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Abstract

The method for calculation of the correlation functions of the Ising-
type systems with short-range interaction and with arbitrary value of
spin is developed within cluster approximation. For the Ising model
(spin S* = 1) the expressions for pair and ternary correlation func-
tions within two-particle approximation in q-space are obtained for
the hypercubic Bravais lattices. In the 1D case the exact expressions
for them in the site space is obtained as well. On the basis of the
Glauber equation within two-particle cluster approximation the longi-
tudinal dynamical susceptibility x(q, F) is found. In the 1D case and
in the absence of external field the expression for x(q, E) is exact. For
the Emery-Blume-Griffiths model ($* = —2,0,2) within two-particle
approximation the pair correlation functions are calculated. The four-
particle cluster approximation is used for calculation of static suscep-
tibility x(q) of A BzPO4 ferroelectrics.

1 Introduction

The wide class of materials is known which is described on the basis of the
pseudospin Hamiltonian. In particular these are magnets with different val-
ues of spin M [1-3] (in our notations §% = — M, -M+2,...,M -2, M), fer-
roelectrics with hydrogen bonds [4,5] (M = 1), multicomponent alloys [6,7)
(M + 1 corresponds to the number of components), lattice gas [8] (M + 1
is the number of atom states per site). In the works [9-12] the method
of investigation of pseudospin system based on the introducing the refer-
ence system (RS) was developed. This approach makes possible to take
into account adequately both the short-range and long-range interaction.
RS contains besides the low-dimensional short-range (1) = 1,2) part of the
Hamiltonian the terms taking into account the other types of interactions
in the molecular field approximation (MFA). The fluctuating corrections
to MFA for these types of interactions are taken into account on the basis
of expansion of the physical responses (free energy, correlation functions,
temperature Green functions) in terms of loop diagrams or in terms of
many-tails diagrams. These corrections contain the physical responses of
RS. The calculation of the latters is the separate problem of the referense
system approach.

In the series of cases for the description of pseudospin system’s prop-
erties it is enough to take into account the long-range interaction in MFA.
Now the reference system problem is to be considered separately. However,
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only a small number of low-dimensional problems may be solved exactly.
The exact solutions are obtained mainly in the case of 1D quantum models
or 1D and 2D Ising-type models (ITM) (the Hamiltonian of ITM contains
only S* component of the spin). Among approximate methods of investi-
gation the cluster method is sufficiently effective [13-31]. It is necessary to
distinguish the cluster expansion method (CEM) and the cluster variation
method (CVM). In the case of CEM the cluster expansion is constructed
for the free energy [13] whereas in the case of CVM one carries out the
cluster expansion of entropy [26]. It can be shown that in the first order
of cluster expansion both methods give equivalent results for all responces
of pseudospin system. This approximation we shall call the cluster approx-
imation (CA). Let us note that in the first works within the framework of
CVM the results were obtained on the basis of combinatoric approach [25]
whereas within CEM the results was obtained on the basis of many-particle
generalization of MFA [14]. .

Unfortunately the cluster approach was used mainly for investigation
of thermodynamical properties of pseudospin systems. We know only sev-
eral papers [32-43] where the cluster approach was used for calculation of
reference system’s correlation functions (CF) (see [32-37]) and Green func-
tions [38-43]. In the works [32,33] the equation for pair CF (Ornstein-Zernike
type equation) of ITM was constructed artificially. The dipole-dipole inter-
action which has the nonanalytical properties at q — 0 was taken into
account in MFA. The concrete calculations were carried out only in the
case ¢ — 0. Let us note that only in paraphase the obtained results corre-
spond to cluster approximation. In the work [34] within the frames of CA
for ITM the method for calculation of pair CF for RS, when the long-range
interaction is absent, was suggested. This method is applicable in the case
T > T,. Here analytic and numerical investigation of ¢g-dependence for CF of
some models was performed. 'i he Ising model (IM) (IM corresponds to ITM
with M = 1) on square lattice within the frame of two-particle cluster ap-
proximation (TPCA) and four-particle cluster approximation (FPCA) was
considered. The model of ferroelectrics K Dy PO4 was studied too, In the
paper [35] for IM within the frame of cluster expansion method the method
which allows to find the correlation function of arbitrary order for RS within
cluster approximation was suggested. For IM on hypercubic lattices within
TPCA the pair and ternary CF were found. Here it was shown that for
1D system these results coincide with the exact ones. In the ref. [36] it was
proved that TPCA for IM yields exact results for all characteristics of the
system in the case of tree-like lattice. Moreover in the case of square lattice
within CEM the influence of the higher order terms of cluster expansion
on thermodynamic characteristics was studied numerically. The pair CF
in FPCA was also calculated. In the paper [37] CEM was generalized on
the Ising type systems with arbitrary value of spin and detailed numerical
investigation of the Blume-Emery-Griffits model was performed.

In the works [38-41] the dynamics of ferroelectrics with hydrogen bonds
with accounting of tunneling was investigated within the frames of cluster
approach. Here the method of two-time Green’s function was used. The
equation for them was uncoupled in the spirit of Tyablikov approximation
with tespect to long-range interaction. At such consideration the short-
range intercluster correlations were not taken into account and intracluster
Green’s functions appear to be connected only through long-range interac-
tion. This leads to uncorrespondence of expressions for static susceptibility
which follows (at q = 0 and w, = 0) from the expressions for dynamic
susceptibility with expressions which are obtained within CA.



CLUSTER APPROACH FOR ISING-TYPE MODELS ... 81

In the works [42,43] a method was developed which within the frames of
cluster approach allowed to obtain selfconsistent results for thermodynamic
characteristics and temperature Green’s functions. Within TPCA the ref-
erence Green’s functions were calculated for the Heisenberg model [42] and
the Ising model in a transverse field [43].

. In the present work on the basis of cluster approximation the pseu-
dospin systems which are described by Ising type models, are investigated.
In section 2 the statement of CEM for ITM with arbitrary many-particle
short-range interaction is presented. In section 3 within TPCA ‘the ther-
modynamic, correlation functions and relaxational dynamics of IM M=1)
on hypercubic lattice are investigated. In section 4 in the frames of TPCA
the Ising type model with pair interaction and arbitrary value of spin is
considered. Section 5 is devoted to investigation within TPCA of the Ising
type model describing the ferroelectric properties of crystal K D, PO,.

2 Statement of the cluster expansion method

In this section we shall consider the cluster expansion method for the Ising-
type model with arbitrary form of the Hamiltonian. In the following sections
we shall apply present method to certain models. The Hamiltonian of IM
with arbitrary values of spin can be written in the following form (57 =
Si=-M,~-M+2,...,.M -2, M)

—BLH = VH({AY)) = H({AV}) + %Z 5i(56 8, (2.1)
H({hO}) = 3T Rhi(8:) + X Kij(50, 55) + WHS)), (2.1b)
i (27)

M M M
hi(S:) = 3O hMSE; Kij(8:,85) = Y S KEVSESY . (2.1¢)
p=1 p=1v=1
M M .
Tii(5:8) = 30 3 s sksy. (2.1d)
p=1v=1

The one-site part of the Hamiltonian h,~(5',2l describes interaction of psen-
dospins with the fields of different type. The two-site part of the Hamil-
tonian contains the short-range Ky;(5;S;) and long-range J;;(5:5;) pair
interactions. The three-site, four-site etc. short-range interactions are in-
cluded in W({S$}). The pseudospin system with the Hamiltonian H({A()})
is called the reference system [9-12]. We shall consider the RS which con-
tains only the interaction with the nearest neighbours. In particular, for
pair interaction we can write

,. m 1, ¢ 1is the nearest neighbour of 7
K V=g g miy = { 0. in opposite case. & (22

In the case of the Bravais lattice the indices 4,5 denote the sites of the
lattice. The case of the structure with sublattices we shall consider in sec-
tion 5. In the present paper the pair long-range interaction is taken into
account in the molecular field approximation (MFA). Now the F-function
(the logarithm of partition function) of the system with the Hamiltonian
(2.1) can be written in the following form
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LE(RIY) = -5 T I HSH S + FUCOY. (23)

By i
Here F({¢11}) is F-function of RS with the Hamiltonian containing the
(w),

T .

FHCOD =0 Z({¢V}); 2({¢O}) = Spryexp[H({¢UN]; (242)
Cz(“) _ hl(_u) + )‘z(#); )\gu) - ijy JiJ{%V) L<S;>' (2.4b)

long-range molecular field A

Here the average “(S§Y) is taken for canonical ensemble and the density
matrix is constructed with the Hamiltonian (2.1a). We shall calculate cor-
relation functions (CFs) of RS (cumulant averages of products of operators
S#Y in the following way: ,

FO (s {¢0)) = (s =

R 7] . : |
a0 Ty P (25)

)

Similarly to (2.5) we shall obtain CFs LFU(¥1-#. fh()}) for system with

t1..9 !
long-range interaction. In this case the F-function LF({r()}) is differenti-

ated with respect to fields hg-“). In the MFA these CFs can be connected

with the CFs of RS. In particular for £(S") using the relations (2.3), (2.5)
we obtain the equality

LFO) (5 {h0}) = sty = (51 = FO(55(¢0Y) . (26)

If we shall differentiate (2.6) and take into account the functional depen-

dence of ((*) on (Si‘fl), we shall obtain the relation for pair CFs. It has the
following matrix form

LEO((AO}) = FOUIY [1 - JEO{con] ™ (2.7)

Here the matrices A = {Ag‘ ’")} are constructed with the help of power-type

indices p, v and indices of sites 7, j. In the homogeneous field h,(-“ ) = pW
the Fourier transformation diagonalizes the relation (2.7) with respect to
the indices of the elementary cell.

At first let us decompose lattice into clusters for construction of cluster
expansion of F-function [36]. The figure 1 demonstrates decomposition of
square lattice into clusters.

Let us note that certain choice of lattice decomposition depends on the
number of factors. In particular, this choice depends on structure and sym-
metry of crystal, on form of interaction and cluster expansion order. In
the present work we shall use only lattice decomposition into two-particle
(”link”) and four-particle (tetrahedron) clusters. We shall denote the effec-
tive field operator as pp;i(S;). It effects on site ¢ from the side of cluster R,
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,
NN

s=4, b=1, k=2 s=2, b=1, k=4

Figure 1: The decomposition of square lattice into clusters ("link”,
"square”) and demonstration of effects of cluster fields on site. Here ”s”
is the number of clusters containing present site, ”b” is the number of clus-
ters containing present link, ”k” is the number of sites in cluster.

which contains this site. The set of these clusters we shall mark 7;. Qbvi-
ously, s; fields effect on an arbitrary site 5. After decomposition of lattice
into clusters we pass from summation over sites to summation over clusters.

2.2 Rei(S) = D03 res(S5); WHSH = S Wa({5)),
T R R

R feR
: 1
D Kii(Si85) =3 X s—K;p(StSp). (2.8)
(i) R ff'er

Here we shall consider the cases when Wgr({5}) contains only spins from
the cluster R. Taking into account (2.8) after identical transformation the
Hamiltonian (2.1) is represented in the following way

H =Y Hi(5:)+ Y Ur({5)), (29)
1 R

where

Hi(8:) = hi(S:) + Z res(S¢),
R

Ur({5}) = = Y_ res(Sy)+ (2.10)
fER
+3 ——bl Kip(S£84) + Wr({S}).
ot

Then, using the form (2.9) and cluster expansion method (CEM) [13], the
JF-function can be written in the following form

F =) F +In(exp (Z UR({S})))0= ZF,-+§K,. (2.11)
i R 1 =1
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Here we use the notations
eHi .
F; =1n Z; = In Spe™; pg=Hp,'=H7. (2.12)

Functions Kj contain sums over sets 1 = (Ry - - - R;), which include noncoin-
siding clusters R;.

Ki= Y K(Ry,..,R)=Y K(),

(le le) {l}
d 1 1 y
u1_1 vm=1

The cluster functions K(1), as it is well known, are expressed by means of
L(m)-functions as well as functions L(l) are expressed by means of K(m)
in the following way [13]

} -1
KM =Y (-1)"" 3 L(m)= L)+ > (-1)"™ 3 L(m), (2.14a)

m=1 mcl m=1 mcl
! -1
L)=> Y KN)=Km)+ ) Y K(m),(2.14Db)
m=1mcl m=1mcl

where L-function has the form (M (l)-moment function):

L)=mml)y=F1l)- > F,
i€y _ Ra

l
M(1) = (exp [Z UR"] Yo - (2.15)

n=1

Here we use the notations 1 for set of clusters, F(1) for F-function, Z(1) for
partition function and H(1) for the Hamiltonian:

F(l) =InZ(1) = Spysyexp{H(1)} ,

{
HY)= > Hi+) Ug,. (2.16)

Arbitrary set of clusters 1 of present type forms certain graph (diagram) [36]
on the lattice. We shall call graph to be unconnected one if it has parts which
do not contain common sites. These parts will be independent statistically,
when we shall carry out the averaging with distribution function pg. Let
us separate arbitrary graph n into two graphs n; and n; which have not
comon clusters, but which may have common sites.

n=mdu s, ni N ng = M12 . (2'17)
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Here M is the set of sites, which is common for n; and n;. Let us represent
the sum 3y in the form 35, 37, , where my C ny, m; C ny. Then

we can write (after separation of items with my; = 0 and my; = 0 )

K(n):L(n)—L(nl)—-L(ng)—i {i > > K(mi+my). (2.18)

my=1my=1mMCN; MzCny

The prime near the symbol of sum means that item at my = ny, my = ny
is omitted. Let the following condition take place

L(m1 + mg) = L(ml) + L(mg), Ym; C my ,mp C nj. (219)
Then we can carry out recurrent procedure for K (mj + my), which begins
with m; =1, mg = 1. For m; = 2; = 1; + 1y, my = 1; we have

K(l14+13) = L(li+13)-L(1L) - L(12) =0,
K(11 +1,) L1 + 12) - L(1]) - L(15) = 0, (2.20)
K(21 + 12) L(21 + 12) - L(21) - L(12)

—]f(].l + 12) - I((l’l + 12) =0.

Similarly we can obtain
I\"(ml + mz) =0, Ym, C n;, Vmy C ny. (2.21)

The condition (2.19) is fulfiled for n; and n, being two unlinked parts of
graph n (when M3 = 0). The condition can be fulfiled also for some linked
graphs, if we choose the fields ry; by certain manner (see the following

section or paper 536]). Let’s note [36] that for set (2.14a) some L-functions,
which correspond to unlinked diagrams are eliminated by L-functions of
linked diagrams of certain type. Therefore there is a sum over linked graphs
of certain class in (2.14a).

In the present paper we shall use mainly the first approximation for
F-function and the decomposition of the lattice into R-particle clusters
(RPCA). As it follow from (2.11)—(2.16) the F-function in RCPA has the
form [36]

FHCYY = =3 (si - DEAON + X Fr({rCW) . (2.22)
i R

Here the notations for intracluster one-particle (F;) and R-particle (Fg)
F-functions and corresponding partition function Z;, Zg are introduced

E({Cz()}) =In Z;({C:'(')}); Zl({f,()}) = Sps, (5, (2.23a)
Fr({r¢DY) = n ZR({r ¢V} )i Zr({lV}) = Spisye(5)2.23b)

The one-particle Hamiltonian H;(S;) and R-particle Hamiltonian Hgr({S})
have the form

HiS) =5,(Mse W =Wy s el (2.24a)
Hr({$}) = Zrer Hi(S;) + Ur({S}) =
= ZfER RCf(Sf) + Eff’ER b“fl—jI‘ijl(Sfol) + WR({S}), (2.24b)

rG(5) =%, rCMS8Y 5 rE = ¢+ Srn e (2.240)
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As we can see from (2.24c), the fields Rc,off”) which effect on site f C R from

cluster R are not contained in R-particle Hamiltonian. This is naturally due
to the fact that all these interactions are taken into account exactly with
the help of terms Vs and Wg. On the basis of Hamiltonians H;, Hr we
can introduce intracluster density matrices

g : eH"(S.‘) ’ HrU{SH 2,95
pil i)—Ta PR({L})—T» (2.25)
and intracluster CFs
(S (82 2...(SMyye (2.26a)
i -f -f -f
(S7)5 L (SINKM L (Sp,)F L(SH)RAye L (2.26D)

We shall calculate CFs (2.26) on the basis of F-functions (2.23) and rela-
tions of (2.4)-type. Evidently, they do not equal zero only if the site indices
(i or f) belong to present cluster (1 or R).

(

We shall find the system of equations for the fields g, ) from condition
of stationarity of F-function with respect to these fields. In the present
paper we shall consider only RPCA. As it will be written in the following
sections the system of Ns; M equations in RCPA has the form

<S#>ps = <Szy>pn' (2.27)

Here the average is defined with respect to density matrices (2.25). The
system (2.27) is equivalent to the system of Ns;(M + 1) equations

pi(8i) = Spr-iPr({S}), (2.28)

which coincides with the exact relations between one particle and R-particle
density matrices. Among Ns;(M + 1) equations (2.28) only Ns;M ones
are independent because Ns; conditions Sp;Spr_jp-({S}) = 1 are fulfiled

identically. In the homogeneous field (h; = h, {; = (, Rc,o,(-“) = )} (2.27)
gives M equations for M unknown fields (),

3 Thermodynamic and dynamic properties of
the Ising model. Two-particle cluster approxi-
mation

3.1 The main relations. Thermodynamic properties

In the present section we shall consider the Ising-type model at M =1, §; =
+1 (Ising model-IM) in the case of hypercubic lattice. Now the Hamiltonian
(2.1) contains only linear and bilinear forms of pseudospin operators and we
can write it in the following way

H({CY) =Y GSi+ 3 Ki$iS;s Ky = BKmy;. (3.1)
i (i)

In TPCA the cluster contains only two sites (Ry, = (1,7)) and we can speak
about effect on the site i from it’s neighbour ». This fact leads to the change



CLUSTER APPROACH FOR ISING-TYPE MODELS ... 87

of notations for the cluster fields: rep; — ,¢y. Thus, taking into account
(2.22)-(2.24), we obtain (s; = 2, by = 1) [35]

FUD = (- T R@+3 R hd). (32)
1 1,r

The one-particle and two-particle cluster Hamiltonians have the form
Hl(Sl) = ElSl;‘ (::1 = C] + ZTIE"] rP1

Hi12(51,82) =2 (181 +1 (252 + K 5153, (3.3a)
260 = G+ Xrem;ripa 15 162 = Q2+ Lrvemymzn 2. (3.3b)

Thus, the following expressions are obtained for the intracluster F-functi-
ons:

F(G) = A% = In{2cosh }; (3.4)
Fo— p00) _
1ir — 1r hat

=1In {QeﬁK[cosh(Tfl +16) + e=PX cosh(,(; — 15,)]} . (3.4b)

If we take into account the long  Tange interaction in MFA we must renor-
malize the field {;: (; = hy + A = h; + 2 Jij(8;). Here h; is an external

field, A; a long-range-acting molecular field.
Tn the present section we shall use the following notations

'7:1(11) ‘lR({C}) = <Sil o ‘Sih)c = ?

1) = 61] + Z 'r‘PS) = '61'7

FEFED. e

TETM; C

(-1 _ 6 6 5 (1-1),
Ct]‘lq...‘l[ - 5(12 * 6C” TEZW'I T<P11 ”1 et (3-5b)
Qo(.l_l.) — L _6_ ©;
T 11...4¢ 5(12 '6CilT 119

0,z 0!
PG = 525 ) = (8%,

142 ~ - 611 312
Fp6G0 0 &) = FOO = (shshye . (3.50)

A:6) A1)l

Now taking into account (2.5) we easily obtain from (3.2)

)rpil . (3.6)

(51) = f}”({c})~ ({C})+Za

Here
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SR == D + TS, (3.7a)
)
—arwf({c N=(01- z)f}}) + Z F, _ Flo, (3.7b)

Proceeding from stationarity condition for F({(}) with respect to ,¢;
(3%;.7"({(}) = 0) on the basis of (3.6) and (3.7) we find the following

relations

my = (1) = F{¢Y) = FV{GY), (3.82)
(S1)p = FOUGY) = FEOGE 1 &) = (S, - (3.8b)

If the long-range interaction is absent (3.8b) gives the system of Nz equa-
tions for Nz unknown variational fields ,¢;({¢}, K') while (3.8a) gives the
expression for the average value (51). The expression (3.8b) is equivalent to
the relation between one-particle p; and two-particle py, density matrices:

p1(51) = Sps, p1+(51, 5r). (3.9)

This equivalence can be proved if one takes into account that among 2Nz
equations (3.9) only Nz equations are independent because N Z conditions

,Silpslsrph(sl, Sr) = Sps, p1(51) = 1 are accomplished. It follows from (3.9)
that
FO(G) = (5005, = (55, = FYOGG R &) (310)

The equation (3.9) can be written in the other form which is useful for
diagram analysis

My = Spsys, (p1pre”™") = Sps,pretr (3.11)

Let us consider in expansion for F-function certain type of graphs which
contains links that connect the site 1 with another part of the present
graph E6] In particular, this type of diagrams includes tree-graph, that
is graph of links without loops.

Let us denote by v the set of all sites of graph n. Then for the moment
function of graph (3.12) taking into account (3.11) we can write

M(n+ (1r)) = Spys;) H pjexp( Z Ur)Spprelis = M(n)M(1r). (3.13)
j€V Ren

Since M-function for the graph (3.12) is factorized, the corresponding L-
function has the additive form (2.19).- This fact means that for the graph
of (3.12)-type the K function is equal to zero. It is shown in [36] that

the differentiation 3% of K-function for tree type graphs also gives zero.
But for K-function of arbitrary graph this condition is not fulfilled (when



CLUSTER APPROACH FOR ISING-TYPE MODELS ... 89

the index ¢ in operator 3% coincides with r in (3.12) and n does not

contain links with free tails). Thus if in the expansion of F-function we shall
consider only tree-graph and function ,;({(}, K') will satisfy the system
(3.11) (or identical system (3.8b)) then the stationarity of F-function with
respect to fields will have been accomplished. In this case the expressions
for F-function and (51) coincide with expressions (3.2) and (3.8a) which are
obtained in TPCA. It follows that for the lattice of the tree type, e.g. for
1D chain, the TPCA gives an exact results for all quantities of the IM with
Hamiltonian (3.1) [35,36].

Now we pay attention to thermodynamical properties of IM in TPCA
taking into account the long-range interaction in MFA. In the case of ho-
mogeneous field extracting 8 we can write

ri = ;Y rpi = 2005 G = BC = ph+ Bom;  (3.14a)

r

G=C=BC+20); ,G=BC=PC+(z~1)g];  (3.14b)

where Jo = J(q — 0). From (3.2), (2.23) and (3.14) for the free energy
per site f(h, K') we obtain the following result

BLf(h, K, J) = LJom? + BF((, K),
-BF(CK) = HF(QO)=(1- ) L) + 5l Za(0).  (3.15)
Here the following notation is used
Z1(¢) = 2cosh(B0);  a = e~ ¥K,;
Z]Q(Z) = 2eﬁK[cosh(2ﬂE) +a). (3.16)
The system of equations (3.8) for m and ¢ has the form

m = tanh(B(¢ + zp)l; 7 = ~C +(28)" n T2 (3.07)
tanh[B(¢ + z)] = sinh(26¢)[cosh(26¢) + a] 1 . (3.17b)

In the case Jo = 0 the system (3.17) leads to single equation for ¢(3h, BK)
(or for m(Bh, BK)) if we exclude m (or ¢) from (3.17a). In the 1D case
(Jo = 0, z = 2) the equation (3.17b) for ¢ can be solved exactly, and
for m and f from (3.15) and (3.17a) we get the generally known exact
results [44,45]

—Bf = K +Inf[coshBK + 7], (3.18a)
m = M; r = /a? + sinh?(Gh). (3.18D)

The equation (3.17b) can be used to obtain expressions for %%, g—f. It

makes possible to find the pair correlation function ({5:5;)°)q = Féz) at
q = 0 and longitudinal isothermic susceptibility x**(q = 0) = x§7 for IM:

dm - - zz d2
Lrd, = = [(FY1 - gt x2 = s er,. (3.19)
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Here d is the dipole electric (or magnetic) moment per one cell, v, is the
volume of elementary cell,

(F@y - 2lot coh@BOR | 21
’ 214 a cosh(24¢) 1-m?

In the 1D case from (3.20) using solution for ¢ one obtains the expression

(3.20)

(FE)=1 = 1342 cosh(BR)] . (3.21)

On the basis of (3.15) one can easy obtain other thermodynamic quantities
of IM in TCPA, in particular, entropy and specific heat. In the case h = 0
the equation (3.17) for ¢ (or m) always has the solution ¢ = 0 (m = 0) and
at T < T (below the phase transition temperature) these equations have
also non-trivial solution ¢ # 0 (m # 0). As it was shown in [36], in TCPA
for IM at K > 0 the phase transition (PT) of the second order takes place.

The equation for T} is found from divergence condition for L}'éz)
zexp[—2B.K] -z +2 = 2B:Jo . (3.22)

At Jo = 0 from (3.22) one obtains well known result for T, of IM in
TCPA [44,45]

-1
kpT. = 2K [m 32] .

Z -

In'the 1D case (z = 2) from (3.23) we find that T, = 0. Thus for 1D IM the
PT is absent at temperatures above zero.

3.2 The correlation functions

In the present section we are going to consider briefly the suggested method
for calculation of the correlation functions of IM in the cluster approach.
We are going to find the explicit expressions for the pair and ternary CFs
in the wave vector space. The results and the method of calculation of CFs
in the site space in 1D case are presented in the work [35].

On the basis of relations (2.5) and (3.8a) CFs can be expressed with the

help of derivatives of fields {; (see (3.5b)) with respect to {;. We present the
general expressions for pair, ternary and four-spin CFs in the wave vector
space [35]

FO(qy) = FA{W(qy), (3.23a)

FONeqn) = FO{D(qr){W(qn) + FO(®(q1q),  (3.23b)
F(quazqs) = FOD (q1){M(q2){V(gs) +
+F@)(0B)(qyq2q;) + FO [5(1)(QI)€:(2)(‘12‘13)+

+{M(q2){® (q1q3) + 5(1)(‘13)5(2)((11(12)] ) (3.23¢)

F@) =1 -m? FO) = ~omF®); P4 = _2F@)(1 — 3m?). (3.23d)

ThllS it is necessary to construct the equations for f(l)(q), 5(2)(q1,qz)
and (¥(q1,4q2,q3) (on the basis of (3.8b)) for the computation of F(?)(q),

f(s)(qlan) and ]:(4)(q1’q2,Q3)'
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Now we are going to consider the equation for ((1)(q). Differentiating
(3.8b) with respect to (; one obtains

FOY) = F9 80 + riM {9, (3.24a)
O = C5 = el 10 = 8 - o). (3.24b)

Taking into account (3.24b) and (3.10) the equation (3.24a) and the same
equation with replaced indices 1 « r constitute the system of equations for

the fields Tcpglz) and 1<p£12). This system can be written in the form

(1) (1) (11)
1 f1T> <r9012 ) = (flr Cra ) s fir = Fl"_ (3.25)
(frl 1 1‘P£12) fr1 C(l) i F1(20)

12 r

From (3.25) one can easy express ,cp,(;-) in terms of fg) . Taking into con-

sideration the relationship (3.5b) between C,(J.l) and ), r(pf-]l') one can obtain

the equation for C,.(;) .

Oully = 612 + > frdih (Y (3.26)
Here the following notations are introduced
1 + -1 rJr
O = E (zdl l)fl f 1; dir1 =1- firfr1 = dpyy. (3.27)

r

Let us note that (3.26) is the equation for "correlation function” (:i(jl) of

the Ornstein-Zernike type. If we take into account the relation ﬂg?) =

F;(z)ci(} ) we obtain the equation of the present type for pair CF .E(J?). In
the works [32,33] the equation of this type was constructed artificially. This
fact leads to unselfconsistent results for static susceptibility obtained from

CFs and from free energy in the case of ordered phase. For uniform field
the following relations take place

14 (z-1)f?
fir=fridin=d=1-f%0;,=0= *3%771;(3-283)
20 _ 1+a2+2acosh2ﬂZ.F11_ 1 - a? _

[a + cosh 243(]? , [a + cosh 2ﬂ§:]2,
— 2 - —_—
_ 1-a Dz1 cosh(B() ~ (3.28b)

" 1+a?+acosh 26¢ cosh(6¢) + v

Performing Fourier-transformation for (3.26) and taking into account
(3.23a) we obtain the expression for the pair CF of IM in TPCA

I+ f -7:(0)

(2) _ (2) —
Y@= P eI R o e(e) 17 ez6(q)”

(@) —

(3.29)
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Here the following notations are introduced

@ _ FOU+Sf) _fa=-n—"
(0)—1—'(2—1)f, (p‘l—(z—l)f’ (3.302)
0(a) = L{r(0) - n(a)] = 2 3 sint (a2
l=1
D
m(q) =Y w(r)e” ¥ =2) cosg. (3.30b)
T =1

Let us note that equation (3.26) in site space is exact for the tree-type lat-
tice. But for Fourier-transformation (3.30) we use the translational symme-
" try. Thus the expression (3.29) is exact only for 1D case. It leads to the well
known results, which we write in both wave and site spaces (q = q1) [46-48]

@) _ cosh 3¢ a?r!

. —(2\2 ¢n
O Ty ayetgy oS = (T (3.31)

The expression for (505, ) is also obtained in the work [35] in another way.

Now we are going to consider how to obtain the equation for C,-(]?,). It will

give us the possibility to calculate the ternary CF. Differentiating (3.26) one
finds

911C(2) — Z ferfrl + fir f, 7134(1)

12 = Zn
ﬂHr, -
+Z 173 2f lf 13 (1)+Z 1 g% (332)
dlrl d
Here the following notations are used
1(:% Tfm fr(;:):, = Tfn . (3.33)
3

The derivatives (3.33) one can easily compute:

0 = fOa R - £280),
frg}% - f(OI)d]_rl[ (1) flrgy(-.'li)]’ (334)

where

0
A= it =~ 053
_7 t

(10) =0, fUO_ fr1 = 0. 3.35
1r 8Cl rl 31Cr 1 ( )
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Substituting (3.35) into (3.32) one can find the equation for ternary ”"CF”
¢
1)
ouilh - ¥ L) (3.0
+ 3 {4l + B ERS + SV - €, LD
Here the notations are introduced
Ay = [F0 53 - 10 Aeldsd
Bir = ([0 - f20 faldis (3.37)
Crr = [F0F5 - 145

Taking into consideration (3.28) the equation (3.36) for uniform field can
be written in the form

0 = £ 57,8 (3:39)
+ > m { AR + EPER + EPEDT - €, {PEDY
where

Ao _2mf _mf(l+f+f?)
(1+ f)2d’ IR CE T

Note that (3.38) is the three-particle analogy of Ornstein-Zernike equation.
Performing Fourier-transformation in (3.38) and using the relation

(3.39)

1

— 3.40
CW(q1 + q2) (3.40)

0 - gr(m +q2) =

we get the following result for ((?)(qy, q;)

(D (qraz) = {[z + (q1) + m(q2)]A - Cr(q + q2)} %
x{W(a@) M (q2){™ (a1 + ag). (3.41)

Substituting (3.41) in (3.23Db) for ternary CFFG)(qy,qs) we finally find [35]

FO(araz) = {FO) + FO[(z 4+ m(an) + 7(q2) A~
—Cr(qr + q2))]{M (a1 + Q2)} (M(q1){M(q2). (3.42)

It is easy to see (invoking (3.39)) that at T' > T, the relation F(®)(q;,q;) = 0

fulfils. For computation of c,(gg, J—'S; it is necessary to transform (3.41),
(3.42) to site representation. The expressions for them (see [35]) will contain

the sums over sites. In the 1D case these sums due to the form Cg) = fl1-2I
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lead to the sums of geometrical progression. After cumbersome transforma-
tion the following expression for ternary CF can be obtained [35]

FO(j, k) = (S05;5k)° = FO ¥ (B k) = 2mfH(f/ =1 0< G < k.
(3.43)
It is important to note that F()(j, k) does not depend on intermediate index

7 (0 € j € k). Let us note that the expression for F ®)(4, k) which is ob-

tained by us in the frame of TPCA coincides with the result of works [47,48].

In these works the explicit expressions for mentioned above quantities are

written only at k = j + 1, j + 2. In the work [35] using the solution for the

fields ,(2)(4,k) the expression (3.43) is obtained immediately in the site
- representation.

3.3 Relaxational dynamics

In the present subsection we shall consider the relaxational dynamics of the
IM. Our main task is the calculation of the longitudinal dynamic suscepti-
bility of the system under consideration

+o0 . .
Maw)= [ dtemt et 0),
oo &
ém;
Xij(t,t') = ﬁlscjt,=o; i = (Si)pr) = mi + dmye. (3.44)
7 !

Here we consider the dynamical response of the system with respect to small
time-dependent mechanical perturbation of the initial Hamiltonian in the
form 3, 6(;(t)SZ. For the system described by the Hamiltonian (3.1) we
can calculate only the static susceptibility x(q,0). The evaluation of dy-
namic susceptibility can be accomplished if we shall take aditional to (3.1)
items which contain other component of pseudospins or if we shall take
into account the interaction of the IM with dissipative subsystem (thermo-
stat) [48]. Further we shall investigate the system which contains becides
the (3.1) with the substitution {; — (it = (; + (i, also the Hamiltonian
of thermostat and interaction of thermostat with the Ising subsystem in
the form 3°,, U#S} (a = z,y,%). Here U} contains only the variables of
thermostat. Within the framework of nonequilibrium statistical operator
(NSO) method one can obtain [48-51] the kinetic equation (KE) for unary
CF (8:)p(1)- Using some approximations [48] this KE can be lead to the

Glauber-type form [52,46]

[14 7 Qutl(Si) o) = (FO(€ir)) o) » (3.45a)

d a2
Qo= 2+ G/migg e =Cut ST K1 S,.  (3.45Db)

Here 7; = 4. ! is the bare time of relaxation (v; is the bare damping) which
depends on the parameters of thermostat and on parameters of interaction of
pseudospin subsystem with the thermostat. In addition to [48] we introduce
also the bare resonance frequency w; (¢; = w?). This is entirely in the spirit
of phenomenological equation for damped oscilator (see [5]) with frequency
w; and with the damping ;. The equation (3.45a) in the case (; = 0 can be
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obtained also if we shall proceed from the Glauber master equation for the
density matrix of the system [52,46]. If we shall develop F(V)(¢;;) as a set
in S, one can obtain expression for (F(1)(e;;)) which contains distribution
functions starting from unary (Si),) up to the function of the power z
(8,85, ++ - Si)p(e)- The site indices of mentioned above functions belong to
the certain coordinate sphere m; of the site i. In the following for average
(F(1)(e;;)) we shall restrict ourselves only by one-particle approximation

(FO (i) py = FO(G1) s (3.462)
Git =G+ Qi Die= Y rpie = 3 Kir ¥(S:)t (3.46b)
rEM; rew;

and two-particle one

(F(l)(fit»n(:) ~ (F(l)(j&'t + Kijsj))lﬂ(e) =

= Li(;Gir, Kij) + P(3Git, Ki5) *(Si)e, (3.47a)
iGe="Co— jpie=Cuet D +pic (3.47b)
remirs

Here the following notations are introduced

1

L(;Cit, Kij) = Lije = 2 Y FO( + Kijo), (3.48a)
o=%1
. 1 .
P3Gty Kij) = Pije = 5 3" oFO({ + Kijo).  (3.48b)
o==1

The field ,p;; is taken to be the same in both approximations. The
equations for ,;¢ (or for (S;);) will be written below. The direct evaluation
gives the following results (a;; = exp(—28K;;)):

L= sinh[26 ;it] -
it cosh[24 ;Cic] + cosh 28K;;
__ 2aysinh[28,G] (3.492)
1+ a?j + 2a;; cosh{2f ;{i] ’
P = sinh 20K, _
it cosh[?ﬂjfit] + cosh 28 K;; -
1 - a2
_ a; — (3.49b)
1+ a?j + 2a;; cosh[28 ;Cit]
FOO(Ga, i .
e = DGl G | g (3.49¢)

B F(QO)(jzit, ifjt) v

In the last relation we take into account the expressions for intracluster

CF F{, FEY (see (3.28)). Substituting (3.46a) and (3.47a) at i = 1,2
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in (3.45a) and writing two-site systems of equations in the matrix form we
obtain (1mit = 1<Si)t; km“ = k(Si);l)

i s lmu = F(l)(éit) - lmit;
thmt =L; - 'Iatkmt; dy = {657} (3.50a)

k — km . - L12,t N 1 _P12,t
m; = (km:)aLt— (Lm‘t),Pt—- <—P12,t 1 ) (3.50b)

By the direct computation one can obtain the following relations

Fi° =P L Dy =1— Piay Payy;

Fiz, L (Lyze+ Prag Larg
(Fw - D, (L?.l,t + Pyt L12,t) . (3.51)

21,t

Here the function Fl(;g) = P9 ¢y, 1Cat) already was used by us in the
subsection 3.2. The system (3.50) can be represented in the form

nQjmy = Ffy -1 M, (3.52a)

1,t
D QaFmy + Pij i Qg Fmy] = FEY —Fmi, . (3.52b)
The dynamic version of TPCA is constructed similarly to the static case.
Thus the equality 'm;; = ¥my, gives the equation for the fields ;j¢;.

For the static fields (;; = (: the left side of (3.52) is equal to zero and
we obtain the system of equativns (3.8) for the nonfluctuating part m;. Let
us represent the effective fields in the form of sum of static and fluctuating
parts.

Git = Gi + 0t iPi = 590+ 05 (3.53a)

Cit = G + 6Cu; iGe= G+ 6iCu; (3.53b)

5j5it = 55& — 0 jpit; Z b jpit = 6@1 — 6Ct . (3.53¢)
JE™, '

Let us substitute (3.53) in (3.52) and obtain two systems of equations.
The first system of equations for m; coincides with (3.8) and the second one
for 6m;; has the form

T,'Qitlsmit = F;'(2)6§:it - 6m,~t » (354&)
Dt_l [T1 Qi (5mit + ij T th ‘Smjt] =
= ﬂ(,:m)[tsfu ~ 6 o] + ﬂ(]-ll)[tsfjt — i) — dmyy (3.54b)

Here the fact that in TCPA émy; = 6'my; = 6¥my; is taken into account.
Using (3.54a) the terms of type myw;6m; can be excluded from (3.54b).
As the result we obtain the relationship which connects 6;¢i, 8i9jt, 6Cis,
dmj;. Just one more analogous equation can be obtained by permutation of
indices 7 + j. From this system we express the field §;¢p;; via 6(;; and émy;.
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Using relation (3.53b) we obtain the equation which one can write together
with (3.54a) in the case of uniform field in the following form (r; = 75)

FE§C0 = [1 4 16 Q)émig (3.55a)

[1 +(z— 1)f2F(2°)] 6Ciy =

= FO - 6+ f Y mirbmes . (3.55b)
rem;

Substituting F9)6(;, from (3.55a) in (3.55b) we obtain the closed set
of equations for §m;. Differentiating the last equation with respect to (;;

and using (3.44) we find the expression for dynamic susceptibility of the
reference system

N (C VI . ¢ . .
X(q,w) = mm, Q(w) = zw[l + ;(;zw], (3.06)

where x(q) = F3)(q) (see (3.29), (3.30)) and
7(0) L+ (z=-1)f2
7(q) = —————; 7(0) = 1 .
W= %00 "= T - -0
In the 1D case (z = 2, J(q) = 0) when the fields ¢ are absent ({ = 0)
from (3.56) (at ¢ = 0) one obtains the expression which coincides with the

well-known exact solution of kinetic equation (3.45) (see [46,53]). This one
gives (a = exp(-28K), g =q)

(3.57)

(@)= ey @)= S
xd " a? + (1 - a?)sin? ¢/2’ V=73 a? 4+ (1 - a?)sin?q/2°
(3.58)
In the work [54] the cluster solution of (3.45) ({ = 0) for x(q,w) at arbitrary
value of z was presented only at ( = 0, q = 0, and this result coincides

with (3.56). Let us now take into account the long-range interaction within
MFA. Now, as before, the equation for m; = (8;),4) has the form (3.45a)
but we use the system (3.55) in which 6¢;: = 6hit + Y Jir6mys- We find the
susceptibility ¥x(g,w) with the aid of derivative Lx,-j(t —t') = §myi/8hiy at
6hie = 0. This one leads to the relations of (2.7) and (3.56) type

x(w)  _ Ex(q)
1= J(@)x(q,w) 1+ Qw)lr(q)’ (3.59)

In the expressions for L'y(q) and “r(q) it is convenient to separate the part
that is independent on wave vector

_Ixo) O
“x(a) = 1T La(q) Pr(q) = TYLo(q)
Yo(q) = L920(q) + Lx(0)[Jo ~ J(q)); Jo = J(q — 0), (3.60)

“(qyw) =

where
P CR S S S & CRul V) AU B
Ex(0) = — 7 LT(O T Ta-Hp Ly = ma
D=1-(z-1f-JLFP1+/). (3.61)

If @ — 0 the expressions (3.60) coincide with the results of the works [55,56].
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4 Application of the two-particle cluster approx-
imation to the Ising model with the arbitrary
value of spin

In the present section we shall consider the Ising-type model with the arbi-
trary value of spin M taking into account only pair interaction (W({S5}) =
0). The series of concrete results we shall obtain at M = 2 for the Blume-
Emery-Griffits (BEG) model:

H({C}Y = _[GSi + (iSH + Y (K S:S; + K'S2S? (4.1)
; o

which was suggested in the work [57] for the investigations of phase tran-
sition in mixture of He3-He*. This model corresponds to the system with

the Hamiltonian (2.1) at M = 2 in the case I(i(;-w) = 6, KWy, Ji(f“’) =
6“,,J(“). In what follows below we do not write the index 1 and instead of
index 2 we use the prime symbol. Let us note, that at ¢’/ = —3—21\” the
Hamiltonian (4.1) describes the system with the bilinear interaction K 5;5;,
with the quadrupolar interaction K'(S57 — 8/3)(512 — 8/3) and with the ex-
ternal field ¢ [2]. Let us note that thermodynamic properties of the BEG
model were investigated by various methods [2] including TPCA. However
the calculation of correlattors have not been carried out untill present time.
We will computate here within TPCA the pair CFs for the IM with arbitrary
value of spin [37].

As it was noted in TCPA we can use the relation (2.22)-(2.26) with
si=2z,brp =1, W{R}) = 0. R = (12). Now the F-function of the system
under consideration takes the iorm

FUOY = (1= ) L RN +5 X Rl 680D (42)
1 1,r

The one-particle Hamiltonian and two-particle one in the case of BEG model

read [37):

Hi(51) = (151 + {'S%,

Q=G+ Y, v Q=0+ Y v, (4.3a)
rlEm r'emy

Hy12(5152) =2 5151 +2 C~1 512 +1 6232 +1 5253 + K55 + K'512522,

201 = (1 —2 915 201 =1 —2 9] (4.3b)

Let us write the expression for intracluster F-function of BEG model

Fy(61,E) = In 2[e* cosh 21 + 1/2] C (44a)
Fua(afa, o8t | 1oy 183) = In2 { et Gi)aer”

[ cosh 2( 261 + 1C2) + e~ K cosh 2( 26 — 1G2)] +

+e425§ cosh 220 + 116 cosh 2 162 + 1/2} . (4.4b)
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Similar to (3.5) we shall use the notations for derivatives

; — & H1 U2
C(/lﬁl 722) = Saiadunss + 3 Tgo(il iz) ’

'I'E?r,'l
. 6 . 6r(|0('u1)
M1 p2 ) _ (w1), Hi p2 ) _ 27y
C (ll i2 ) - 644(”2)@1 y r@ < 1 t9 ) 6C(“2) 1] (4.5a)
12 12
akyutkup) 7Yy _ O 9% ()
Fl ({Cl }) - 8[5§“)]kn a[é}’/)]ky Fl({c }) ’
Fl(fuu+k,,u|156+lze)({T(’:{.)} | {la)}) - (4.5b)
ak,‘ kv s dle

: - . P ({.CD 7).
AL A, a2 g, G TH G

Using the relations (2.5) and stationarity condition 5‘%;}1‘—’({((')}) = 0 one

can find the system of N(z 4+ 1)M equations in NZ unknowns (5%) and
NzM unknowns T(,af‘({g’(')},{l((')})

FO(54¢MY) = (51), = (517, = F{EY),  (1.6a)
FAE = (51 =
= (51", = FPOGCAH GO (4.6b)

When the long-range interaction is absent (4.6a) gives the system of equa-
(1)

tions for ;" while (4.6a) gives the expression for unary correlation func-

tion (S7),.

The system (4.6b) is identified to Nz independent relations between trial
one-particle p1(51) and two-particle py,( 51, 5,) density matrices (see (3.9)).
These relations and some other ones in which the quantities p;, py, and Uy,
have not explicit form remain the same form as in the case M = 1 (see
(3.11)-(3.13)). In particular, in the expansion of F-function the K-function
for the graph of (3.12) type give zero contribution. Similar to the case
M =1 the TCPA gives exact results for responces of the IM with arbitrary
M on the tree-lattice. Let us note that below we shall use the relation of
(3.10) type which we can write in the form

(SR (STDRa) = (51K (sM)Rmye (4.7)

Pir °
Further we shall present the explicit form for series of responses of BEG
model in TCPA over short-range interaction and in MFA over long-ran

e
interaction [37]. For the free energy function per site from (2.3) and (4.2%-
(4.4) we find

BLf = [+ Bt] 461G KK, (48a)

-8/ =(1- DM ZEE + 2 mZu(,0). (a8b)
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Here the notations are used
Zl(c"', EI) — 264661 cosh Qﬂf +1 s (493:)
Zia = 2eﬁ(82’+16K’+4K) [cosh 4,6’(:: + e'sﬂK] +

+4e*#¢ cosh 2[35 +1, (4.9b)
{=Ctzp, (=CH+(z=1)p; C(=h+Jom,

~ ~!

C=¢C+2e, ( =C+(x=-1¢"s  (=h"+Jsq, (49¢c)
m= <Si)’q= <Si2)7J0 =J(q— 0),.]6 = J,(q —0).

The system of four equations (4.6) for m, ¢, ¢, ¢’ on the basis (4.4)-(4.5)can
be obtained in the form

_ 4e48¢ sinh 268¢
RS
3 8¢48¢ cosh 2¢
__ Z1(¢,¢")
e*#¢ sinh 28¢ _
Zl((;:,a & ’
_ eB(8C +16K'+4K) ginp 4/3€ + e*%¢ sinh 268¢ , (4.10¢)
) Z12(¢,¢)
e4%¢’ cosh 2,35 _
AG
B0 +1K'+4K) (cosh 4 + e=K) + e cosh 26C

~ ~f

Z12(Z,€ )

Let us note that numerical investigation of system (4.10) at different values
of parameters of the Hamiltonian (4.1) in the case Jo = J§ = 0 is carried out
in the work [37]. Here it is also investigated the thermodynamic potential
and static susceptibility of BEG model.

The method of finding CF of IM with arbitrary value M is similar to one
described in subsection 3.2. But now the matrix relation over indices u, v
takes place. One can obtain from the expression (4.6a) the matrix relations

of (3.23) type connecting CF with derivatives from 5,(“ ). In the present work
we restrict ourselves to finding only pair CF. Thus differentiating (4.6b) with

: (4.10a)

: (4.10b)

. (4.10d)

respect to Cg‘”) we obtain the relation of (3.25) type

@12+ fir16r2 = firlras (4.11a)
frl P12+ 1@r2 = frlzl’.}- (4.11b)

Here the following notations and relations are used

fii = [ ﬁ}(z)] -1 ﬁ;(jll); B = ﬁ;_(]?o) : (4.12a)
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O = (Feq@p 57 = (PG 66D}
Gj = {C (’: IJ/)}, rfij = {MP (l: ‘;)} - (4.12b)

So expressing the matrices ,¢;; with the aid of f,-j and forming the closed

equation for g:,-j one can find at the case of uniform field the expression for

Z (q). On the basis of matrix relation of (3.23a) type we find the expression
for pair CF F()(q). It can be written in two forms [37]

FO(@) = FP [1 - (z- 1]+

(1- fy'fz0(a)] " (14 ), (4.13a)
[FO) ™ (@ = (1 - =) [FO] 7 4 2 [P0 4 po0] Ty
+ [FO@p)-1p@ _ p0) T e(g), (4.13b)

In the case of BEG model we shall present the explicit form of ma-
trix elements (intracluster pair CF), which are included in (4.13) (F(+1),

FO+00+1)) nondiagonal elements and I (I')denotes the number of deriva-
tives with respect to unprimed (primed) field [37]:

Fl2+0) _ g 488" [Qe"ﬁ'z' + cosh 2ﬂC~] z?,
plo+2) 32¢45¢' cosh 26¢

= , (4.14a)
FO+1) _ p+1) - 32¢*%¢ sinh 26¢

==t - 22 1

i
FO+OL+0) _ g 808 { (160K’ [4eﬁ(85 +16K') Ginh 88K +
+8e4ﬂ"; sinh 43 K cosh 8[32 +
+e*PK cosh 4ﬂZ - 6'46[(] — 2sinh? 2/62} A (4.14b)
FO+17]0417) _ Z3_388ﬁzl {eﬁ(lﬁKHK)[cosh 4,65 +e~8%1-2 cosh? 2,32} )
12
F(1+0;|0+11) _ F(0+1/|1+0/) _ _lg_egﬁ(‘:' {4eﬁ(4zl+l6k") sinh 2IHEX
12

x sinh 48K +ePUSK"+4K) sinh 48¢ — 2 sinh 28¢ cosh 2ﬁ2} .

Let us note that the form (4.13) is the typical one for TPCA. Formula
(4.13) gives expression for averaging over configuration of pair spin-spin
CF [58] in the case of Ising mixture with the quenched disorder of replace-
ment. Now the indices y, v number sorts of atoms; and intracluster CF
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contain averaging over sort configuration. In the case of the one-sort quan-
tum system (the Hamiltonian of such system contains different components
of spin operators §%) the form (4.13) gives expressions for the pair cu-
mulant temperature Green functions in the impulse-frequency representa-
tion [42,43]. Now the indices u, ¥ number the X, y, z component of spin
operators; (2 — ﬁ'(z)(wn), FOU , FP)(w,) are expressed with the aid
of intracluster Green functions.

5 Thermodynamics and pair correlation functi-
ons of KD,PQO, ferroelectrics in four-particle
cluster approximation

5.1 Statement of cluster expansion method. Intracluster
correlations function

We shall consider a system of deuterons moving on O-D..0 bonds in com-
pound of KD, PO, type. This compound is related to orthorombic symme-
try with the four molecules per West’s elementary cell which is characterized
by basic vector: |e;| = |e;| = 7.469A4, |es| = 6.975A. The unit cell of the
Bravais lattice is composed of two neighbouring PQ4 tetrahedra together
with four hydrogen (« =1, 2, 3, 4) bond relating to one of them (A - type
tetrahedron). Hydrogen bonds going to another (B - type) tetrahedron be-
long to four nearest structural elements surrounding it. Their coordinates
are ny, nj +rq, ny +rz, n;+ry. The projection of two neighbouring tetrahe-
dra on the plane (e x e3) as well as the effect of cluster fields on deuterons
are presented in the figure 2.

The Hamiltonian of deuteron subsystem taking into account short—ranse
interaction and taking into «.mnsideration long-range interaction Jua(n —n')
in MFA can be written as follows [32,33]

H{¢}H)= ECnaS'na - Z Vr({s}), (5.1a)
n,o R
1
VR({S}) = V('I’ll, ny, n3, n4) = {'8’ Z Vaa’sno;asna,a’ +
a,a’

1 :
+'i€q)5n11Sn215n335n44}{6n1ng6n1n36n1n4 + (51b)
+6n14r2,n20ny 473 ma ‘Sm +r4.m4 }s
Cna = hna + /\na; ’\na = Z Jaa’(n - n’)(sn’a’> . (5-1(:)

n'a!

Here S,, = +1 describes the position of deuteron in double well po-
tential which situates on ath hydrogen bond in nth cell of Bravais lattice,
ne = n + 1o where 7, is the radius-vector of the hydrogen bond a in the
present cell 7. In (5.1b) the first term (the first product of Kroneker sym-
bols) describes the short-range configurational interactions of deuterons near
”A” tetrahedra, the second term describes the same interactions near "B”
tetrahedra. Let us note that parameter J,o(n—n') includes also an indirect
deuteron interaction via lattice vibration. Further we shall use the following
well-known notations

1
Vig= Vs = Vaa = Var = =3 Wi = Vi,
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/
- R, P4,

\‘ / R¥3 /
\ /T //
\ Ry 2, R/l(pl/\l/ A

Ry \

~

Figure 2; Two neighbouring tetrahedra (A and B type) and lattice con-
structed from four-particle clusters in projection on the plane (e; X ej).
The tops of clusters coincide with the centres of hydrogen bonds. The effect
of cluster fields on sites of cluster lattice is denoted by pointers. The sites
of cluster Ry = R(R,) are numbered by indices iy = i(z'lg.

1
V13:V24=~6+5W1=Us,

® = 4¢ — 8W + 2Wy; €= € — €, (5.2)
W=€1—€3, lefo—és.

Here ¢,, €1, €0, €, are four different configurational energies for sixteen con-
figurations of deuterons near [PO4]*~ tetrahedra (see [4,5,32]). It is conve-
nient to nse the general index ¢ = (n;, ;). Let us decompose pseudospin
lattice into clusters, The cluster we shall take in the form of tetrahedron.
Its tops coeincide with the centres of hydrogen bonds. The projections of
the same clusters on the plane axb is noted by shade line (see figure 2). Let
us note that the lattice which is formed from the same clusters is similar
to deformated square lattice with chess decomposition of this lattice into
square clusters. Evidently that the structure of the Hamiltonian (5.1) agrees
with that of (2.1). So we shall use the relations of section 2 (starting from
(2.8)) at R = (1,2,3,4) when we shall perform the cluster expansion. In
the present work we limit ourselves to four-particle cluster approximation
(FPCA). Thus one may use relations (2.22)-(2.26). For reference F-function
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we write

F{¢H=- ZFm + > Fr({rC}), (5.3)
R
where

Fi({)=m2z({)=1n Spec.'s‘ =In2cosh(;,
Fr({r{}) = In Sperlls) = FR000) =

=ln Z{gggo) = FR(R;Ch RaC2, ReC3y R,Ca) =
= FR(ClaC2’<3’C4)’ (5.4a)
H({s}) = -Va({s}) + >_ r,(sSs,
feR
5J=Cf+2R:R<Pf; R,<f=ff— Rfcpfzzf. (5.4b)

The explicit form of cluster partition function is the following

1 4 z 4 =
5= z§;’g4 = 2acosh((, — C3) cosh(Cy — Cq) +

~Mmma @+Q m+wm&+@+@+aﬂ

+2b[C05h(C1 + Cs) COSh(Cz C4) (5-5)
+ COSh(Cl - Cs) COSh(Cz + C4)] )
a = e Pe b="PW, d=e M,

Let us note that we neglect general factor exp{(W; +4W + 2¢)/8} in (5.5).

It gives independent of temperature term in to free energy —3~ LFHCD.
Let us introduce the following notations for derivatives

31
FIG) = F(&); ¢%=——4$P, (5.6)

(6(,)’ ' ¢,y
0 0 0 p(0000),

Fipir= (Ef)l(?(g—’f)p Fiasg 5 1,

The system of equations for averages m; = (S;) and fields rp; is obtained
as in the previous section on the basis (2.5) and stationarity condition of

F({¢}) with respect to ge; (Ym; = m;)

f=(1,2,3,4)= (R).

= k() = PO(G) = tanh §;, (5.7a)
Fl(l)(CI) = Fl(,l})i,.; r=0,1. (5.7b)

~ Here index r numbers two clusters » = 0,1 which contain bond 1 (see

figure 2) Therefore there are two fields per one site. Then the system
(5.7b) gives 8N equatlons in 8N unknowns ry; where N is the number of
A (or B) tetrahedron in the crystal. We have one equation (5.7b) for the
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field ¢ in the case of uniform field. The system (5.7b) is equivalent to the
following system of equations

P1(51) = 5Psy, 8554, PR(515 S2ry Sars Sar) - (5.8)

In particular from (5.8) the relation between intracluster CF follows:
-~ 1 c
(8115, = FP(Q) = AR = (S5, (5.9)
One can obtain the relation for moment function from (5.8)

M(R) = S§p1234p19203p4€"% = Spo3.4p2p3pse’® (5.10)

One can carry out the investigation of diagrams for F-function and ($;) =
%F in the higher order of cluster expansion similar as it was done in
the case of two-particle cluster. This investigation leads to conclusion that
FPCA gives the exact results for all characteristics of the system with the
Hamiltonian (5.1) in the case of tree-like lattice. This lattice is constructed
on the basis of tetrahedra. It can be formed from two-particle tree with
z = 4 if all sites will change by tetrahedra. Now let us write some results
in the homogeneous field. The free energy per tetrahedron in FPCA taking
into account long-range interaction in MFA reads (m, = m):

f= —kTTf(h) = %O—)mZ + 4kT1n 2 cosh 8¢ — 2kT'In ZR(E) ,
%ZR(E) = 2a + d + 4b cosh 28¢ + cosh 44¢ (5.11)

The eigenvalue v1(gp) of the matrix J,4(do) reads:

11(go) = J11(do) + J13(do) + 2J12(do) , (5.12)
where ¢ is the vector belong to the wave vector’s star {qo} (¢ — 0)
{QO} = iqm:a iéﬂy; qAOx = (6,0,0); QOy = (O, 6)0) . (5'13)

Fields (, E contain the eigenvalue 11(gp) via molecular field 1y (§o)m:

(=C¢-20; {=C—¢; (= h+n(Go)m. (5.14)

The system of equations for m, ¢ which follows from(5.7) reads
m = tanh 8¢ = 4sinh 28¢ [b + cosh 26¢] Z51(C) . (5.15)
Evidently from the first equation of (5.15)we can obtain the expression for

® = ¢(m) and we can reduce (5.15) to one equation for parameter m.
Further we shall use also the following intracluster CF (we present them

only at (; = ()

FO = m = tanh 66;  FO =1-m?,
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—d + cosh 4 ¢ . 1-d
Fl(() F]g. lBC _ m2 T>T.

ZR(Z) - 142 +4b+d’
(11) +d — 2a + cosh 4,6(,: _ 2 T>Te 1—-2a+d
F2(C) Fi3p=2 ZR(E) m 1+2a+4b+d’
F = FGY = Fi = Fih = FL, (5.16)

1 11
Fy = F3= Fan:

5.2 Pair correlation functions of the reference system

The procedure for obtaining CFs of the reference system is similar to men-
tioned above in the case of two-particle cluster. From (2.5) and (5.7) one
has

QL — 1(2) (2)
<SS ) - P CIJ L N (5-173)
é
C1(.71) = @C‘ = 6'.7 Z R‘SOU ' RY SOEJ) = EC_R'S"zy
(1) 6z
Gij = EC' = bij —R; ‘PS) = C(l) + RYij - (5.17b)
J

For obtaining equation for f,(]l ) we differentiate (5.7b) with respect to (.

This leads to relation (the nc*ations R, R, 1, 2, 3., 4, correspond to figure
2)

1 11 1 1 11 1
A )+ Fin) s ket + ) -
~FhR 07 - P & - PR Gy - (5.18)
After cyclic permutation of the indices 1, 2, 3, 4, in (5.18) we shall find
another three relations of (5.18) type. One can write for cluster Ry four

equation of the same type. Let us present these equations for cluster R,
(r =0,1) in the matrix form

L (11 1 ‘
e + B Rep(y) ;= —FRDG (5.19)
PO = (FPeypy; FRY = (a1 - 650))

Rr(p(r) WJ = { r‘pz_y } C(r )i = {C(l)} (5.20)

Here F(2), F(11) are the square matrices. They are formed by indices f, f' =
(1)
1r,2r,3-,4,. The columnar matrices g (), ¢; are formed by index j =
1,2,3,4.
In the following we consider only uniform case. Then on the basis of
two matrix equations (5.19) (writen at 7 = 0 and = = 1) and after some
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transformations we obtain the matrix equation

—-ZS) + 615 258)
el + el _ 4 Gy + G, (5.21)
G+ T+ | '
Do)\
where v
A=[F® 4 par) pon, (5.222)
0 i P, K
FO = (FO)5, 3, pOD = fi FOI F01 % . (5.22b)
F, F,, F{ 0

It is necessary to obtain the closed equation for f}; ) from (5.21). Therefore
we find the first element at the left hand side of (5.21)

P ray=- Y TV -2Zl0,  (5.23a)
r e R,Ii]
r#1
r# 1 Ay = Ay = Ay Ap=An. (5.23b)

Let us introduce matrices M~! and M. They are connected one with
other as A and A™!

M=(1-A)" =14 F)1p0),  g=1-Mm1,

=1

(M= (M Yary = (M7 (o= (M e (5.20)
Then the equation (5.23) for ff;) takes the form
S (ot =20 ol = (T 3 Y =~y (5.25)
r€ER1 Ry
*
Taking into account (5.17) we write the equation for the reference CF F'(2)
(61, [—= — 2P| — P, }FD = g, (5.26
Z lr[m" 0= frflypy = —015 - - )
réfi Ry
Here the matrix F' is defined as
P=M2(pOHY=1 Pt = p(@) () (5.27)

Let us return to complex notations of bonds i = (n;, ;) for relation (5.26).
We shall express the basic vectors of the Bravais lattice cell a;, as, as in
terms of vectors of the West’s cell e,
1 1
a; = 5[—61 +e;+e3]; ay = '2'f81+ez+ea]; a3 = ey,

b] =27 [—E] + eg]; b2 =27 [el + 63]; b3 =2r [62 - 83] . (528)
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Here b, are the basic vectors of reciprocal lattice. Then after Fourier trans-
formation over n the relation (5.26) takes the form

1
Z{‘Sam[m — 2Po] = Pacy (Q)}FEL() = ~bac
oy
{(1-m*)™ = P(q)}F(q) = -1, (5.29)
Here the matrix P(q) has the form

P21(Jo) Pzal()q) ?qu ;z%qg
P@=|p@ P 2k Pia) | (5.30)
Py(q) Ps(qa) Ps(q) 2P

. 1
Py(q) = 2P;cos %; Py(q) = 2P cos Z(qz —qy +4z),
1 1
Ps3(q) = 2P, cos Z(Qx + gy + q.); Pa(q) = 2P cos Z(Qz' +q,-¢),
1 1
PS(Q) = 2P1 cos Z(Q:v — Gy — Qz); Pﬁ(q) = 2P2 cos qu . (5'31)

The quantities Py, Py, P, are expressed in the terms of functions F®) R,
F3 with the aid of the relation

%P(q =0)=P= [F(z) + F(“)]_l . (5.32)

Here q,, gy, ¢, are projections of dimensionless wave-vector q on the vectors
e, and in the first Brillouin zone g, € [-7, 7). From (5.32) we find

Po =D Wy P, =D, P, = DU, (5.33a)
1 Zr
2P, = (F®? ==
P0+ 1+P2 ( +2F1+F2) 8C4+bC2—0.5ZRm2’
1z
- P =(F® _py1=__2F i
Py 2 (F - R) St ta’ (5.33b)

D= §—2(bcz + a)(beg + d)(ca + bez — 0.5Z,m?)
R

Uo = (3hca + a + 2ab + 2d) + (4b + 3d)bez + ad —

—0.5Zrm%(2cq4 + 2bc2 + d) — —;)—Z}’{m2 ,

Uy = —(eq — d)(bez + a) + 0.5Zrm*(bes + a) (5.33¢)
Uz = (=bey + @ — 2d)ey + (2a — d)bey + ad —

~0.5Zrm?(—bey + a — 2d) — -;—Z%m“ ,
cq4 = cosh 4,65; ¢y = cosh 2ﬂ2.
Let us note that relations of (5.29) at T > T, were obtained firstly in [34)].

The method developed in this work is acceptable only in the case T' > T,.
Moreover in [34] the Sleter model corresponding to the Hamiltonian (5.1)
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at ® = 0, was considered. For the mentioned above cases the matrix (5.30)
coincides with corresponding matrix of [34].

The components of susceptibility tenzor (see next subsection ) will con-
tain only certain eigenvalues of matrix P(q). Therefore we shall consider
the procedure of diagonalizing of equation (5.29). Let us introduce nota-

tion for eigenfunctions Uy,(q) and eigenvalues ¢,(q) of matrix P(q)— 2P[.
After unitary transformation we obtain

@) = 1t @F @)@y FO(q) = D@)F (@) ),

FA@) = S Usu(@)ED (@)U a),

F@) = [eula) + 2P0~ (1-m?) 7] 7" (5.34)

Here quantities €,(q) are to be found from the equation

6
et =D Pf(a)le - 2[Pi(q) (P2(q) Pa(q) + Ps(q)Ps(q)) +
f=1
+Ps(a) (P2(q)Ps(q) + Ps(a)Ps(Q))] e + P(q) Pé(a) +
+P;(Q)F5(a) + Pi(a)Pi(a) — 2P;(a)Ps(a) Pu(q) Ps(q) —
—2P1(q)Ps(a) [P2(a)Ps(q) + Ps(a)Pa(q)] = 0. (5.35)
We consider such values q for which the problem of eigenfunctions and

eigenvalues due to the symmetry of P(q) may lead to solution the equations
of second order. For the values q = (g, ¢, ¢,) we find

2e12(q) = P3(q) + Pu(q) £ /Diy(q).

2e34(q) = —P3(q) — Pa(q) £ /D1y(q), (5.36a)
DH(q) = [Pa(q) = Py(a)]* + 4[Pi(q) £ Po(q))* ;

(pi%qg wltzgqg wﬁ_(?)) sofg(?))

_ | Y1144 il —¢nld) —¢120q ]

VO 0@ —eh(@ vnl@) —ent@ |’ O3
ehia) —¢h(a) —enla)  enq)

P11(a) = —¢3s(q) = —\}—5 [146rs(a)]"/?,

—ér 1/2
@f(q) = %, (5.36¢)

P3(q) — Py(q)
Pi(q)+ 6Py (q)

1 1/2
rs(q) = 5Rs(a) [1+ 3 R¥@)] "5 Re(a) =
For the values q = (g¢z, gy, 0) we obtain

2¢1,3(q) = Pi(q) + Ps(q) £ 1/ D3(q),
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2¢3,4(q) = —Pi(q) — Ps(q) £ 1/D3y(q), (5.37a)
Di(q) = [Pi(a) — Ps(@)]’+4[Ps(q) = Pa(a)]”;

sozlgqg @izgqg sol:lgqg 901'2_(21))

_leh@) ofi(a)  enld)  -en(q

Ula) = w%“f(q) spﬁ(q) —éf‘l(q) —@i‘:(q) ' (5.37)
ehla) —¢fi(a) —vild)  enla)

1/2
<P?1(‘1) 9722( ) ___[1+6:/5§(q)] ’
—§r 1/2
el(a) = % (5.37¢)
Rs(a) 1o, (V2 _ Pi(q) - Ps(q)
rs(a) = 252 [1+ 1 R¥(@)| | Rifa) =

Let us note that in [34] the eigenvalues were obtained only for vector
q = (g, ¢, ;) and the long-range interaction was not considered.
5.3 Susceptibility of KD, PO, system

The tensor of isotermical susceptibility of K" Dy PO, system can be expressed
in terms of the pair CF L.F(ﬁ (q) taking into consideration long-range inter-
action in MFA in the following way

Xab(@) = ¥ dandsn “F(q),

. . -1 . -1
L) = {[#0@)] " - s} (5.382)
doz = dc; dy = diy = _d.'}x; dyy = dgp =0,
dy = dgy-= —d4y; dly = —d3y =90. (538b)

Here d,, is an effective dipolar moment of hydrogen bond. It contains
the contribution of ionic subsystem via spin-phonon interaction. We write
the longitiudinal and transversal components of tenzor x,4(q) in terms of

eigenfunctions W,,(q) and eigenvalues f',@(q) of the matrix L.Tfﬁ)(q).

x:+(q) = d? Zf Na)fia); fula) = Zqu(q
Xzo(q) = di quz)(Q) Wiu(q) - WSM(Q)] ) (5.39)
m

Xy () = d2 3 F(q) Wau(a) — Wau(q)] .

The symmetry of matrix F(2)(q) which is related with the symmetry of

madtrix f’(q) at arbitrary value of q does not coincide with the symmetry
of matrix J,g(q). Here we consider only such values of g when P(q) and
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1(q) has equal eigenfunctions. Then on the basis (5.38a) and (5.34) one can
write

FP@) = [-(1-m?)™ 4 2R+ eu(a) - val@)]
eu(q) = Z Wau(q)Paa’(q)Wa’u(q) - 2-PO y

X%

vu(q) = Z Wau(‘l)Jaa'(q)Wa’u(q)' (5.40)

a,a’

We present here several cases of application of relation (5.40). At q — 0 we
use the expressions for J,5(q) from [59]

L.q=¢, = (0,0,(]2)

511%@:3 512%@3 jlsng; jmng%

Fray 129: 11(9= 12(9> qz

T = T2 Dal@e) (@) (e | (5-41a)
J12(ﬁz) JlS(éz) JIZ((iz) J‘ll(@z)

Tn(d:) S Iy ey Jia(@) 2 e,

J1a(d:) = s — 4z, (5.41b)
. 1 1 1 1

N 1 1 -1 -1

W(§.)=U(4:) = sl1 -1 1 1o (5.41c)

1 -1 -1 1

VI,S(qz) = Jll(‘jz) + JlB(‘jz) * 2J12(qnz) q;_—_;O J11 + J13 + 2J12 ,

v2(d2) = F1(d:) — J13(8:) == Jiy — J13 + 2, (5.414)

€1,2(4z) = 2[P2 £ P; cos Z—z], €34(4;) = —2P,,

%d(L)z) = {2(Po + 2P + P;) — 8Py sin® % —(1=m*)™ — (g},

Xaa(q\z) — {2(P0 _ P2) _ (1 - m2)-1 _ 1/2((1 )}—1. a=u2a,y. (5.418)

2(2d,)? =) ’

2.q=4=(6¢0),e—0

Julq) Ji2(@) Jis(@)  J1a(4)
J(§) = J12(4)  Ju(d) Jua(q)  Jia(4)
Jia(4)  Jra(d) Jn(q) Jr2(g)
Jug(§)  J1a(§) Ji2(d)  Tni(d)

Jll(‘i) = Jll + Ary; Jl2(‘j) = J12 + Ary

, (5.42a)

J14(4) = 12 — agy; J13(§) = J13 — agy, (5.42b)
1 1 1 1 1
70 s 1 1 -1 =1
Wo=U@=57 5 1 _1]- (5.42c)
1 -1 -1 1

v1,3(9) = J11(§) + J13(§) £ [J12(§) + J14(§)] = Ju1 + Jaz £ 2J12,
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v2,4(§) = Ju(§) — J13(@) £ [J12(d) — J14(d)],
V2(Q) = Jll - J13 + 4(1/3;1/; l/4((j) = Jll - J13 , (542d) _
51,3(Q) = 4P + 2P; 6274((3) = -2P,,

?2:1(?2) = (AP + 2P + B) = (L-m) = (@)},

E(;;c(,()j?) - u§2:,4{2(P0 ~P) = (1-m) =, (§)). (5.42¢)

3. q=a,2 = (¢0,0), 5 =(0,¢6,0),e = 0

Ju((:l) le(@) Jiz(a) Jyo(a

) (@)
J(a) = J12(£nl) Jaa(a) Jia(a) J24Eg , (5.43a)

(@) = Ju +b(a);  Jo(@) = I + a(d),
J13(d) = J13 - b(fl), J24(d) = J13 - a(&) y (543b)
Ji2(a) = Jiz; b(a) = a(a),

. 1 1 V2 0

ey _ sy L1 10 V2

W(a)=U(a) = 501 1 —v3 0 , (5.43¢)
1 -1 0 =2

1/1»3(‘” = Ju(a) + Jia(a) & Ji2(@) = Ju + Jiz £ 2J12,
v2(§) = Ju(a) — J13(@) = Ji — Jiz + 2b(a),

va(q) = Joa(@) — Joa(d) = Jiy — Jiz + 2a(a), (5.43d)

€1,2(9) = 4P + 2P; €3,4(q) = —2P2,

2":"‘5(‘1)2 ={2(P+2P+ P) - (1-mH)™ ' —1n(§)}, (5.43¢)
(2d)

Xaa(§) _ | 2y-1 -1, _ ] 2, a=2

2(2da)2 - {2(P0—P2)_(1—’m’ ) _VLL(Q)} s = 4, a=1y

More detailed investigation of ¢~dependence for susceptibility of K Dy POy
system will be carried out in the separate paper.

6 Conclusion

Thus in the present work we have suggested the cluster method for compu-
tation of the correlation functions of the Ising-type systems with short-range
interactions and with arbitrary value of spin. The method is based on the
calculation of generating function (that is the logarithm of partition func-
tion for a system in nonuniform external field). Here we restricted ourselves
only to the first order of cluster approximation for generating function, The
investigation of some models (S* = 1, §% = —2,0,+2) has been carried
out within two-particle cluster approximation. The static susceptibility of
K Dy POy crystal has been obtained within four-particle cluster approxima-
tion.
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The obtained here form of equations for CFs is similar to the form which
one can obtain within random phase approximation (molecular field approx-
imation for generating function). Moreover in the case of Bravais lattice the
q-dependence of CFs is similar to one obtained within random-phase ap-
proximation. Nevertheless within cluster approximation we obtain the more
precise expressions for the temperature depending coefficients. In the case
of tree-like lattices, in particular, for 1D lattices, the cluster approxima-
tion gives the exact expression for all static characteristics of the Ising-type
systems. The more detailed study including numerical calculations of ex-
pressions obtained in the present work will be given elsewhere.
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