is worth being stressed as it is nothing but a reasonable
modification of the ideal-gas equation of state. It is obvious that this
fact greatly contributed to the popularity of the theory and allowed us
to obtain further insight into the physics of phase transitions. However,
the VAW theory is of mean-field type and, therefore, does not account
for fluctuations which heavily effect the behavior of a system near the
critical point. Nonetheless, some authors made try to take into account
the fluctuations within the VAW theory, see for instance [I].

Nowadays, most approaches to description of phase transitions and
critical phenomena in fluids are based on scaling ideas, universality
hypothesis, renormalization group methods. The following theories are
worth mentioning: field-theoretical approach, which appeared to be very
powerful in describing magnetic systems; complete scaling approach [23],
which is essentially phenomenological theory; methods of integral equa-
tions, and in particular self-consistent Ornstein-Zernike approximation
(SCOZA) [4,5]; perturbation series expansion, for example hierarchi-
cal reference theory [6l[7]; non-perturbative renormalization group ap-
proach [8]; collective variables method [9]; numerical methods and com-
puter simulations.

The investigation of simple fluids is frequently carried out using the
concept of a reference system. The system of hard spheres is often taken
as a reference system. The full pair-interaction potential is usually cho-
sen in the form of a function that does not possess the Fourier transform.
The hard-spheres potential is itself such a function, as well as widely con-
sidered Lenard-Jones potential, or more general Mie potentials. However,
in literature the results can be found for systems of many particles inter-
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acting via pair potential possessing the Fourier transform. For instance,
the Morse fluid has already been studied: within the integral equation
approach [10], by Monte Carlo simulations using both NpT plus test par-
ticle method [IT] and the grand-canonical transition matrix method [12].
Usage of such potentials may be sufficient for some purposes, for exam-
ple, to describe the liquid-vapor coexistence in liquid metals [I012]. The
description of such systems does not need the hard-spheres reference sys-
tem and, consequently, all the interaction — short- and long-ranged — can
be accounted in the framework of a unified approach within the collective
variables method.

The objective of this paper is to propose a new method for calculating
the grand partition function with interacting potential possessing the
Fourier transform.

2. Problem statement

Consider a classical system of identical particles interacting via a pairwise
additive potential U(|R|), where R is the distance in three-dimensional
space. It is assumed that, first, the interaction can be decomposed into

two parts
U(R) = ¥(R) - Ui(R) (2.1)

where Uy (R) is the attractive part, and ¥(R) is the repulsive one, and
second, the full potential possesses a well-behaved Fourier transform.

A physical observable dependent on the particle coordinates, is in
general a functional of the microscopic particle density defined as

N
A(R) = Z5(é—éj), (2.2)

where R}- is the coordinate of the j-th particle, N the number of particles
in the system. Imposing boundary periodic conditions, one can represent
7(R) in the form of Fourier series

= 1 ~ ikR
W(R) = v > pret, (2.3)
3

where Y - =37, Zky Do ki = Q%ni, 1= x,y,2; n; is an integer, V =
L? is the periodicity volume of all system’s properties, and fv ﬁ(ﬁ)dﬁ =
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N. The Fourier transform p; has the form
N
pp = exp(—ikR;), and pz_,=N. (2.4)
j=1

Let the system be open. The probability that an open system contains
exactly N particles is defined by [13]

b 2N [ exp (<Bun(By ., By) (AR)
Mo NIE )

where E is the grand partition function (GPF) of the system:
o IN N . N
==Y L /exp(—BUN(Rl, o B))(dR). (2.5)

Here (dR) = dR,...dRy, 2’ = exp(Su + In[(2rmB~1)3/2/h3]), B is the
inverse temperature, p the chemical potential, m the mass of a particle,
h the Planck constant. The potential energy vy has the following form

on(Ry, o By) = Y U(Riy) (2.6)

1<i<j<N
and can be represented in terms of p; as follows

—

. 1 ~
UN(Rlu-'-uRN):WZUkap_E_ NU(0), (2.7)
E

where Uy, = [ U(R)e*EdR is the Fourier transform of the interaction
potential U(R).

Hence, the grand partition function with the interaction potential Us
has the form

o) N . _
==Y % /(dR) exp —%ZU“&E[)_E . (2.8)
i

N>0

Here z = exp(fp/) is the activity, B is the inverse temperature, ' =
p+ B~ In[(2rmB=1)3/2 /h3)+ - 3"z Ur where we have used the equality
U(0) => 5 U/ V.

Performing further calculations let as consider volume V to be con-

ditionally split into Np cells of volume v = V/Npg, moreover v = c?,
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where c is a linear size of an elementary cell. Note that in contrast to
the lattice gas model (where it is assumed that a cell can contain one
particle or doesn’t contain any particle) within this approach a cell can
contain random number of particles. The problem of description of con-
tinuous systems (unlike lattice systems) consist in the fact that values
of the wave vector are not bounded above, although they change dis-
cretely. The latter fact is connected with system restriction to the space
of coordinates of volume V. In much the same way as in lattice systems
(where the wave vector is discrete and bounded) in the majority of works
on description of fluid systems behavior at certain stage of calculations
some restrictions to values of the wave vector k < B are introduced [16].
Herewith the procedure of selecting B is ambiguous and different authors
use to choose B in different ways [17].

The behavior of a system near the point of the phase transition (PT)
is determined by the interaction potential. When the latter turns into
zero one has a non-interactive gas where the PT is absent. The Fourier
transform of the potential (2.1) have to decrease with increase of the wave
vector as k=", where n > 4. That is why the value U (k) = U (k)—U (k) is
small enough for sufficiently large values of k. So let us consider behavior
of a system containing N - particles for some model potential U B(k),
which coincides with U(k) for values k € [0, B) and equal to zero for
each k > B. The value B will be defined subsequently. At this stage of
calculations let us assume, that B takes on finite value.

The grand partition function with the interaction potential U (k)
has the form

> 2N _ 15} -
E=> m/(dR) exp | — o > Usk)ppp_i | - (2.9)

N>0 keBy
The wave vector k takes on values

ki:_z+27r n;

BAz{Ez(km,ky,kz) el v

n; = 1,2,...,NBi,;Z':£L',y,Z; NB :NBmNByNBZ}' (210)

In the collective variables (CV) representation [14] (2.9) is written as

(1]

> N _ N 5] -~
=35 [ e |~ 2 3 Taiogo_g| T - )
NZ0 FeBa
e (2.11)
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where the function of transition to the CV p; is essentially a product of
delta-functions
. . 2mi 3 vip(pp—~g)
Ho =) =TT 8o = o) = [(an¥re o SNCREY

keBa

The GPF in the form of Eq. (2.11) was originally proposed in [I5]
for a many-particle system with Coulomb interaction, but has not got
enough attention since then.

Before proceeding calculation of (2.11) let us perform two identity
transformations. The former is

PN = PN exp [B(' — (L4 7))o]. (2.13)

Here p* is a random fixed value of the chemical potential, 8. = (kgT,.) ™!
is some inverse temperature, for which the identity 8. = 8(1+7) is valid,
where

T -T.
=7

In further calculations the quantity po in (2.13) will be substituted for
po, since expression (2.11) contains the function J(p — p), which allows
one to perform this procedure.

The latter identity transformation consists in selecting some part
from the repulsive component of the interaction potential by means of
introducing some parameter f € [0,1]

(2.14)

T

Up(k) = =Ui(k) + fO(K) + (1= f)¥ (k). (2.15)

Let us consider the summand

—% > Us(k)pgp_i = % > (Ul(k) - f‘i’(/f)) PRP_i
keBa keBa
OIS it 216)
keBA
and represent the latter in the form
c 1- 4 c X
—w > Uk)pro i+ B2VB(1 -0 D Uk)pro_z
keBa keBa
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As a result one obtains for (2.16)

_ Pe 1 — Z B (k)pzp_i, (2.17)

where the effective potential V (k) takes the form
V(k) = Ui(k) = fE(k) + (1~ f)¥(k), (2.18)

and the value ¥(k) > 0. As in the case of the former transformation let
us replace value pi by pj in the last term of (2.17) and use a certain
transformation

exp |25 3 (- ER)gh_g | =
keBy
Ng 4 PPk e
= gxp/(d%?) exp 35, - = o) +1i Z 0P (2.19)
keBA keBa

G = H <2w%(1 - f)\if(k:)) : (2.20)

As a result of identity transformations appliance described above, the
grand partition function (2.11) takes on the form

5 3
Ben* N av > V(kpgr_g
e —
E=gv / Z / (dp)Pe  Fesa
PRP_R

% T ok P Y wehe
 Juaopee TETT fla

2mi 30 vgleg—h_g)
X /(du)NBe keBp B —n"(1+7))po (2.21)

To perform further calculations it is convenient to change variables

p; =V Nppy; vip=v./VNp; ¢p=¢:/VNp.
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As a result the representation of the grand partition function in space of
collective variables is obtained

- . B
E= gw/(dp)zve exp 4 Al = w(L+7)lpo + 5 > Vk)ppo_i ¢ %
QEBA
1 PrP_k
Np Np _ kY —k . Lo _
X /(dl/) (dp)"™® exp 3B.0=]) - ) +27i ﬂz v i | G),
keBa keBa
(2.22)

where such notions are introduced

V(k)=V(k) v,  U(k)=Uk)/v. (2.23)

the value gy has the form
~1/2
gv = gu/\/Np = H <2 —(1- f)\IJ(k:)) . (2.24)
keBa

The value G(7) is a result of integration over the coordinates and sum-
mation over the number of particles of the expression

0 o* N
v) = Z (N)l /dR expl 2mi Z vpp ~] , (2.25)

N=0 keBa

where the operator p; is given in (2.4), and for 7 one has
vp =vp — 50];‘/271 (2.26)

It is possible to perform precise calculation of the expression (2.25), as
we have already presented in [I6]. For this purpose one should use an
evident form of the operator p; expressed by (2.4)

G) = ZN)| / /dR1 ARy exp | —2mi Z l/kZe ikR;

O keBa j=1

Summation over number of particles in the exponent can be written as
a product of exponents, thus IV typical integrals over the coordinate R
can be received

_y i (Z;[)!N </d§exp

N=0

N
—2m Z Dge_ikR]> .

keBa
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The latter expression can be summed using series expansion representa-
tion of an exponent

G(7) = exp lz* /déexp

—271 Z ﬂEe_iEéH .

keEBA

The same representation can be used to perform series expansion in the
integrand

0o _9ri)n » o
G(7) = exp lz %z* Z . /e—z(k1+...+kn)RdR

n=0 ki...kn

It is easy to see, that integral over the coordinate R correspond to the
integral representation of the ¢ - function, so,

oo

G(’j)_eXPlZ 27” =V Z iy Vi O 4 +k‘|'

n=0

this result can be rewritten using the nodal representation in the form

Zul ) = exp la* Ze%i”l] ,  (2.27)
1

G(7) = exp <

n=0

where
o = velh = pz*, (2.28)

For the value 7; one has
V=V — <pl/27r, (229)

where

1 iRl iRl
v = oy Z vpe ", g = \/_ Z e (2.30)

keBa keBa

Taking into account (2.27), one obtains from (2.22)

E =gy /(dp)NB Bl = (147 po exp Z V(k il J(p), (2.31)
kEBA

where the expression for the Jacobian of transition J(p) is

2mi Y vppR

J(p) = /(du)NBe FeBr - F(v) (2.32)

ICMP-14-12E 9

where

1 YRk
—2 L aopEm o 26*2’”(% e1/2m)

F(v)= /(dtp)NBe EBA e . (2.33)

The notation of the expression (2.33) is symbolic, since ¢ and v; must
be understood as the functions of variables ¢ and v} according to the
equalities (2.30).

It is worth to say, that expressions given below are precise, since inte-
gration over the particle coordinates R; and summation over the number
of particles N are performed without using any interaction potentials and
don’t need any approximations.

3. The calculation of the Jacobian of transition

To perform further calculations interaction potential is to be specificated.
Let us choose (2.1) in the form of the Morse potential, where Uy (r) is
the attractive part

Uy (r) = 2ee~(r—fo)/a (3.1)

and U(r) is the repulsive component.
U(r) = ee 2r—Hol/e, (3.2)

Here the value € determines interaction on the distance Ry between par-
ticles, where minimal value of ®(r) can be reached, the parameter «
describes an effective radius of attraction. Widespread use, and large
number of results from numerical calculations [I0HI2] became the rea-
son stipulated for the choice of exactly such U(r) . The Fourier transform
of this potential has the form

Ui (k) = U1 (0)(1 + a?k?)~2 U(k) = V(0)(1+a®k?/4)72  (3.3)

where

U1 (0) = 16me (3)3 efola | g(0) = en (%)3 e2Ro/a(3.4)

c
It should be noted that sign of the value U(0) = ¥(0)—U;(0) depends
on the parameter Rg/a. For each In2 < Ry/a < 4In2 one has U(0) < 0,
and for larger Ry/«a the value U(0) > 0.
One can find the Jacobian of transition to the collective variables J(p)
from (2.32) after calculating F(v). It can be performed approximately
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by means of substituting the value (k) in (2.33) by its average value
U(k), for example, by the integral average

fdkk%y(k)

U(k) = T = (T(k)) = (3.5)

B
[ dkk?
0

In principle another averaging can be used. After this operation expres-
sion for F(v) becomes factorized

Fv) = [[Aw), (3.6)
l
where

00 2 .
F(v) = /_OO dp exp {—260(1@71][)@} exp {a*e_%l(”l_‘m/%)} . (3.7)

Expression (3.7) can be represented in the form

00 2 e *\m )
Fi(v) = / dy exp [— ; ]Z(a) emammn /i,

m/!

o 28.(1— f)w =
(3.8)
where representation e = %": is used. Obviously, integration over
m=0
¢ in (3.8) can be performed
/ d<plefa“’lzeim“"l = (71'/a)1/2 exp (—pm?), (3.9)
where the value p -
p=0BY(1—-f)/2, (3.10)
and for a one has o
a=(28.(1-f)¥) .
As a result
F(I/) _ i (Oz*)m eipm2ef27rimul (47T )1/2 (3 11)
l - — ml p ) .

where relation (7/a)'/? = (47p)'/? is used.
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Expression (3.11) can be represented in the form of the cumulant
expansion

E(v) = exp [Z (_1777)71/\/1”%9] (3.12)
n=0 '

and values of the cumulants M,, can be found as a functions dependent
on o and the parameter p. This calculation is to be performed for each
M., according to equalities

O"Fi(v)
o

_ "Ry
- o

(3.13)

v =0 v =0

As a result one obtains
Mo = (47p) 2Ty (o, p);
1
My = 3 In(4mp) + InTy(a™, p),
My =T /Ty,
My =T /Ty — Mi,
Mz =T3/Ty — M3 — 3MiMs,
My =Ty)Ty — M — 6 M3 My — AMi M3 — 3MZ,
Ms = Ts/Ty — M5 — 10M3 M3z — 1I0OM3I My — 15 M M3 — 5M 1M,y
— 10MoMs,
Mg = Ts/Ty — MS — 15MIMy — 20 M3 M3 — 15M3 My — 45 M3 M3
— 60 M MaMsz — 6M M5 — 15M35 — 15 MMy — 10M3.
(3.14)

Here such special functions are used

To(@™,p) = ) (@) gmpm?, (3.15)

The latter have a form of rapidly convergent series, since the parameter
p from (3.10) takes on only positive values, and a* = vexp(B.p*).

Note that this special functions T, (a*, p) can be expressed by means
of another special functions

(@)™

m/!

Wa(a®,p) = (a")" 3 S et (3.16)

m=0
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Herewith
To(a™, p) = Wo(a™, p),
Ti(a”, p) = Wi(a™, p),
Tr(a”, p) = Wi(a",p) + Wa(a™, p),
Ts(a*,p) = Ws(a™, p) + 3Wa(a*, p) + Wi (a*, p),
Ty(a®,p) = Wa(a®,p) + 6Ws (™, p) + TWa(a™, p) + Wi(a", p),
Ts(a*, p) = Ws(a*, p) + 10Wy(a*, p) + 25Ws(a*, p) + 156Wa(a*, p)
+ Wi(a™, p),
Ts(a*,p) = Ws(a*,p) + 15Ws(a*, p) + 65Wa(a™, p) + 90W3(a™, p)
+ 31Wa(a*, p) + Wi(a™, p). (3.17)

Taking into account (3.12), one can obtain the following expression
for the Jacobian of transition J(p)

J(p) =] 2ilev), (3.18)
l

where

00 ) no —9mi)"
Jl(Pl) = / dyle27TlVLPl exXp [Z %Mnl/ln] . (319)

n=0

There is a polynomial of degrees of a real variable v; in the index
of the exponent. The convergency of the integral over this variable is
provided by even powers. It is easy to see if represent (3.19) in the form

Ji(pr) = / N dv ™ P e @ (cos fi(x) — isin f1(x)), (3.20)
where
flz) = —@Mﬂ? + (QA‘L,)LLMM‘* - (236/\46:1:6,
fi(z) = 2n Mz — @Mgzg + @/\/%IS. (3.21)

Here ng = 6 is assigned to provide definiteness, so to say the approxi-
mation used in [18] is applied.
The expression (3.20) can be represented in a form

Ji(pr) = exp [— i %p?] (3.22)

n=0

ICMP-14-12E 13

as a result of integration over variables v;. Herewith, coefficients a,, are
real values and have a form

GQZID(QW)—IDIQ, aq Z—Jl/Io, CLQZIQ/IQ'F(L%,
asz = Jg/]o - Qi’ + 3&1&2, (323)
ag = —1I4/Io + cfl1 — 6a%a2 +4aia3 + 3a§.

Here such notification are used

I, = / dzaz™ cos( f1(x))el @,

— 00

Jp = /00 dzz" sin(f1(z))ef @, (3.24)

— 00

As it was said above, convergency of the integrals expressed in (3.24)
occurs for all values of

My >0, My<0, Mg>D0. (3.25)

The condition Mg > 0 is sufficient for existence of quantities I, (a*,p)
and J,(a*,p). The results of the calculations show that the value of
My > 0 for any values of o* and p. Note that o* = vefe*” and p from
expression (3.10) take on real positive values.

The cumulants My and Mg are real, but they may take on both
positive and negative values. The dependence of these cumulants on the
values of o* and p is presented in Figure 1. It is easy to see, that there
exists the region of values of the parameters 0 < o* < 25 and 0,1 < p <
3, which satisfy the condition (3.25). Here My < 0 both with Mg > 0,
that allows one to find corresponding values of a,.

An example of values of the cumulants M, and corresponding coef-
ficients a,, for the case of Ry/a = 3,7ln 2, o* = 11 and p = 0,11 is given
below. The choice of such values of the parameters is associated with the
procedure of self-consistency, described in Appendix.

Moy =6,1362, M; =4,1588, My =2,2040, M3 =0,6023,
My = —-0,1498, M;5=—-0,0529, M¢=0,1523;

ap = —0,1640, a1 = —2,9664, ap=1,8402, a3 = —2,3378,

aq = 6,2845. (3.26)
It should be noted, that obtained values of the coefficients (3.26)

correspond to a pair of (in principle, random) parameters. One of them
namely parameter p is defined by expression (3.10) and the value f, that
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*
(1

204

254

Figure 1. Regions of the cumulant values Mg > 0 (signed by 1) depend-
ing on the values o* and p.

determines the reference system, and also by the value of the critical
temperature 5. = 1/kT,. So if some value of f (f = 0,1488) is set and
T, is determined, one can obtain only one fixed value of p (Appendix).

Summing up the calculations performed above, functional represen-
tation of the grand partition function of a fluid model can be written.
Substitution of (2.25) in the expression (3.22) leads to

[1]

:g‘ll

X exp lg Z V(k)pgp_g] H (ef o %pf) . (3.27)
k 1

NaMo / (dp) N> Pl = (4o V s

Since p; = ﬁ >k p,;e“;r is the nodal representation of the collective
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variable p;; one has
= = gyeMoma0Ne /(dp)NB exp [\/ NpBlu' = u*(1+7)]po

1 1 as
—a1V/Npo — 5> dR)ppp_p— m—= D PhiveoksOks btk
2 . 3!'vVNp s

1 a4
- IN_Bk E ) Pkl,...,k45k1+...+k41- (3.28)
1seees 4

Here the following notation is used
d(k) = as — BV (k), (3.29)

where V' (k), expressed by (2.20), is the Fourier transform of some effec-
tive interaction potential.

Further calculation of (3.28) can be performed, using the method of
calculation of the grand partition function of the Ising model in external
field proposed in [19]. Herewith the role of external field plays the value

h=p8u—Bu(1+71)—a (3.30)
or 8
. & i _ *
h = T Bept™ — ay. (3.31)

4. The grand partition function and the thermody-
namic characteristics

The expression (3.28) allows one to calculate the dependence of pressure
P on temperature T' and chemical potential ' applying a certain relation

PV = kTInE. (4.1)

The average number of particles N can be found if the grand partition

function is known _
= OlnE

T
The latter expression allows one to express the chemical potential in
terms of number of particles or relative density

n = ]\% = (g) v, (4.3)

(4.2)
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where v is a volume of an elementary cell and a parameter of the model
in use.

Uniting equalities (4.1) and (4.2), one can find pressure dependence
on temperature T' and relative density 7, that is to be the state equation
of investigated model.

One of the methods of calculating = consist in substitution of vari-
ables in (3.28)

Pg = n]g-l-ncv NB(SE- (44)
As a result one obtains

2= ggelV® (Mo—ao)+NpEo(n)

1 .
x /(dTI)NB exp [M Npno — 3 Z d(k)ngn_i
%

a4

4[ \/_ Z Ny -+ 77k45k1+ Akg (45)

ka

Here such notations are introduced

M = B’ — Bu* (1 +7) — ax,

C~L1 =ay + ncd(()) - 7’),2 C;:l

d(k) = @y — BV (k), (4.6)
~/ 20/4

Ay = Qg —N_;—.

The value of shift n,
ne = —as/ay, (4.7)

and for Eg(u) one obtains the expression

1
Eo(p) = Bu'ne — Bu*(1 + 7)ne — arne — §d2(0)n + %7#. (4.8)

Note that the value d(0) is expressed in terms of d(0)
d(0) = d(0) — X p2. (4.9)

Taking this into account one can find for Ey(u)

N 1- a
By () = li' — p* (1 + 7)lne — arne — 5d(0)nZ —

ICMP-14-12E 17

or considering that
B(W —p (1+7)) =M+ a.

one has

Eo(p) = Mn, + d(()) +;j1 nd. (4.10)

In common with the former expression

a1 = ay + d(0)ne + %ﬁ (4.11)

The following expression can be written for the value M

M = BM - BMC7
where
Ble = ﬂﬂ*(l + 7') +ay = Bep” + ay.

Let us consider the simplest approximation in calculation of = ex-
pressed by (3.28), the so called zero mode approximation (pr = 0 for

k #0; po # 0):
IHEO :1ng‘1;+NB (Mo—ao—l—Eo(,u)) +NBE([30), (412)

where ¢ denotes the grand partition function (4.5) in the approximation
mentioned above

_ I ay _
E(po) = Mpo — gd(()) 0~ 403, (4.13)
herewith pg is a solution of the equation

~ a
M — d(0)po — %ﬁg =0. (4.14)

If several solutions py exist the one leading to maximal value of E(p)
n (4.13) should be chosen.

The method of steepest descent is used for calculation of (4.12), that
is why the second derivative of E(pp) has to be negative, and, conse-
quently, every solution py has to satisfy the condition

- 1/2
2d(0
Po > poo,  Poo = <——( )> : (4.15)

a4

Such situation takes place barely if T' < T., where pgg is a real value.
For all T > T, the equation (4.14) has only one solution.
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5. The thermodynamic potential of a simple fluid in
frames of the simplest approximation

All further calculations concern a case, in which fluctuation effects are
not considered, so to say the approximation of zero model is in use.
Taking into account the equality (4.14), it should be noted, that in case
of M = 0 the critical temperature T, is determined from the condition

d(0 =0. 5.1
o, (5.1)
Using (4.6) one can find
sy V(0,T)
=—— kT,=—""" 5.2
b V(0,T¢) al (52)
For T' # T, one obtains
N __, leeBo/a—q
d(O) = a2 1+ 7‘7 where as = QQW. (53)

5.1. The case T =T,

It should be noted at once, that correct investigation of the behavior
of a simple fluid at 7 = 0 should be carried out considering fluctuation
effects, which cause emergence of the renormalization group symmetry.
But even in frames of simplified consideration the value T, should be
fixed (at least approximately) and then, only, the behavior of a system
at temperature nonequal to T, should be examined.

Assigning d(0) = 0, using (4.1) one obtains

PV = kT, InZ,, (5.4)
where
In=. = 11195;) + N (Mo — ao + Eoc(p) + Ec(poc)) - (5.5)
Here a1 4 ) ) a
Eoc(p) = Mene + YIRS Ec(po) = Mecpoc — 5 P0c:

The value gy is determined using (4.14). In case of 7 = 0 one can find

ﬁw—@Mjw. (5.6)

2
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The average number of particles in case of 7 = 0 can be found using
(4.2), (4.3), where the expression (5.5) is used as =.. One has

= n¢ + Poc. (5.7)

So one can find an evident dependence of the chemical potential M. on
the density at T = T, from the equalities (5.6) and (5.7)

M, = g(ﬁ —n)>. (5.8)

Let us find the grand thermodynamic potential Q(Tp, 1) of a fluid
Q=—kThhZ. (5.9)

In case of T =T, one has the expression

Q= —kTNp [fc M, — %(ﬁ - nc)‘*} , (5.10)
where .
_ _ a4 4
fe= N Ingy + Mgy —ag + e (5.11)

The chemical potential M, can be excluded from the expression (5.10),
by means of using the equality (5.8). In this case

Q= —kTNp [fc + %ﬁ(ﬁ —ne)® - ;—Z(ﬁ —ne)t . (5.12)

The state equation at T'= T, can be found using (5.4)

Pv ay
pr, ~ Je T

o1 (7 +ne)?, (5.13)

or excluding the chemical potential M., one obtains

Py s _,_ 3
i, = e gyt

aq 4
22 (T +ne)”. (5.14)
Let us find the free energy F' = Q + uN of a fluid. The grand thermo-

dynamic potential is a function of temperature, volume and chemical

potential
dQ) = —SdT — PdV — Ndyu, (5.15)

and the pressure calculated in frames of this representation has the form

() -
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The free energy is a function of temperature, volume and average number
of particles B
dF = —Sdt — PdV + udN, (5.17)

that is why the pressure is given by the expression

P=— <g—€)T7N . (5.18)

According to (4.6) one has
B =M+ Bu*(1+71) — a, (5.19)

and so, at T' =T, one can find F = ) + Ngnu, or

F = —kT, (V/v) | fo + foeit — ;—Z(ﬁ —n)i|, (5.20)

where
fae = a1 — Bep™. (5.21)

Calculation of the pressure P using (5.18) and taking into account (5.20),
results in (5.14). Just as it should be expected, calculation of the state
equation at T' = T, is not dependent on the way it was received (the
formulas (5.16) and (5.18)) and has the form (5.14).

Critical value of the pressure can be found using (5.14) and binding
7 = N.. S0 one has

p, = Mefe (5.22)
v

where the value f. is expressed in (4.11).

5.2. The case T > T,

According to (4.16) expression for the simplest approximation of the
grand partition function at T" > T, has the form

In=Zg =Ilngy + Ng (Mo —ao + Eo(p) + E(ﬁo)) , (5.23)
where
_ _ 1- 9 A4 _4
E(po) = Mpo — id(O)Po ~ 51P0 (5.24)
1 -
Eo(1) = Mne + 5d(0)n? + ;—an, (5.25)
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and pg is the solution of the equation

~ a
M — d(0)po — F‘lpg =0. (5.26)

Solution unicity of this equation, which is written in reduced form as

Py +ppo+q =0, (5.27)
where B
6d(0 6M
p= ( ), q=—-——"), (5.28)
(o7} (o7}

is provided with the positive discriminant (here d(0) > 0)

- 3 9
2d(0 3M
Q= <ﬁ> + (—) . (5.29)
a4 2
It should be noted, that sign of ) doesn’t depend on the sign of the
chemical potential. Within all the solutions only one is real

1/3 1/3
po = (% + Q) + (% — \/52) : (5.30)

This equation defines (with respect to (5.7)) dependence of the chemical
potential M on the density and the temperature.

The diagram of py dependence on M is presented in Figure 2 at
T>T.,.

Note that region M > 0 refers to positive values of py = 7 — n. and
at 7 < n. one obtains M < 0. Conversion of the chemical potential M
into zero takes place at n = n..

Dependence of the chemical potential M on the density at T' > T,
can be defined directly from (5.26), taking into account that py = i —n..
Then ~ a

M = d(0)(7 — ne) + f(ﬁ —ne)?. (5.31)
In contrast to (5.8) the linear term by the density is present here, and
it becomes a main one in high temperature region. In case of T' — T,
cubic dependence of M on the density is obtained (Figure 3).

The grand thermodynamic potential of a fluid at T" > T, has the
form

Q= —kTNg |f. + %J(O)nf + Mn — %J(O)(ﬁ —ne)? — (7 — )t
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Figure 2. Dependence of the solution py on the chemical potential M at
T > T, in case of Ry/a = 3,7ln 2, «* =11 and p = 0,11.

where

1 1~
fe=—Inge + Mo —ao+ G4y §d(0)n§ (5.33)

Np 24 ¢

Corresponding to (5.32) the free energy doesn’t contain chemical po-
tential and has the form

F =<K (V/0) |Jo 4 fon — LdO)n2 — ZdO)(7 ~ne)? ~ o (s~ n.)*
(5.34)
where
fa=a1 — B (1+71). (5.35)
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Figure 3. Dependence of the M on the density nn at T > T, for temper-
atures 7 = 0.01 (curve 1), 72 = 0.1 (curve 2), 73 =1 (curve 3).

The state equation at T' > T, has the form

(7 —ne)? — ;—Z(ﬁ —no)t. (5.36)

Po ELQ T 2 ELQ T

Tt 2147

Substitution of the value M expressed by (5.31), leads to

Po ELQ T

_ = a’4 n 4
T fe+

- ﬂ(n—nc) .

a2+ 2(n - n,)?

2147 6 (5:37)

Dependence of the pressure on the density 7 at temperatures T' > T,
is presented in Figure 4.

The expression (5.37) allows one to depict 3-dimensional diagram of
pressure dependence on the average density and reduced temperature 7
in the region T' > T, (Figure 5).

The state equation expressed by (5.37) can be represented in reduced
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Figure 4. Dependence of the pressure P on the density 7 at 7 = 0 (curve
1), 7=10.01 (curve 2), 7 = 0.1 (curve 3) and 7 = 1.5 (curve 4).

form. For this purpose the following values are introduced

P T 7
P=>— t==—, p=—. 5.38
P Ty (5.38)

Then (5.37) takes on the form
P=1+Pi(t—1)n*+ Py(1+3n)(n—1)% (5.39)

where such notifications are used

~ 9 -4
dom )
P = ¢ Py = <. 5.4
! 2f. 2 24f, (5.40)
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Figure 5. Dependence of the pressure P on the average density 7 and
the reduced temperature 7 in the region 7" > T..

The curve of pressure dependence (5.39) on the density n has an inflexion
point at n = 1 and T' = T, and reaches minimum at n = 0, that follows
from the relations

opP
2P 2
7 = 2P = 1)+ 12P,(0 — 4 37). (5.42)

It is easy to see, that for all ¢ > 1 the first derivative turns into zero at
7 = 0 only. In case of ¢ = 1 there is additional inflexion point n = 1,
since at ¢t =1 and n = 1 the second derivative also turns into zero.

6. The state equation at T' < T,

As it was shown above, at temperature region 7' > T., where T, is
defined by (5.2), in a system consisting of N non-interactive particles
the phase transition is absent. The pressure P expressed in (5.39) is
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gradually increasing function of density n. It is expected to observe the
first order phase transition at temperatures T' < T, that must show to
turn susceptibility into infinity for certain values of density.

Let us calculate the grand partition function (4.5) in the simplest
approximation at T' < T,. The following expression is just here

Eo = Ingy Np (Mo — ao + Eo(1t)) + NpE(poi), (6.1)

where B
a2 T 5 Q4 _4

Eo(poi) = Mpoi — ———Pbi — = Poi> 6.2
o(Poi) Po 2T+ 1Poi = 54 P0 (6.2)
herewith pg; are solutions of the equation
~ T _ a4 _3
M — i — —po. = 0. 6.3
427 T —Po g Poi (6.3)

Unlike case of T' > T. the equation (6.3) can posses more than one real
root. In this case for E(pg;) in expression (6.2) one should chose p;
corresponding to the maximal value of E(po;), since calculation of (6.1)
is performed using the method of steepest descent, which foresees such
a condition.

The equation (6.3) can be written in reduced form

Pos + ppoi +q =0, (6.4)

where the coefficients p and ¢ are defined in (4.28).
Let us find the marginal value of the chemical potential |M,|, at
which the equality @ = 0 is fulfilled. According to (5.29) one has

M, = % <—m> ’ . (6.5)

aq

for all values of |M| > M, discriminant @) > 0, and so, the equation
(6.4) has single real root. In case of |[M| < M, (Q < 0) there are three
real solutions.

Let us consider in detail case of Q@ > 0 at T' < T, where single root
exists. Using (5.30) at |[M| = M, one can find

1
24 3
Por = (—Mq) . (6.6)
as

Since pg; = n — n., the value of the density n., which realizes at the
value of the chemical potential |M| = M, can be found

Ng = Ne + Ny, (6.7)
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where

ng=<—@ T )é. (6.8)

ag T+1

In course of further increase in the chemical potential M (|M| > M,) at
T < T, the density can be defined from the relation

1 1
3M 3 3M 3
ﬁ_nc+<—+Q%) +<——Q%> . (6.9)
Qa4 a4
The state equation of a fluid at T" < T, for all M > M, has the form
(5.37), where the value 7 < 0. Under such conditions fluid exists in a
liquid state (at T' < T), where the following dependence of the chemical
potential M = My on the density (7 > na) occurs (see Figure 6, solid
line 2) )
- 1‘22:7 (7 — ne) + %(ﬁ —ne)3. (6.10)
In case of large negative values of the chemical potential M (M <
—M,) the average density ni, expressed below, corresponds to the value
M =-M,

M,

ny = Ne — Ng. (6.11)

For all 7 < n; gaseous phase of a fluid occurs and realizes for all M <
—M, (Figure 6, solid line 1).

Density region n; < n < ng corresponds to the chemical potential
|M| < M,, where @ < 0. The equation (5.27) has three real roots in this
case

Po1 = 2poy cos % (6.12)
_ a 7

Po2 = —2po; COS (g + 5) )

P03 = —2p0r COS (g — E)

Po3 Po 37 3)°

where

por = <—m> 2 , (6.13)

M
and the angle « is defined from the condition cosa = A and is equal

q
to

M
— arcsin —. (6.14)

™
@ = arcco —
2 M,

Sﬁq
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Figure 6. Accordance between the density of a fluid and values of the
chemical potential M; solid line 1 — gaseous phase; 2 — liquid phase.

In case of M = M, one has a =0, so,

1
. _ 8asT 2 _

Mgriqu po1r=p1 " = < a4(1 4 7_)) = Ny, (615)
. s _ o+ _ [ 6asr 2

MEI—HquO2_M£IPqu03_p2 N ( a4(1+7')) '

Comparing (6.15) with (6.8), one can find, that solution pgﬂ coincides

with n, and corresponds to the density of a liquid phase ns.
Case M = —M, gives o = . Herewith

1
2&27’ 2
= =ps=—"7—"=] , 6.16
pl p2 P ( a4(1 +T>) ( )
=) _ AN ¢ o
py = Mgrgqu po3 = —p; Ng.
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Figure 7. Dependence of the roots (5.12) on the chemical potential values
|M| < My, curve 1 corresponds to the solution po1, curve 2 — o2, curve

3 — Po3

The solution py3 results at M = —M, to the density
ny = mnNe — Ng. (617)

In general case the dependence of roots pp; from (6.12) on the values
of the chemical potential in the region |M| < M, is depicted on Fig-
ure 7. Herewith the solutions pg; and pps have both positive and negative
branches and coincide at M = 0. The root pgs takes on negative values
only.

These dependencies pp; = poi(M) can be used to presented in Fig-
ure 8. It is easy to see, that root pg; correspond to the maximum of
E(po;) as far as the chemical potential decreases from M, to zero and,
when M changes from zero to —M,, maximal value of F(pp;) occurs at

P03-
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Figure 8. Dependence of the function F(pp;) exponent on the chemical
potential M.

So the state equation at temperature ranges T' < T, has to be written
in the form
n=nc+ po1O(M) + pos©O(—M), (6.18)
where O(M) is the Heaviside function, which is equal to one at M > 0,
turns into zero at M < 0 and equal to 1/2 at M = 0. It should be noted
that the equality (6.12) foresees existence of two marginal values of the
roots po; when the chemical potential M approaches to zero.

nt = lim n = n. + hrn P01 = Ne + Ny, (6.19)

M—0

ny = (—%) 1/2. (6.20)

where
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When the chemical potential approaches to zero from below one has

n(-) = Mlgn On =n.+ Mhm P03 = Ne — Ny. (6.21)
So the change of sign of the chemical potential M at temperature ranges
T < T, tends to the fluid density leap which has a size

An =n) —p0) =2p,. (6.22)

It should be noted, that at temperature ranges T° > T, such leap is
absent, since there exists only single root py at which the value E(pg)
reaches its maximum, and the change of sign of the chemical potential
M converts the value pg into itself.

The expression for the grand thermodynamic potential at tempera-
ture ranges T' < T., where the first order phase transition occurs, has
the form

Q= —kTNgp [fc M+ Dm(M)] : (6.23)

21

here the chemical potential |M| < M,, and the following expression
corresponds to the value Dy3(M)

ag T _92 ayq _

Di3(M) = ( T -Po1— 24P01) O(M)

2147
_ a2 T _9 a4 4
( b} 1_|_7_P03 24P03> O(=M). (6.24)

Using the Laplace transformation F' = Q + pN, it is possible to find
the free energy of a fluid in the region of the first order phase transition,
that corresponds to (6.8).

F=—kT(V/v) [fc + % Gt (f2 Gt ) + Dlg(ﬁ)] , (6.25)

147 A+
where
fa=a1 = Bep™ (1 + 7). (6.26)
For Di3(n) one has
e (2T w2 M) o) —q
D13(n) ( 5 1+7_(n ne)” + 24(n ne) )@(n n)
—_ @ T s 2, 44, 4 )
(2 T (e gy () )@(” nt). (6.27)
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Figure 9. Relation between density ranges of a simple fluid at T < T,
and the chemical potential values M = Bu — Bc.

In such a way, a simple fluid system stays in gaseous or liquid state, as
far as the chemical potential increases. It depend on value of the latter.
As it was shown above, at T < T, and negative values of M < —M,
only single root of the equation (6.4) occurs. This situation corresponds
to the densities @ < n1 (n1 = n. — ng, and n, is expressed by (6.8)).
This range of densities meets pure gaseous phase (Figure 9). As far as
the chemical potential increases —M, < M < 0 the equation (6.4) has
three real solutions, however only one of them py3 realizes. It can be seen
from the following non-equalities

E(po3) > E(po2), pos > po2- (6.28)

This situation is just for all ny < 7 < n(=).

The density n(~) is the largest value for a fluid at M < 0 and tem-
peratures T < T..

The transition of value M from —0 to +0 causes the density leap
from n(=) to n{*) and for all n*) < 7 < ny the chemical potential takes
on values 0 < M < M. There are three real roots of the equation (6.4)
for these values of M, with realization of py; expressed in (6.12).

E(po1) > E(po2);  E(po1) > E(pos). (6.29)
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This situation takes place for all n{t) < 7 < ny. The stable liquid phase
with densities 7 > ng corresponds to case of M > M,.
The generalized state equation of a fluid has the form

Pv

Po e B P
KT {fﬁ 5T T g e — 5 (e
x [@(nH — ) —I—@(ﬁ—n(ﬂ)} , (6.30)
where
n) =n.—ny, 0 =n,+n,. (6.31)

the value ny =0 at T'> T,, and at T < T, one has

ne = <—%)W. (6.32)

It should be noted that in case of n; = 0 the sum of theta-functions in
(6.15) turns into unity

O(n.—n)+0O0(n—n) =1. (6.33)

The transition occurs between gaseous and liquid phases character-
ized by densities, that maximize the expression (6.30). Their values can
be found from the following condition

(Pv/kT
% — 0, (6.34)
M=0,T
which leads to equation
ELQT _ aq ,_
1+T(n—nc)+ F(n—nc)3 =0. (6.35)
The solutions
) 6aor  \ />
n=n.t|(———"— (6.36)
a4(1 + 7’)

satisfy the condition of maximum of the expression (6.30). Solving the
equation (6.36) with respect to temperature, allows one to obtain the
expression

T 6z

T. 6ag + asm(n/n. —1)2’

which can serve as the base for the binodal construction (the coexis-
tence curve) in temperature-density coordinates which is presented in

(6.37)
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Figure 10. Dependence of the pressure P on the density n at 7 = 0
(curve 1), 7 = —0.01 (curve2), 7 = —0.05 (curve 3), 7 = —0.1 (curve 4),
7= —0.15 (curve 5), 7 = —0.2 (curve 6).

Figure 11. The equation for the spinodal, so as to say the curve of
marginal states of a system, defining the boundaries of instability region,
can be found from extremum condition for the state equation (6.30):

O(Pv/kT)
—— =0 6.38
2L , (6.35)

which leads to the following equation

- 1/2
2
= n, + <_&> , (6.39)
as(1+7)
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Figure 11. Binodal (1) and spinodal (2) in reduced temperature-density
coordinates.

or

T 2a9

T.  2as+ asmne(i/ne — 1)
whence the spinodal curve can be obtained. It is also presented in Fig-
ure 11.

(6.40)

7. Appendix

Determination of the value B, that characterize the model potential

Here
\I/('r) = 66*2(1”7130)/04 U, (,,,) _ 2667(T7R0)/a.
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Let us perform transition to reduced form. Let it be ' = r/Ry, then
U(r') = ce 2" =D/ar, Upi(r') = 2ee~ (" ~V/oR (7.2)
where
ar = a/Ry. (7.3)

So, there are two parameters of the interaction potential e (as a dimen-
sion unit) and ag. The Fourier transforms
U(k) = U(0) (1+a%k?/4) 2, W(0) = emae®/x,

Uy (k) = Uy(0) (14 a%k?) "2, U1(0) = 16emae/*n. (7.4)

Herewith the following condition is satisfied

U1(0) = U(0)16e~/x, (7.5)
The condition to determine the value B has the form
/ V(k)k*dk = 0, (7.6)
B
where
o k> —2
V(k) = Uy(k) — fO(K) +7(1 — f)¥(0) (1 + fjl > . (7.7)

Let us assign 7 = 0.
The evident form of the integral (7.5) can be calculated. So the fol-
lowing expression is obtained

0o 2 2
f:lGe_l/aR/ k2dk // k2dk 2 (78)
B B 1

1 —|— a2 kQ + aR
That is why
16 /0. | ™ Bapg
f= ¢ /er [5 + T BT arctg(BozR)}

" |:7T Bag/2

-1
T _Barf2 o cte(Bag /2)} . (7.9)
2 1+ B%a%/4

The parameter p expressed by (3.10) has the form

p=BY(1~f)/2 (7.10)
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Figure 12. Change of the parameter p depending on the value B at
Ro/a = 3,7In 2.

and is dependent on the average value of the repulsive potential U =
(¥(k)) at ranges [0, B], where B = B(ag, f). At fixed value of ap (the
characteristic of a substance) the latter is determined only by the pa-
rameter f (see Figure 12).

U can be found as an average value of ¥(k) at k € [0, B]

_ 3 2 \* arB 1  Bag
I =290 t =U(0
2 ()(aRB) <arcg 2 21+ aa%B?/4 (0)xz,
(7.11)
where
3/ 2 \° arB 1  Bag
== t — = . 7.12
X 2(aRB> (amg 2 21+aa%B?/4 (7.12)
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It is easy to see, that the value xp is a function of B (or f) at fixed ag.
In case of fixed f = 0.1488, at which B = 1,258 one has xyg = 0, 932,
that correspond to the value Pr

Pr =0.11, (7.13)

which is calculated using (6.9) in the simplest approximation, where S,
is expressed by (5.2)

Be = az/V(0,T¢).

So
_ a2¥(0)xr
Pr=Svory 7 (7.14)
since
V(0,T,) = U1(0) = f¥(0) = W(0) (16627 — 1),
that is why
G 1—f
Pr = 5 {get/an — p X1 (7.15)

So parameter p, which defines the special functions (3.15) depends on
the value f and the parameter o* = vexp(Su*). The latter («*) defines
values of as.

Conclusion. One should chose a substance to be observed, that means
to fix the parameter ag (for example g = 0, 3899 referring to Ry/a =
3,7ln 2). The range of possible values of parameter f defining the ref-
erence system changes within the limits 0 < f < 0.154 (see. Figure 13).
In this range V(0) > 0, that is necessary condition for appliance of ana-
lytical calculation methods, specifically the method of CV. In this case
reference system includes main part of repulsive potential.

Vps = (1- f)¥(k),

where 0.846 < (1 — f) < 1.
To co-ordinate the “primeval” parameter p which has the value (7.9),
one has to chose the value

f=0,1488, (7.16)

corresponding to p = 0, 11. The latter has to coincide with the value of p
expressed by (7.10) at o* = 11. If the initial value p # 0,11, any o* exist
for (7.15) to coincide with the result of calculating p using the formula
(7.10).

ICMP-14-12E 39

uwé
fnn@
0.131
uué
uﬂé
01]
umé

0.08]__
02 4 6 8 10 12 14 16 18 20

Figure 13. Change of the parameter f depending on the value B at
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8. Conclusions

Using the general principles of statistical mechanics in frames of the
grand canonical ensemble the calculation method of the grand partition
function of a simple fluid model was proposed. A system of N— particles
in volume V' with periodic boundary conditions was concerned. As an
interaction potential between particles the Morse potential was chosen.

In course of calculating the grand partition function the reference sys-
tem, formed from a part of repulsive component of interaction potential,
was used. It was established that due to selection of the reference system
one can perform summation over number of particles N and integration
over their coordinates. As a result the evident form of the Jacobian of
transition from a set of variables, characterizing individual particles, to
collective variables, which average values are connected with the order
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parameter of the first order phase transition, was obtained. Coefficients
of the Jacobian of transition, that is a polynomial over a series of col-
lective variables in the exponent argument, expressed via the special
functions T, (a*,p) were introduced. The latter are represented in the
form of rapidly convergent series. The special functions arguments o*
and p are real positive values. The former a* is related to some fixed
value of the chemical potential u*, the latter argument p is proportional
to the reference system potential.

We received representation of the grand partition function corre-
sponding to some lattice model, but in contrast to the lattice gas model it
foresees that a cell can contain random number of particles. It is general
and valid both far from the critical point and directly in its vicinity.

We considered simplest approximation which is valid out of a vicinity
of the critical point. The equation of state received in this work describes
a behavior of a simple fluid system in wide temperature ranges below
and above the critical one T,. In temperature ranges T' < T, the presence
of rectilinear plots at the curve of pressure dependence on density is
established. It describes a density loop at the first order phase transition.
A curve that circumflex these rectilinear plots allowed us to obtain the
binodal line. Also the spinodal curve as the instability region of a system
at temperatures lower than the critical one was found.

The usage of higher order approximations for calculation of the state
equation is the subject of a separate research.
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