UDC 548:573.611.44; PACS 75.10.H

TWO-PARTICLE CLUSTER APPROXIMATION FOR ISING TYPE MODEL WITH ARBITRARY VALUE OF SPIN. CORRELATION FUNCTIONS OF BLUME-EMERY-GRIFFITHS MODEL

S.I.Sorokov, R.R.Levitskii, O.R.Baran

Institute for Condensed Matter Physics of the Ukrainian National Academy of Sciences 1 Svientsitskii St., UA–290011 Lviv–11, Ukraine

Received January 25, 1997

The Ising type model with arbitrary value of spin is investigated within the two-particle cluster approximation. For this model on hypercubic lattices the expressions for the pair correlation functions in ⃗q-space are obtained. For Blume-Emery-Griffiths model (S = 1) on a simple cubic lattice with bilinear K, biquadratic K^′ interactions and single-ion anisotropy D, a projection of the phase diagram on D/K − K^′/K plane is constructed. The temperature dependences of ⟨S^z ⟩, ⟨(S^z )^2⟩ and pair correlation functions at ⃗q = 0 are calculated at various values of parameters D/K and K^′/K.

1. Introduction

Among pseudospin systems studied theoretically, a great attention is paid to Ising-type models, that is, to systems with the Hamiltonian containing only z-component of pseudospin. That is so due to relative simplicity with which approximate calculations for these models can be carried out and tested and possibility of their application to a wide class of real objects. Thus, the Blume-Emery-Griffiths model (BEG) corresponding to the Isingtype model with η = 2 (hereafter S^z = −η, −η+2, . . ., η−2, η) was proposed for the investigation of phase transitions (PT) in He_3 − He_4 mixture [1]. A general form of the Ising-type model with η = 2 contains extra terms, as compared to the BEG model, like S^z_i (S^z_j )^2. It is used [2,3] for description of external pressure influence on ferromagnetics (η = 1), for investigation of crystals with ferromagnetic (η = 1) impurities, three-component nonmagnetic alloys, two-component lattice liquids etc. The Ising-type model is proved to be useful in studies of tricritical behaviour of anisotropic ferromagnetics F eCl_2 and DAG, of pressure-induced structural phase transitions in NH_4Cl and KH_2P O_4 [2,4].

For compounds described by pseudospin models with essential shortrange correlations, the cluster expansion method (CEM) [5-7] is the most natural many-particle generalization of the molecular field approximation (MFA). It should be mentioned that the CEM gives much better results at temperatures far from transition point. Within CEM, an infinite lattice is replaced with a cluster with a fixed number of pseudospins, the influence

© S.I.Sorokov, R.R.Levitskii, O.R.Baran, 1997 ISSN 0452{9910. Condensed Matter Physics 1997 No 9 (57{87) 57

58 S.I.Sorokov, R.R.Levitskii, O.R.Baran

of rejected sites is taken into account as a single external field φ(S), acting on boundary sites of a cluster. The first consistent formulation of the CEM which allows to determine corrections to free energy related to cluster interaction, was made in [8]. The first order of CEM is called cluster approximation.

Despite a number of papers where CEM is applied to calculation of physical characteristics of various substances, we are aware only of a few ones where pseudospin models with a spin value η > 1 are considered. Thus, in [9] two-particle cluster approximation (TPCA) was applied to Heisenberg model with spin η > 1, with the dependence of the variational field φ on spin value being neglected. This neglecting gave qualitatively wrong results even for Ising-type model with η = 2 [3]. In [10] the BEG model was studied within TPCA. Even though the dependence φ(S) was taken into account here, the coefficients of expansion of variational fields φ in powers of pseudospin (φ(S) = φ^{(1)} + φ^{(2)}S) were taken to be equal, up to constant terms, to ⟨S⟩, ⟨S^2⟩, what gave results close to those of MFA.

For investigation of thermodynamic properties of BEG model, other approximate methods also were widely used. In particular, in a series of papers [11-15], equation chains obtained on the basis of Callen identities are closed with the help of the simplest decoupling ⟨S_1S_2. . .S_k⟩ ≈ ⟨S_1⟩⟨S_2⟩ . . . ⟨S_k⟩. Calculated in such an approximation transition temperature T_c for the case of η = 1 [16] differs from results of numerical methods more significantly than the T_c calculated in TPCA does.

The PT of the BEG model at negative values of single-ion anisotropy and positive values of bilinear and biquadratic interaction were studied in [17] within the constant-coupling approximation, which results correspond to the TPCA results. The three-dimensional phase diagram was constructed, and temperature dependences of dipole and quadrupolar moments were obtained for some values of Hamiltonian parameters. In [18] the Bethe approximation (results of this approximation also correspond to the TPCA results) was used for investigation of the BEG model at arbitrary values of single-ion anisotropy and biquadratic interaction. Particular attention was paid the case of antiferro biquadratic interaction. Obtained results were compared with those of Monte Carlo method. We also should mention the results of studies of BEG model within the high-temperature expansion [19] and Monte Carlo methods [20,21]. To our best knowledge, only thermodynamic properties of the considered models have been studied so far.

The goal of this work is to develope a two-particle cluster approximation for calculation of thermodynamic characteristics and correlations functions (CF) of Ising-type model with an arbitrary value of spin and investigate the Blume-Emery-Griffiths model within this approximation.

2. Problem formulation

We consider a pseudospin system with S = S^z = (−η, −η + 2, . . ., η − 2, η), described by the Hamiltonian H ( {h^{(·)}} ) = −βH = η∑ n=1 N∑ i=1 h^{(n)}_i S^n_i + (2.1) 1 2 η∑ n=1 η∑ m=1 ∑ i,δ K^{(nm)}S^n_i S^m_{i+δ} + ∑ i,j J^{(nm)}_{ij} S^n_i S^m_j .

Ising type model with arbitrary value of spin 59

Here K^{(nm)} and J^{(nm)}_{ij} are the constants of short-range and long-range in-

teractions, respectively; the notation H ( {h^{(·)}} ) means that H is a function

of (h^{(1)}_1 , . . ., h^{(1)}_N , . . ., h^{(η)}_1 , . . ., h^{(η)}_N ). The factor β = (k_BT )^{−1} occurring in h^{(n)}_i , K^{(nm)}, J^{(nm)}_{ij} will be written explicitly only in some final formulas. As a particular case we consider Blume-Emery-Griffiths model (η = 2) with long-range interaction: H = N∑ i=1 [ Γ_iS_i + D_iS^2_i ] + 1 2 ∑ i,δ [ KS_iS_{i+δ} + K^′S^2_i S^2_{i+δ} ] + (2.2) 1 2 ∑ i,j [ J_{ij} S_iS_j + J^′_{ij} S^2_i S^2_j ] . Here Γ_i is an external field, D_i is a single-ion anisotropy, K and K^′ are the constants of bilinear and biquadratic short-range interactions; J_{ij} and J^′_{ij} are those of long-range interactions.

Within the molecular field approximation in the long-range interaction, the Hamiltonian (2.1) can be expressed as H ( {h^{(·)}} ) =^kH ( {æ^{(·)}} ) − 1 2 η∑ n=1 η∑ m=1 ∑ i,j J^{(nm)}_{ij} ⟨S^n_i ⟩⟨S^m_j ⟩ . (2.3) The following notation for the reference Hamiltonian is used kH ( {æ^{(·)}} ) = η∑ n=1 N∑ i=1 æ^{(n)}_i S^n_i + 1 2 η∑ n=1 η∑ m=1 ∑ i,δ K^{(nm)}S^n_i S^m_{i+δ} , (2.4)

æ^{(n)}_i = h^{(n)}_i + η∑ m=1 N∑ j=1 J^{(nm)}_{ij} ⟨S^m_j ⟩ . (2.5)

The function F ( {h^{(·)}} ) (logarithm of the partition function) within the MFA in the long-range interaction reads: F ( {h^{(·)}} ) = ln Sp_{{S}}e^H =^kF ( {æ^{(·)}} ) − 1 2 η∑ n=1 η∑ m=1 ∑ i,j J^{(nm)}_{ij} ⟨S^n_i ⟩⟨S^m_j ⟩ , (2.6) where^kF ( {æ^{(·)}} ) is a logarithm of the partition function of the reference

system (2.4).

Correlation functions (cumulant averages of spin operators calculated with the Gibbs’ distribution with H) of the considered model will be evaluated as:

⟨(S^{n1}_{i1} )^{ν1} . . . (S^{nk}_{ik} )^{νk} ⟩^c = δ^{ν1} δ(h^{(n1)}_{i1} )^{ν1} . . . δ^{νk} δ(h^{(nk)}_{ik} )^{νk} F ( {h^{(·)}} ) ; (2.7)

and CFs of the reference system as:

k⟨(S^{n1}_{i1} )^{ν1} . . . (S^{nk}_{ik} )^{νk} ⟩^c = δ^{ν1} δ(æ^{(n1)}_{i1} )^{ν1} . . . δ^{νk} δ(æ^{(nk)}_{ik} )^{νk} kF ( {æ^{(·)}} ) . (2.8)

60 S.I.Sorokov, R.R.Levitskii, O.R.Baran

From the expression for the F -function (2.6) we can easily derive some relations between single-site CFs of the reference system (2.4) and those of the general system within the MFA in long-range interactions (2.3): ⟨S^n_i ⟩ = δ δ(h^{(n)}_i ) F ( {h^{(·)}} ) = δ δ(æ^{(n)}_i ) kF ( {æ^{(·)}} ) =^k⟨S^n_i ⟩ . (2.9)

For the sake of simplicity, we present relations between pair correlation functions for the BEG model (2.2) only. These relations can be obtained from (2.9) (n = 1, 2 ; J = J^{(11)}, J^′ = J^{(22)}, J^{(12)} = J^{(21)} = 0). Using matrix notations in the indices i, j and performing Fourier transformation, we get a system of four equations relating ⟨S^nS^m⟩^c_{⃗q} and^k⟨S^n 0 S^m 0 ⟩^c_{⃗q}. In a

matrix form it reads ^b(⃗q) =^k^b(⃗q) +^k^b(⃗q) ( J_{⃗q} 0 0 J^′_{⃗q} ) ^b(⃗q) , (2.10) ^b(⃗q) = ( ⟨SS⟩^c_{⃗q} ⟨SS^2⟩^c_{⃗q} ⟨S^2S⟩^c_{⃗q} ⟨S^2S^2⟩^c_{⃗q} ) ;^k^b(⃗q) = (_k ⟨SS⟩^c_{⃗q}^k⟨SS^2⟩^c_{⃗q} k⟨S^2S⟩^c_{⃗q}^k⟨S^2S^2⟩^c_{⃗q} ) . (2.11)

From equation (2.10) one can easily find the pair CFs of the BEG model expressed in terms of pair CFs of the reference system, the long-range interactions taken into account in the MFA.

3. Two particle cluster approximation in short-range interactions

In this section we consider the reference pseudospin system with Hamiltonian (2.4). Let us divide the lattice into two-particle clusters. As ∑_η n=1 r φ^{(n)}_i S^n_i we denote an operator of the effective field created by the site r and acting on the site i, provided that the site r is a nearest neighbour of the site i (r ∈ π_i). Apparently, when the lattice is divided into the twoparticle clusters, the number of fields acting on the given site is equal to the number of the nearest neighbours z. We transfer from summing over lattice sites to summing over clusters [22]: 1 2 ∑ i,δ K^{(nm)}S^n_i S^m_{i+δ} = ∑ (1,2)

K^{(nm)}S^n_1 S^m_2 ; (3.1) ∑ i ∑ r∈π_i r φ^{(n)}_i S^n_i = ∑ (1,2)

(_2

φ^{(n)}_1 S^n_1 +^1φ^{(n)}_2 S^n_2 ) . Using (3.1), we can write the reference Hamiltonian (2.4) in the form kH ( {æ^{(·)}}, {φ^{(·)}} ) = ∑ 1 H1 ( {æ̃^{(·)}_1 } ) + ∑ (1,2)

U_{12} , (3.2)

provided that H1 ( {æ̃^{(·)}_1 } ) = η∑ n=1 æ̃^{(n)}_1 S^n_1 ; æ̃^{(n)}_1 = æ^{(n)}_1 + ∑ r∈π_1 r φ^{(n)}_1 , (3.3)

U_{12} = η∑ n=1 ( −2φ^{(n)}_1 S^n_1 −^1φ^{(n)}_2 S^n_2 + η∑ m=1 K^{(nm)}S^n_1 S^m_2 ) . (3.4)

Ising type model with arbitrary value of spin 61

Notation H_1 ( {æ̃^{(·)}_1 } ) means that H_1 is a function of (æ̃^{(1)}_1 , . . ., æ̃^{(η)}_1 ).

For^kF ( {æ^{(·)}}, {φ^{(·)}} ) we have: kF ( {æ^{(·)}}, {φ^{(·)}} ) = ln Sp_{{S}} exp [_k H ( {æ^{(·)}}, {φ^{(·)}} )] = (3.5) ∑ 1 F_1 ( {æ̃^{(·)}_1 } ) + ln⟨exp (∑ (1,2)

U_{12} ) ⟩_{ρ0} ; ⟨A⟩_{ρ0} = Sp_{{S}} ( ρ_0({S}) · A ) ; ρ_0({S}) = ∏ 1 ρ_1(S_1) = ∏ 1 exp(H_1) Z_1

. (3.6)

Here we introduced the following notations for the single-particle F_1-function:

F_1 ( {æ̃^{(·)}_1 } ) = ln Z_1 ( {æ̃^{(·)}_1 } ) ; Z_1 ( {æ̃^{(·)}_1 } ) = Sp_{S1} exp [ H1 ( {æ̃^{(·)}_1 } )] . (3.7)

Let us restrict ourselves to the first order of the cluster expansion [22]. Then^kF -function can be written as a sum of single-particle and two-particle intracluster F -functions kF ( {æ^{(·)}}, {φ^{(·)}} ) = ∑ 1 F_1 ( {æ̃^{(·)}_1 } ) + ∑ (1,2)

ln⟨exp(U_{12})⟩_{ρ0} = (3.8)

(1 − z) ∑ 1 F_1 ( {æ̃^{(·)}_1 } ) + 1 2 ∑ 1,2 F_{12} ( {2æ̃^{(·)}_1 }, {^1æ̃^{(·)}_2 } ) , where the two-particle F_{12}-function reads:

F_{12} ( {2æ̃^{(·)}_1 }, {^1æ̃^{(·)}_2 } ) = ln Z_{12} ( {2æ̃^{(·)}_1 }, {^1æ̃^{(·)}_2 } ) = (3.9)

ln Sp_{S1,S2} exp(H_{12}) , H12 ( {2æ̃^{(·)}_1 }, {^1æ̃^{(·)}_2 } ) = H_1 ( {æ̃^{(·)}_1 } ) + H_2 ( {æ̃^{(·)}_2 } ) + U_{12} = (3.10) η∑ n=1 ( 2æ̃^{(n)}_1 S^n_1 +^1æ̃^{(n)}_2 S^n_2 + η∑ m=1 K^{(nm)}S^n_1 S^m_2 ) , 1æ̃^{(n)}_2 = æ̃^{(n)}_2 −^1φ^{(n)}_2 = æ^{(n)}_2 + ∑ r2π2 r6=1 rφ^{(n)}_2 . (3.11)

Let us consider now the^kF -function. Using the method, proposed in [23] for the case η = 1 we can obtain equations for ⟨S^n_1 ⟩ =^k⟨S^n_1 ⟩ and cluster fields^rφ^{(n)}_1 . From (2.8) and (2.9) we get:

⟨S^n_1 ⟩ = ∂^kF ∂ æ^{(n)}_1 + ∑ i ∑ r∈π_i ∑ m ∂^kF ∂^rφ^{(m)}_i · δ^rφ^{(m)}_i

δ æ^{(n)}_1

. (3.12)

Taking into account the fact that^kF -function (3.8) is a sum of single-particle and two-particle F -functions and making use of the notations (3.3) and

62 S.I.Sorokov, R.R.Levitskii, O.R.Baran

(3.11), we get the following expressions for the partial derivatives of^kF - functions: ∂^kF ∂ æ^{(n)}_1

= (1−z) · F_1

(_1 n | |) + ∑ r∈π_1 F_{1r} (_1 n | |) , (3.13) ∂^kF ∂^{r1} φ^{(n)}_i = (1−z) · F_i (_1 n | |) + ∑ r∈π_i F_{ir} (_1 n | |) − F_{ir1} (^1_n | |) ; (r_1 ∈ π_i). (3.14)

Here we use the notations for the partial derivatives of the single-particle and two-particle F -functions – the single-site and pair intracluster CFs: F_i (_{ν1} n1 | |^ν2_{n2} | | ···^νk_{nk} | | {æ̃^{(·)}_i } ) = ∂^{ν1} ∂(æ̃^{(n1)}_i )^{ν1} ··· ∂^{νk} ∂(æ̃^{(nk)}_i )^{νk} F_i ( {æ̃^{(·)}_i } ) , (3.15) F_{ir} (_{ν1} n1 | |^ν2_{n2} | | ···^νk_{nk} | |^μ1_{m1} ‖ ‖^μ2_{m2} ‖ ‖ ···^μl_{ml} ‖ ‖ {^ræ̃^{(·)}_i }, {^iæ̃^{(·)}_r } ) = (3.16) ∂^{ν1} ∂(^ræ̃^{(n1)}_i )^{ν1} ··· ∂^{νk} ∂(^ræ̃^{(nk)}_i )^{νk} ∂^{μ1} ∂(^iæ̃^{(m1)}r )^{μ1} ··· ∂^{μl} ∂(^iæ̃^{(ml )}r )^{μl} F_{ir} ( {^ræ̃(^·)_i }, {^iæ̃(^·)_r } ) , On the basis of (2.9), (3.3), (3.11), (3.12), (3.13) and (3.14) taking into account the condition of an extremum of^kF -function with respect to^rφ^{(n)}_i ∂^kF ∂^rφ^{(n)}_i

= 0 , (3.17)

we can easily get the system of (z+1)ηN equations for^rφ^{(n)}_i and ⟨S^n_i ⟩ (n = 1, . . ., η ; i = 1, . . ., N). ⟨S^n_1 ⟩ = F_1

(_1 n | | {æ̃^{(·)}_1 } ) (3.18)

F_1

(_1 n | | {æ̃^{(·)}_1 } ) = F_{1r}

(_1 n | | {^ræ̃^{(·)}_1 }, {^1æ̃^{(·)}_r } ) (3.19)

On the other hand, from (3.7), (3.9), and definitions of intracluster averages

⟨A⟩_{ρ1} = Sp_{S1} [ρ_1(S_1) · A] ; ⟨A⟩_{ρ1r} = Sp_{S1,Sr} [ρ_{1r}(S_1, S_r) · A] , (3.20)

we obtain the relations for the single-site intracluster CFs

F_1

(_1 n | |) = ⟨S^n_1 ⟩_{ρ1} ; F_{1r} (^1_n | |) = ⟨S^n_1 ⟩_{ρ1r} , (3.21)

the quantities are averaged with the intracluster single-particle and twoparticle density matrices

ρ_1(S_1) = exp [ H1 ( {æ̃^{(·)}_1 } )] Z_1 ( {æ̃^{(·)}_1 }

) ; (3.22)

ρ_{1r}(S_1, S_r) = exp [ H1_r ( {^ræ̃(^·)1 }, {1æ̃(^·)_r } )] Z_{1r} ( {^ræ̃(^·)1 }, {1æ̃(^·)r } ) .

Ising type model with arbitrary value of spin 63

Hence, from the condition of^kF -function extremum we have derived (see (3.18), (3.19)) the system of zηN equations

⟨S^n_1 ⟩_{ρ1} = ⟨S^n_1 ⟩_{ρ1r} ; (n=1,...,η) . (3.23)

As can be seen from definition (3.20), the system of zηN equations (3.23) is equivalent to zηN independent relations between the density matrices ρ_1(S_1) = Sp_{Sr} [ρ_{1r}(S_1, S_r)] ; S = (−η, −η + 2, . . ., η − 2, η). (3.24)

Among z(η +1)N relations (3.24), only zηN are independent, for zN conditions ρ_1(S_1), ρ_{1r}(S_1, S_r) are obeyed identically as follows from the form of Sp_{S1} [ρ_1(S_1)] = Sp_{S1,Sr} [ρ_{1r}(S_1, S_r)] = 1. Hence, in the TPCA, the condition of^kF -function extremum yields the relations (3.24) between the intracluster density matrices.

Let us note that in uniform fields h^{(n)}_i ( h^{(n)}_i = h^{(n)}, ⟨S^n_i ⟩ = ⟨S^n⟩, æ^{(n)}_i = æ^{(n)} ), that is, when

ræ̃^{(n)}_1 = æ̃^{(n)} = æ^{(n)} + (z − 1)φ^{(n)} ; æ̃^{(n)}_1 = æ̃^{(n)} = æ^{(n)} + zφ^{(n)} ; (3.25)

æ^{(n)} = h^{(n)} + η∑ m=1 J^{(nm)}_0 ⟨S^m⟩ ; J^{(nm)}_0 = J^{(nm)}(⃗q = 0) ,

relations (3.18) and (3.19) form the system of 2η equations for φ^{(n)} and ⟨S^n⟩. When the long-range interactions are absent (J^{(nm)}_0 = 0) and the fields are uniform, we have the system of η equations (3.19) for the cluster fields φ^{(n)} and η expressions (3.18) for the single-site CFs ⟨S^n⟩.

Let us briefly consider the proposed by us [3] method of calculation of pair CFs of the reference system with an arbitrary value of η, which is based on the method developed in [23] for the case η = 1. From (2.8) and (3.18) one can obtain an expression for pair CFs of the reference system

kb^{(nm)}_{12} =^k⟨S^n_1 S^m_2 ⟩^c = η∑ k=1 F_1

(_1 n | |^1_k | |) · δ æ̃ (k) 1 δ æ^{(m)}_2

. (3.26)

Since evaluation of F_1 (^1_n|^1_k|) for a particular system is straightforward, we only have to find an equation for δ æ̃^{(k)}_1 /δ æ^{(m)}_2 .

Let us introduce the notations δ æ̃^{(k)}_1 δ æ^{(m)}_2

= æ̃_{12}(k|m) ;

δ^ræ̃^{(k)}_1 δ æ^{(m)}_2

=^ræ̃_{12}(k|m) ;

δ^rφ^{(k)}_1 δ æ^{(m)}_2

=^rφ_{12}(k|m). (3.27)

Differentiating both sides of equation (3.19) with respect to æ^{(m)}_2 , and taking into account the relation ræ̃_{12}(k|m) = æ̃_{12}(k|m) −^r φ_{12}(k|m) (3.28)

(see (3.11)), we get η∑ k=1 F_1

(_1 n | |^1_k | |) · æ̃_{12}(_k|_m) = η∑ k=1 F_{1r} (_1 n | |^1_k | |) [ æ̃_{12}(k|m) −^rφ_{12}(k|m) ] + η∑ k=1 F_{1r} (_1 n | |^1_k ‖ ‖ ) [æ̃_{r2}(_k|_m) −^1φ_{r2}(_k|_m)] , (3.29)

64 S.I.Sorokov, R.R.Levitskii, O.R.Baran

which can be transformed to [ ^F^{(20)}_{1r} + ^F^{(2)}_1 ] · ^æ̃_{12} + ^F^{(11)}_{1r} · ^æ̃_{r2} = ^F^{(20)}_{1r} ·^r ^φ_{12} + ^F^{(11)}_{1r} ·^1 ^φ_{r2} . (3.30)

Here we use the notations:

^F^{(2)}_i =

F_i(^2_1|) F_i(^1|^1_2|) . . . F_i(^1|^1_η |) . . F_i(^1_η|^1|) F_i(^1_η|^1_2|) . . . F_i(^2_η|)

, (3.31)

^F^{(20)}_{ir} = F_{ir} (_2 1| ) F_{ir} (_1 1| 12| ) . . . F_{ir} (_1 1| 1_η | ) . . F_{ir} (_1 η| 1| ) F_{ir} (_1 η| 12| ) . . . F_{ir} (_2 η| ) ,

^F^{(11)}_{ir} =

F_{ir}(^1|^1||) . . . F_{ir} (^1|^1_η||) . . F_{ir}(^1_η |^1||) . . . F_{ir} (^1_η|^1_η||) ,

^æ̃_{ir} = æ̃_{ir}(1|1) . . . æ̃_{ir}(1|η) . . æ̃_{ir}(η|1) . . . æ̃_{ir}(η|η) .

Let us note that equations (3.30) contain unknown variables^r ^φ_{12} and^1 ^φ_{r2}, for which we need to derive an independent equation. Using the relations

F_1

(_2 n | | ) = F_{1r}

(_2 n | | ) ; F_1

(_1 n | |^1_m | |) = F_{1r} (^1_n | |^1_m | | ) , (3.32)

following from the relations between the density matrices (3.24) and introducing the notations

^f_{1r} = [ ^F^{(20)}_{1r} ]_{−1} · ^F^{(11)}_{1r} , (3.33)

we rewrite (3.30) in the form

r ^φ_{12} + ^f_{1r} ·^1 ^φ_{r2} = ^f_{1r} · ^æ̃_{r2} . (3.34)

Exchanging indices r ⇀↽ 1, we obtain

^f_{r1} ·^r ^φ_{12} +^1 ^φ_{r2} = ^f_{r1} · ^æ̃_{12} . (3.35)

(3.34) and (3.35) are the system of equations for^r ^φ_{12} and^1 ^φ_{r2}. Carrying out summation over r ∈ π_1 in (3.34) and considering the fact that ∑ r∈π_1 r ^φ_{12} = ^æ̃_{12} − ^æ_{12} = ^æ̃_{12} − δ_{12} · ^1 , (3.36)

we can obtain from (3.34), (3.35) a closed equation for ^æ̃_{12}.

^Q_{11} · ^æ̃_{12} = δ_{12} · ^1 + ∑ r∈π_1 ^f_{1r} · ^d^{−1}_{r1r} · ^æ̃_{r2} · π_{1r} (3.37)

Ising type model with arbitrary value of spin 65

Here we use the notations:

^Q_{11} = ^1+ ∑ r∈π_1 ^f_{1r} · ^d^{−1}_{r1r} · ^f_{r1} ; ^d_{r1r} = ^1 − ^f_{r1} · ^f_{1r} ; π_{1r} = { 1, r∈π_1 0, r /∈π_1 . (3.38)

In uniform fields the following relations hold:

^æ̃_{12} = ^æ̃(_{1−2}) ; ^f_{1r} = ^f(_{1−r}) = ^f ; ^d_{r1r} = ^d(_{1−r}) = ^d = ^1 − ^f^2. (3.39)

Performing in (3.37) a Fourier transformation, the fields being uniform, and solving the obtained equation, we find ^æ̃(⃗q) ^æ̃(⃗q) = [ z · ^1 − (z − 1) ( ^1 + ^f ) + z ( ^1 − ^f )_{−1} · ^f · Θ(⃗q) ]_{−1} · ( ^1 + ^f ) , (3.40)

where for a hypercubic lattice

Θ(⃗q) = 1 − π(⃗q) z = 2 d d∑ i=1 sin^2 ( q_i · a 2 ) . (3.41)

d = z/2 is the lattice dimension, π(⃗q) is the Fourier transform of π_{1r}.

Using the matrix form of (3.26) and performing a Fourier transformation, taking into account (3.40), we get the following relation for pair CFs of the reference system

k^b(⃗q) = ^F^{(2)}_1 · ^æ̃(⃗q) = 1 z [( ^F^{(+)} )_{−1} + ( 1 z − 1) ( ^F^{(2)} )_{−1} + (3.42) ( ^F^{(+)} )_{−1}{ ^F^{(2)} · ( ^F^{(−)} )_{−1} − ^1 } Θ(⃗q) ]_{−1} , where ^F^{(+)} = ^F^{(2)} + ^F^{(11)}, ^F^{(−)} = ^F^{(2)} − ^F^{(11)}.

4. The Blume-Emery-Griffiths model

Let us consider the reference Blume-Emery-Griffiths model (η = 2), which is described by the Hamiltonian kH ( {æ}, {æ^′} ) = β N∑ i=1 [ æ_iS_i +æ^′_iS^2_i ] + 1 2 β ∑ i,δ [ KS_iS_{i+δ} + K^′S^2_i S^2_{i+δ} ] . (4.1)

Here æ_i = Γ_i + ∑_N j=1 J_{ij} ⟨S_j⟩ , æ^′_i = D_i + ∑_N j=1 J^′_{ij} ⟨S^2_j ⟩, Γ_i is an external field. D_i stands for single-ion anisotropy. Let us note that the factor β = (k_BT )^{−1} is written explicitly hereafter.

On the basis of (3.3), (3.7) and (3.9), (3.10) we calculate the singleparticle and two-particle F -functions

F_1(T, æ̃_1, æ̃^′_1) = ln ( 2 exp(4βæ̃^′_1) · ch(2βæ̃_1) + 1 ) , (4.2)

F_{12}(T,^2æ̃_1,^2æ̃^′_1,^1æ̃_2,^1æ̃^′_2) = ln { 2 exp[4β(^2æ̃^′_1 +^1æ̃^′_2 + 4K^′)] × (4.3) ( exp(4βK) · ch[2β(^2æ̃_1+^1æ̃_2)]+exp(−4βK) · ch[2β(^2æ̃_1 −^1æ̃_2)] ) + 2 exp(4β^2æ̃^′_1) · ch(2β^2æ̃_1) + 2 exp(4β^1æ̃^′_2) · ch(2β^1æ̃_2) + 1 } .

66 S.I.Sorokov, R.R.Levitskii, O.R.Baran

In uniform fields, that is, when the relations

æ̃_1 = æ̃ = æ + z · φ ;^ræ̃_1 = æ̃ = æ + (z − 1)φ ; (4.4)

æ̃^′_1 = æ̃^′ = æ^′ + z · φ^′ ;^ræ̃^′_1 = æ̃^′ = æ^′ + (z − 1)φ^′

hold, we have 1 N kF (T, Γ, D, φ, φ^′, ⟨S⟩, ⟨S^2⟩) = (1 − z)F_1(T, æ̃, æ̃^′) + z 2 F_{12}(T, æ̃, æ̃^′); (4.5)

F_1(T, æ̃, æ̃^′) = ln Z_1(T, æ̃, æ̃^′) ; F_{12}(T, æ̃, æ̃^′) = ln Z_{12}(T, æ̃, æ̃^′) ;

Z_1(T, æ̃, æ̃^′) = 2e^{4βæ̃} 0 · ch(2βæ̃) + 1 ; (4.6)

Z_{12}(T, æ̃, æ̃^′) = 2e^{8β(æ̃}

0+2_K0) (

e^{4βK} · ch(4βæ̃) + e^{−4βK} ) + 4e^{4βæ̃} 0 · ch(2βæ̃) + 1 .

Let us note that if J = J^′ = 0 the dependence^kF =^kF (T, Γ, D, φ, φ^′) takes place. To obtain an explicit system of equations for the cluster fields φ, φ^′, single-site CFs ⟨S⟩, ⟨S^2⟩ and expressions for pair CFs, we need to know intracluster CFs F_1 (^1_n|), F_1 (^2_n|), F_1 (^1_n|^1_m|), F_{1r} (^1_n|), F_{1r} (^2_n|), F_{1r} (^1_n|^1_m‖ ). Differentiating F -functions with respect to relevant variables (n, m = 1 and n, m = 2 correspond to differentiation to single-particle F_1-function with respect to æ̃_1 and æ̃^′_1 (see (3.15)) and of two-particle F_{12}-function with respect to^2æ̃_1 and^2æ̃^′_1, or^1æ̃_2 and^1æ̃^′_2 (see (3.16))) and going to the uniform fields case, we obtain

F_1(^1|) = 4e^{4βæ̃} 0 · sh(2βæ̃) · Z^{−1}_1 ; (4.7)

F_1(^1_2|) = 8e^{4βæ̃} 0 · ch(2βæ̃) · Z^{−1}_1 ;

F_1(^2_1|) = 8e^{4βæ̃} 0[ 2e^{4βæ̃} 0 + ch(2βæ̃) ] Z^{−2}_1 ;

F_1(^2|) = 32e^{4βæ̃} 0 · ch(2βæ̃) · Z^{−2}_1 ;

F_1(^1|^1_2|) = F_1(^1_2|^1|) = 16e^{4βæ̃} 0 · sh(2βæ̃) · Z^{−2}_1 ;

F_{12}(^1|) = 4 ( e^{4β(2æ̃}

0+4_K0+_K)

· sh(4βæ̃) + e^{4βæ̃} 0 · sh(2βæ̃) ) · Z^{−1}_{12} ; (4.8)

F_{12}(^1_2|) = 8 { e^{8β(æ̃}

0+2_K0) [

e^{4βK} · ch(4βæ̃) + e^{−4βK} ] + e^{4βæ̃} 0 · ch(2βæ̃) } · Z^{−1}_{12} ;

F_{12}(^1|^1‖) = 8e^{8βæ̃} 0 { e^{16βK} 0 [ 4e^{8β(æ̃}

0+2_K0) · sh(8βK)+

8e^{4βæ̃} 0 · sh(4βK) · ch(2βæ̃) +

e^{4βK} · ch(4βæ̃) − e^{−4βK} ] − 2sh^2(2βæ̃) } · Z^{−2}_{12} ;

F_{12}(^1_2|^1_2‖) = 32e^{8βæ̃} 0 { e^{16βK} 0 [ e^{4βK} · ch(4βæ̃) + e^{−4βK} ] − 2ch^2(2βæ̃) } · Z^{−2}_{12} ;

F_{12}(^1|^1_2‖) = F_{12}(^1_2|^1‖) = 16e^{8βæ̃} 0 { 4e^{4β(æ̃}

0+4_K0) · sh(2βæ̃) · sh(4βK)+

e^{4β(4K}

0+_K)

· sh(4βæ̃) − 2sh(2βæ̃) · ch(2βæ̃) } · Z^{−2}_{12} .

Ising type model with arbitrary value of spin 67

On the basis of (3.18), (3.19) and (4.7), (4.8) we can write an explicit system of equations for φ, φ^′, ⟨S⟩, ⟨S^2⟩ in the uniform fields case: ⟨S⟩ = 4e^{4βæ̃} 0 · sh(2βæ̃) Z_1(T, æ̃, æ̃^′)

; ⟨S^2⟩ =

8e^{4βæ̃} 0 · ch(2βæ̃) Z_1(T, æ̃, æ̃^′)

; (4.9)

e^{4βæ̃} 0 · sh(2βæ̃) Z_1(T, æ̃, æ̃^′) = e^{4β(2æ̃}

0+4_K0+_K) · sh(4βæ̃) + e^{4βæ̃} 0 · sh(2βæ̃)

Z_{12}(T, æ̃, æ̃^′)

; (4.10)

e^{4βæ̃} 0 · ch(2βæ̃) Z_1(T, æ̃, æ̃^′) = e^{8β(æ̃}

0+2_K0) [

e^{4βK} · ch(4βæ̃)+e^{−4βK} ] +e^{4βæ̃} 0 · ch(2βæ̃)

Z_{12}(T, æ̃, æ̃^′) . Let us note, that when long-range interactions are absent (J = J^′ = 0) we obtain the system of equations (4.10) for the cluster fields φ, φ^′ and expressions (4.9) for ⟨S⟩, ⟨S^2⟩ (expressions (4.9) and the system of equations (4.10) are in agreement with the results of constant coupling approximation [17]).

On the basis of (3.42) (η = 2), considering the fact that F_1(^1|^1_2|) = F_1(^1_2|^1|), F_{12}(^1|^1_2‖) = F_{12}(^1_2|^1‖), we can obtain expressions for pair CFs of the reference BEG model. k^b(⃗q) = (_k ⟨SS⟩^c_{⃗q}^k⟨SS^2⟩^c_{⃗q} k⟨S^2S⟩^c_{⃗q}^k⟨S^2S^2⟩^c_{⃗q} ) = d^+d^−d^{(2)} z ( b̃_1b̃_3 − (b̃_2)2 ) · ( b̃_1 b̃_2 b̃_2 b̃_3 ) , (4.11)

where

b̃_α = d^{(−)} { d^{(2)}F^{(+)}_α + ( 1 z −1 ) d^{(+)}F^{(2)}_α } − (4.12)

d^{(2)} { F^{(+)}_α ( d^{(−)} +F^{(−)}_2 F^{(2)}_2 ) −B_α } Θ(⃗q) , (α=1,2,3) ;

^F^{(ξ)} = ( F^{(ξ)}_1 F^{(ξ)}_2 F^{(ξ)}_2 F^{(ξ)}_3 ) , (ξ=+,−,2) ; ^F^{(±)} = ^F^{(2)} ± ^F^{(11)} ; (4.13)

d^{(−)} = det | | | ^F^{(−)} | | | ; d^{(+)} = det | | | ^F^{(+)} | | | ; d^{(2)} = det | | | ^F^{(2)} | | | ; ^F^{(2)} = ( F_1(^2_1|) F_1(^1|^1_2|) F_1(^1|^1_2|) F_1(^2|) ) ; ^F^{(11)} = ( F_{12}(^1|^1||) F_{12}(^1|^1_2||) F_{12}(^1|^1_2||) F_{12}(^1_2|^1_2||) ) ; (4.14)

B_1 = F^{(+)}_1 F^{(−)}_1 F^{(2)}_3 + F^{(+)}_2 F^{(−)}_2 F^{(2)}_1 − F^{(+)}_2 F^{(−)}_1 F^{(2)}_2 ; (4.15)

B_2 = F^{(+)}_2 F^{(−)}_1 F^{(2)}_3 + F^{(+)}_3 F^{(−)}_2 F^{(2)}_1 − F^{(+)}_3 F^{(−)}_1 F^{(2)}_2 ;

B_3 = F^{(+)}_3 F^{(−)}_3 F^{(2)}_1 + F^{(+)}_2 F^{(−)}_2 F^{(2)}_3 − F^{(+)}_2 F^{(−)}_3 F^{(2)}_2 .

5. Numerical analysis results

In this section we discuss the results of numerical calculations (Γ = 0) of thermodynamic characteristics and pair correlation functions (at ⃗q = 0) of BEG model on a simple cubic lattice (z = 6).

Here we use the following notations for the relative quantities:

t =^3_8 k_B T zK , d = æ^′ K , k^′ = 4K^′ K , m =^1_2 ⟨S⟩ , q =^1_4 ⟨S^2⟩ ,

G_{11} =^1_4 ⟨SS⟩^c_{⃗q=0} , G_{12} =^1_8 ⟨SS^2⟩^c_{⃗q=0} , G_{11} =^1_{16} ⟨S^2S^2⟩^c_{⃗q=0} ;

68 S.I.Sorokov, R.R.Levitskii, O.R.Baran

and the terminology of [17]:

F – the ferromagnetic phase (m ≠ 0, q ≠^2_3 ), P – the paramagnetic phase (m = 0, q ≠^2_3 , q(t = ∞) =^2_3 ), Q – the quadrupolar phase (m = 0, q ≠^2_3 ).

In the two-particle cluster approximation the system of equations for φ, φ^′ (4.10) has several solutions, the number of which depends on values of parameters d, k^′ and temperature. Solution corresponding to P-phase exists at t ∈ [t_{P1} , ∞] (t_{P1} ≥ 0, its value depends on d, k^′). Solutions corresponding to the F-phase and Q-phase exist at t ∈ [t_{F1} , t_{F2} ] and t ∈ [t_{Q1} , t_{Q2} ], respectively. The values of t_{F1} , t_{F2} and t_{Q1} , t_{Q2} depend on d, k^′ and are finite.

The projection of the phase diagram on (d, k^′) plane at d < 0, k^′ > −0.1 [17] and d > 0, k^′ > −1 −^1_6 d (see figure 1) consists of seven regions: I – the phase transition Q ↔ P of the first order (QP1), II – the PT FP2, III – the PT FP1, IV – the PT is absent, V – the PTs QF1 and FP2, VI – the PTs QF1 and FP1, VII – the PTs FQ1 and QP1.

In the present paper we restrict our consideration to the regions d < 0, k^′ > −0.1 and d > 0, k^′ > −1 −^1_6 d, since for the regions d > 0, k^′ < −1 −^1_6 d and d < 0, k^′ < −1 a two-sublattice model should be considered [18]. Let us note that in the region d < 0, −0.1 > k^′ > −1 in the vicinity of the line k^′ = −1 −^1_3 d the regions with different numbers of various PTs exist. Construction of a projection of a phase diagram on (d, k^′) plane and study of thermodymamic properties of the model in these regions are subject of a separate paper.

In figures 2, 3 we show the phase diagrams in (t, d) plane for k^′ =-0.1, 0.0, 1.0, 2.0, 2.6 (regions II, III, IV), k^′ = 2.88 (regions II, III, VII, III, IV), k^′ = 2.95 (regions II, III, VII, I, IV), k^′ = 3.2 (regions II, III, VI, I, IV), k^′ = 3.44 (regions II, V, VI, I, IV), k^′ =4.0, 8.0, 20.0 (regions II, V, I, IV). Hereafter our consideration will imply increasing temperature and decreasing single-ion anisotropy.

Let us briefly consider the pair CFs.

At the transition FP2 (region II and V) the inverse CF G^{−1}_{12} has an infinite discontinuity (G^{−1}_{12} (t_c − 0) = 0, G^{−1}_{12} (t_c + 0) = ∞), whereas the inverse CF G^{−1}_{11} (t_c) = 0 (see figures 4, 5, 6, 9, 18, 22, 25). The inverse CF G^{−1}_{22} has a finite discontinuity (G^{−1}_{22} (t_c − 0) < G^{−1}_{22} (t_c + 0)), and always decreases in the phase P.

In the vicinity of the region d > 0, k^′ < −1 −^1_6 d CFs G^{−1}_{11} , G^{−1}_{12} , G^{−1}_{22} are finite and q ≠ 1, m ≠ 1 at t = 0 (see figures 4(c), 5(b)). A little bit away from the region d > 0, k^′ < −1 −^1_6 d (increasing d or increasing k^′) the quantities q, m, G^{−1}_{11} , G^{−1}_{12} , G^{−1}_{22} have bends at low temperature (see figure 4(b)). But a little bit farther from this region d > 0, k^′ < −1 −^1_6 d this peculiarity in F-phase disappears.

Let us explore now the temperature behaviour of G^{−1}_{22} (t > t_c) when k^′ increases and d decreases (approaching the region d > 0, k^′ < −1 −^1_6 d; the region III, the region V). Far from the regions III, V (see figures 4, 5, 6(a), 18(a)) G^{−1}_{22} (t > t_c) decreases, and this decrease is not always related to a decrease in q(t). For instance, at small negative k^′ in the vicinity of

Ising type model with arbitrary value of spin 69

I – QP1 II – FP2 III – FP1 IV – none V – QF1 and FP2 VI – QF1 and FP1 VII – FQ1 and QP1

Figure 1. The projection of the phase diagram onto d − k^′ plane.

70 S.I.Sorokov, R.R.Levitskii, O.R.Baran

Figure 2. The phase diagram for the several values of k^′ is plotted in d and the reduced temperature plane. 1 - k^′ = −0.1; 2 - k^′ = 0.0; 3 - k^′ = 1.0; 4 - k^′ = 2.0; 5 - k^′ = 2.6; 6 - k^′ = 2.88; 7 - k^′ = 2.95; 8 - k^′ = 3.2; 9 - k^′ = 3.44; 10 - k^′ = 4.0.

Ising type model with arbitrary value of spin 71

Figure 3. The phase diagram for the several values of k^′ is plotted in d and the reduced temperature plane. 10 - k^′ = 4.0; 11 - k^′ = 8.0; 12 - k^′ = 20.0.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 4. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = −4.0 for different values of parameter d: (a) – d = 30.0; (b) – d = 18.5; (c) – d = 18.0.

72 S.I.Sorokov, R.R.Levitskii, O.R.Baran

m, q G^{−1}_{11} G^{−1}_{22}

Figure 5. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = −1.0 for different values of parameter d: (a) – d = 10.0; (b) – d = 0.0

m, q G^{−1}_{11} G^{−1}_{22}

Figure 6. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 0.0 for different values of parameter d: (a) – d = 5.0; (b) – d = −2.0.

Ising type model with arbitrary value of spin 73

m, q G^{−1}_{11} G^{−1}_{22}

Figure 7. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 0.0 for different values of parameter d: (a) – d = −2.825; (b) – d = −2.85; (c) – d = −2.95; (d) – d = −2.99.

74 S.I.Sorokov, R.R.Levitskii, O.R.Baran

m, q G^{−1}_{11} G^{−1}_{22}

Figure 8. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 1.0 for different values of parameter d: (a) – d = −5.725; (b) – d = −5.9.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 9. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.0 for different values of parameter d: (a) – d = −4.0; (b) – d = −8.0.

Ising type model with arbitrary value of spin 75

m, q G^{−1}_{11} G^{−1}_{22}

76 S.I.Sorokov, R.R.Levitskii, O.R.Baran

m, q G^{−1}_{11} G^{−1}_{22}

Figure 10. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.0 for different values of parameter d: (a) – d = −8.5; (b) – d = −8.6; (c) – d = −8.7; (d) – d = −8.8; (e) – d = −8.9; (f) – d = −8.99. (Parts (a), (b), (c), (d) of the figure are on previous page.)

the region d > 0, k^′ < −1 −^1_6 d q(t) increases, but G^{−1}_{22} (t) decreases (see figure 5(b)). At small positive k^′ with decreasing d (approaching the region III) G^{−1}_{22} (t > t_c) and q(t > t_c) start to increase with temperature (see figure 6(b)), although at some values of parameters q decreases but G^{−1}_{22} increases (see figure 9(b)). At larger values of k^′ the decreasing of d (approaching the regions III, V and in the region V) lead to the fact that G^{−1}_{22} has a minimum in the P-phase (see figures 18(b), 22, 25).

At FP1, the inverse correlation function G^{−1}_{12} (t) has an infinite discontinuity (G^{−1}_{12} (t_c − 0) > 0, G^{−1}_{12} (t_c + 0) = ∞), whereas CFs G^{−1}_{11} (t) and G^{−1}_{22} (t) have finite discontinuities and decrease in the F-phase. Let us analyse the behaviour of G^{−1}_{11} (t) and G^{−1}_{22} (t) in the vicinity of FP1 phase transition and in the P-phase in the region III for k^′ =0.0, 1.0, 2.0, 2.6, 2.88, 2.95 when the value of the single-ion anisotropy decreases (moving from the region II towards the region IV for k^′ =0.0, 1.0, 2.0, 2.6; moving from the region II towards the region VII for k^′ =2.88, 2.95; between the regions VII and IV for k^′ =2.88), in regions III, VI for k^′ =3.2 (moving from the region II towards the region I), and in region VI for k^′ =3.44 (moving from the region V towards the region I). In the region III and near to the region II (see figures 7(a), 10(a), 11(a), 12(a), 15(a), 19) G^{−1}_{11} (t_c − 0) > G^{−1}_{11} (t_c + 0), G^{−1}_{22} (t_c − 0) < G^{−1}_{22} (t_c + 0), G^{−1}_{11} (t > t_c) and G^{−1}_{22} (t > t_c) increase at all considered values of k^′ except for k^′ =3.2 (see figure 19), at which G^{−1}_{22} (t) has a mimimum in the P-phase. Let us consider the case k^′ = 0. When d decreases, minimums of G^{−1}_{11} (t) (see figure 7(b)), and, then, of G^{−1}_{22} (t)

Ising type model with arbitrary value of spin 77

m, q G^{−1}_{11} G^{−1}_{22}

Figure 11. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.6 for different values of parameter d: (a) – d = −10.4; (b) – d = −10.6; (c) – d = −10.625; (d) – d = −10.79.

78 S.I.Sorokov, R.R.Levitskii, O.R.Baran

m, q G^{−1}_{11} G^{−1}_{22}

Figure 12. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.88 for different values of parameter d: (a) – d = −11.5; (b) – d = −11.55; (c) – d = −11.59; (d) – d = −11.595.

Ising type model with arbitrary value of spin 79

m, q G^{−1}_{11} G^{−1}_{22}

Figure 13. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.88 for d = −11.61.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 14. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.88 for d = −11.63.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 15. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.95 for different values of parameter d: (a) – d = −11.7; (b) – d = −11.8.

80 S.I.Sorokov, R.R.Levitskii, O.R.Baran

m, q G^{−1}_{11} G^{−1}_{22}

Figure 16. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.95 for different values of parameter d: (a) – d = −11.84; (b) – d = −11.849.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 17. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 2.95 for d = −11.86.

(see figure 7(c)) appear in the paramagnetic phase. At smaller values of d G^{−1}_{22} (t_c) decreases with a discontinuity (see figure 7(d)). For illustration, we depict in figure 8 the temperature dependences of G^{−1}_{11} , G^{−1}_{22} at k^′ = 1.0 (the changes in the temperature curves of single-site CFs and pair CFs with d are similar at k^′ = 0 and k^′ = 1.0) which correspond to two latter cases for k^′ = 0 (figures 7(c), 7(d)). At k^′ = 2.0 G^{−1}_{22} (t_c) decreases with a discontinuity (see figure 10(b)) when d is decreased. Then, minima of G^{−1}_{11} (t) (see figure 10(c)), and then, of G^{−1}_{22} (t) (see figure 10(d)) appear in the P-phase. At smaller values of d at first G^{−1}_{11} (t_c) has upward step (see figure 10(e)), but then again this step become downward (see figure 10(f)). That is, in the vicinity of the regions IV at k^′=0.0, 1.0, 2.0 the behaviour

Ising type model with arbitrary value of spin 81

m, q G^{−1}_{11} G^{−1}_{22}

Figure 18. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 3.2 for different values of parameter d: (a) – d = −5.0; (b) – d = −12.0.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 19. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 3.2 for d = −12.47.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 20. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 3.2 for d = −12.63.

82 S.I.Sorokov, R.R.Levitskii, O.R.Baran

m, q G^{−1}_{11} G^{−1}_{22}

Figure 21. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 3.2 for different values of parameter d: (a) – d = −12.673; (b) – d = −12.8.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 22. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 3.44 for d = −13.34.

of CFs G^{−1}_{11} (t) and G^{−1}_{22} (t) is qualitatively similar (see figures 7(d), 8(b), 10(f)). The changes in behaviour of CFs with decreasing of d at k^′=2.6 and k^′ = 2.88 are at first the same as those at k^′ =2.0 (see figures 10(b), 11(b), 12(b), 10(c), 11(c), 12(c)). Near the region IV G^{−1}_{11} (t_c) increases with a discontinuity at k^′ =2.6 (see fig 11(d)). Behaviour of G^{−1}_{11} (t) near the region VII at k^′ =2.88 is similar to that at k^′ =2.6 near the region IV, but CF G^{−1}_{22} (t) has no minimum in the paramagnetic phase (see figures 11(d), 12(d)). Between the regions VII and IV a minimum of G^{−1}_{22} (t > t_c) appears; the behaviour of G^{−1}_{11} (t) and G^{−1}_{22} (t) is the same as at k^′ =2.6 near the region IV (see figures 11(d), 14)). At k^′ =2.95 the region III is rather narrow, therefore, only G^{−1}_{22} (t) behaviour is changes with a decrease in d

Ising type model with arbitrary value of spin 83

m, q G^{−1}_{11} G^{−1}_{22}

Figure 23. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 3.44 for different values of parameter d: (a) – d = −13.42; (b) – d = −13.475.

m, q G^{−1}_{11} G^{−1}_{22}

Figure 24. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 3.44 for different values of parameter d: (a) – d = −13.48; (b) – d = −13.696.

84 S.I.Sorokov, R.R.Levitskii, O.R.Baran

m, q G^{−1}_{11} G^{−1}_{22}

Figure 25. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 4.0 for different values of parameter d: (a) – d = −15.1; (b) – d = −15.3.

in this region (see figure 15(b)). Let us note that the changes in G^{−1}_{22} (t) behaviour with d are the same as those at k^′=2.0, 2.6, 2.88 in the region III near the region II (see figures 10(b), 11(b), 12(b)). The behaviour of G^{−1}_{11} (t) and G^{−1}_{22} (t) at k^′ =3.2 in the region VI (between the regions V and I) is qualitatively different from that at k^′=0.0, 1.0, 2.0, 2.6, 2.88, 2.95 near the region II (see figures 7(a), 10(a), 11(a), 12(a), 15(a)). Here G^{−1}_{22} (t > t_c) (see figure 19) has a mimimum (such behaviour of G^{−1}_{22} (t) in the paramagnetic phase remains starting from the region II (see figure 18(b)). When the single-ion anisotropy is decreased (moving from the region II in regions III and VI) a minimum of G^{−1}_{22} (t > t_c) dissappers (see figure 20), and the behaviour of G^{−1}_{11} (t) and G^{−1}_{22} (t) becomes the same as at k^′ = 0.0, 1.0, 2.0, 2.6, 2.88, 2.95 near the region II (see figures 7(a), 10(a), 11(a), 12(a), 15(a)).

Let us consider now the behaviour of the inverse correlation functions G^{−1}_{11} (t), G^{−1}_{12} (t), G^{−1}_{22} (t) at the phase transition QP1 in regions I and VII (see figures 13, 16, 17, 21, 24, 26). Here, the inverse CF G^{−1}_{12} (t) is infinitely large both in phases Q and P. The inverse CF G^{−1}_{11} (t) has discontinuity, and G^{−1}_{11} (t_c − 1) > G^{−1}_{11} (t_c + 0); G^{−1}_{11} (t < t_c) decreases and G^{−1}_{11} (t > t_c) can either increase or first decrease and then increase. The inverse CF G^{−1}_{22} (t) has a cusp in the transition point. At k^′ =2.88 in the entire region VII the inverse CF G^{−1}_{11} (t) has a minimum in the paramagnetic phase (see figure 13). At k^′ =2.95, 3.2, 3.44, 4.0, the G^{−1}_{11} (t > t_c) increases (see figures 16(a), 21(a), 24(a), 26(a), 26(b)); a minimum of G^{−1}_{11} (t > t_c) appears if d is decreased (see figures 16(b), 21(b), 24(b), 26(c)). Let us also note that almost always if q(t) increases in the paramagnetic phase then G^{−1}_{11} (t > t_c) has a minimum

Ising type model with arbitrary value of spin 85

m, q G^{−1}_{11} G^{−1}_{22}

Figure 26. The temperature dependences of m, q and CFs G^{−1}_{11} (⃗q = 0), G^{−1}_{22} (⃗q = 0) at k^′ = 4.0 for different values of parameter d: (a) – d = −15.4; (b) – d = −15.6; (c) – d = −15.79.

(see figures 13, 16(b), 17, 21(b), 24(b), 26(c)), and if q(t > t_c) decreases then G^{−1}_{11} (t > t_c) increases (see figures 21(a), 24(a), 26(a), 26(b)). However, it is possible that even if q(t) increases in P, G^{−1}_{11} (t > t_c) increases has no minimum (see figure 16(a)). The inverse CF G^{−1}_{22} (t) increases in the paramagnetic phase at small k^′ (see figures 13, 16, 17, 21). At large values of k^′ in the close proximity to the region V, the G^{−1}_{22} (t) decreases before the cusps at the transition point and after it and starts to increase only at higher temperatures (see figures 24, 26).

At the transition FQ1 (region VII), the inverse CF G^{−1}_{12} (t) has an infinite discontinuity (G^{−1}_{12} (t_c − 0) > 0, G^{−1}_{12} (t_c + 0) = ∞; G^{−1}_{12} (t < t_c) decreases), whereas a discontinuity the inverse CFs G^{−1}_{11} (t) and G^{−1}_{22} (t) if finite. In phases F, Q inverse CFs G^{−1}_{11} (t) and G^{−1}_{22} (t) decrease, and G^{−1}_{11} (t_c − 0) < G^{−1}_{11} (t_c + 0), G^{−1}_{22} (t_c − 0) > G^{−1}_{22} (t_c + 0) (see fig 13, 16).

At the transition QF1 (regions V, VI) the inverse CF G^{−1}_{12} (t) has an infinite discontinuity (G^{−1}_{12} (t_c − 0) = ∞, G^{−1}_{12} (t_c + 0) > 0; G^{−1}_{12} (t) decreases

86 S.I.Sorokov, R.R.Levitskii, O.R.Baran

in the phase F), whereas a discontinuity of G^{−1}_{11} (t) and G^{−1}_{22} (t) is finite, and G^{−1}_{11} (t_c − 0) > G^{−1}_{11} (t_c + 0). In phases Q and F, inverse CFs G^{−1}_{11} (t) and G^{−1}_{22} (t) decreases (see figures 20, 22, 23, 25). At enough small values of k^′ and arbitrary d (see figure 20), and also at longer values of k^′ and enough large d (see figures 22, 23(a), 25(a)) G^{−1}_{22} (t_c − 0) < G^{−1}_{22} (t_c + 0). At large k^′ and small d (see figures 23(b), 25(b)) G^{−1}_{22} (t_c − 0) > G^{−1}_{22} (t_c + 0).

References

[1] Blume M., Emery V.J., Griffiths R.B. Ising model for the λ-transition and phase separation in He^3 − He^4 mixtures. // Phys. Rev. A., 1971, vol. 4, No 3, p. 1071-1077.

[2] Sivardiere J. Critical and multicritical points in fluids and magnets // Lecture’ Notes in physics. Static critical phenomena in inhomogeneous systems. Proceedings, Karpacz. 1984, p. 247-289.

[3] Sorokov S.I., Levitskii R.R., Baran O.R. Two-site cluster approximation for Ising’s models with arbitrary value of spin. I. The Blume-Capel-Griffiths model. // Lviv, 1993, 47p. (Preprint / Acad. Sci. Ukr. Inst.Cond.Mat.Phys.; ICMP-93-1U). (In Ukrainian).

[4] Wang Y., Lee F. Linked-cluster series analysis of the Blume-Capel model. // The American Physical Society, 1984, vol. 29, No 9, p. 5156-5164.

[5] Smart J.S. Effective field theories of magnetism. -Philadelphia-London:

W.B.Saunders company, 1996.

[6] Vaks V.G. Introduction to the microscopic theory of ferroelectrics. -M.:Nauka, 1973, 327p. (In Russian).

[7] Vaks V.G., Zinenko V.I., Shneider V.E. Microscopic theories of the structural phase transitions of the order-disorder type in crystals. // Usp.Fiz.Nauk, 1983, vol. 141, No 4, p. 626-673. (In Russian).

[8] Kubo P. Generalized cumulant expansion method. // J. Phys. Soc. Japan, 1962, vol. 17, No 7, p. 1100-1120.

[9] Strieb B., Callen H.B. Cluster expansion for the Heisenberg ferromagnet. // Phys. Rev., 1963, vol. 130, No 5, p. 1798-1808.

[10] Iwashita T., Ury^u N. Ising Ferromagnet with biquadratic exchange interaction and uniaxial anisotropy. // Phys. Stat. Sol. (b), 1986, vol. 137, p. 65-72.

[11] Kaneyoshi T., Sarmento E.F. The application of the differential operator method to the Blume-Emery-Griffiths model. // Phys. A, 1988, vol. 152, p. 343-358.

[12] Tucker J.W. Two-site cluster theory for the spin-one Ising model. // J. Magn.

Magn. Mat., 1990, vol. 87, p. 16-22.

[13] Chakraborty K.G. Effective-field model for a spin-1 Ising system with dipolar and quadrupolar interactions. // Phys. Rev. B, 1984, vol. 29, No 3, p. 1454- 1457.

[14] Siqueira A.F., Fittipaldi I.P. On the phase transition in the Blume-Capel model. // Phys. Stat. Sol. (b), 1983, vol. 119, p. K31-K36.

[15] Tamura I., Kaneyoshi T. Ising ferromagnets with random anisotropy. // Prog.

Theor. Phys., 1981, vol. 66, No 5, p. 1892-1894.

[16] Taggart B.G. Correlation effective field approximation for the Ising model. // Physica A, 1982, vol. 113A, p. 535-545.

[17] Takahashi K., Tanaka M. Spin-one Ising model with bilinear and biquadratic interactions. II. Phase diagram. // J. Phys. Soc. Japan, 1980, vol. 48, No 5, p. 1423-1428.

[18] Kasono K., Ono I. Re-entrant phase transitions of the Blume-Emery-Griffiths model. // Z. Phys. B - Condensed Matter, 1992, vol. 88, p. 205-212.

[19] Saul D., Wortis M., Stauffer D. Tricritical behavior of the Blume-Capel model.

// Phys. Rev. B, 1974, vol. 9, No 11, p. 4964-4980.

[20] De Alcantara Bonfim O.F., Obcemea C.H. Reentrant behaviour in Ising models with biquadratic exchange interaction. // Z. Phys. B - Condensed Matter,

Ising type model with arbitrary value of spin 87

1986, vol. 64, p. 469-471.

[21] Booth R.J.C., Lu Hua, Tucker J.W., Care C.M., Halliday I. Monte Carlo study of the BEG model on a honeycomb lattice. // J. Magn. Magn. Mat., 1993, vol. 128, p. 117-123.

[22] Sorokov S.I., Levitskii R.R., Baran O.R. The study of Ising model within cluster expansion method.// Lviv, 1992, 47p. (Preprint / Acad. Sci. Ukr. Inst.Cond.Mat.Phys.; ICMP-92-18U). (In Ukrainian).

[23] Yukhnovskii I.R., Levitskii R.R., Sorokov S.I. Thermodynamics and distribution functions of Ising model. Two-site cluster approximation. // Kiev, 1986, 33p. (Preprint / Acad. Sci. Ukr.SSR Inst.Theor.Phys.; ITP-86-142R). (In Russian).

[24] Sorokov S.I., Levitskii R.R., Baran O.R. The Blume-Capel-Griffiths model within two-particle cluster approximation. Numerical calculations. // Lviv, 1995, 45p. (Preprint / Acad. Sci. Ukr. Inst.Cond.Mat.Phys.; ICMP-95-9U). (In Ukrainian).

[25] Chen H., Levy P. Dipole and quadrupole phase transitions in spin-1 models.

// Phys. Rev. B, 1973, vol. 7, No 9, p. 4267-4283.

NABLI”ENN DVOQASTINKOVOGO KLASTERA DL ¨Z¨NG¨VS^KIH MODELE„ Z DOV¨L^NIM ZNAQENNM SP¨NA. KORELC¨„N¨ FUNKC¨Õ MODEL¨ BL“MA-EMER¨-GR¨F¨TSA

S.�.Sorokov, R.R.Levic~kiæ, O.R.Baran

V nabliıenn˛ dvoqastinkovogo klastera dosl˛dıut~sffl ¨z˛ng˛vs~k˛ model˛ z dov˛l~nim znaqennfflm sp˛na. Dlffl cih modeleȷ u vipadku g˛perkub˛qnih gratok otrimano virazi dlffl parnih korelfflc˛ȷnih funkc˛ȷ u ⃗q-prostor˛. U vipadku prostoÝ kub˛qnoÝ gratki dlffl model˛ Blma-Emer˛-Gr˛f˛tsa (S = 1) z b˛l˛n˛ȷno K, b˛kvadratiqno K^′ vza‚mod˛fflmi ta odno˛onno an˛zotrop˛‚ D pobudovana proekc˛ffl fazovoÝ d˛agrami na prowinu D/K − K^′/K. Pri r˛znomu nabor˛ znaqen~ parametr˛v D/K ta K^′/K otriman˛ temperaturn˛ zalaınost˛ ⟨S^z ⟩, ⟨(S^z )^2⟩ ta parnih korelfflc˛ȷnih funkc˛ȷ pri ⃗q = 0.

88