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Correlation between thermal expansions 𝛽(𝑇) and heat capacity𝐶 (𝑇) of atomic and molecular crystals, amor-
phousmaterials with a structural disorder, carbon nanomaterials (fullerite C60, bundles SWCNTs of single-walled
carbon nanotubes) was analyzed. The influence of the contribution to the coefficient of linear thermal expan-
sion 𝛼Xe (𝑇) of Xe atoms adsorbed on the SWCNTs bundles is considered. The proportional correlation was
found between the contribution to the coefficient of linear thermal expansion 𝛼Xe (𝑇) and the normalized to
the gas constant heat capacity𝐶Xe (𝑇)/𝑅 of Xe atoms adsorbed on the SWCNTs bundles. The proportional cor-
relation (𝛽/𝛽∗) ∼ (𝐶V/𝑅) with the parameter 𝛽∗ for the bulk thermal expansion coefficient for cryocrystals
is proposed. In the case of atomic crystals such as Xe and Ar, the proportional correlation (𝛽/𝛽∗) ∼ (𝐶V/𝑅)
is observed in the temperature range from the lowest experimental to temperatures where 𝐶V/𝑅 ≈ 2.3. The
correlation is not observed in the temperatures where 2.3 < 𝐶𝑉/𝑅 < 3 (classical Dulong-Petit law). It was
found that the universal proportional correlation is also observed for molecular crystals with linear symmetry,
such as CO2, CO, and N2O if the normalized heat capacity below the values 𝐶V/𝑅 ≈ 3 ÷ 3.5. It indicates that
the proportional correlation between thermal expansions (𝛽/𝛽∗) and heat capacity (𝐶V/𝑅) is related not only
to the translational, but also to the rotational degrees of freedom of the molecule in the crystal. In the case of
the C60, molecular crystal with translational and rotational degrees of freedom and intramolecular vibrations,
the discussed above correlation occurs below the values of normalized heat capacity 𝐶V/𝑅 ≈ 7.5. In strongly
anisotropic systems, such as systems of compacted bundles of single-walled carbon nanotubes and SWCNTs
bundles with adsorbed Xe atoms, this universal dependence appears in a limited temperature range that does
not include the lowest temperatures. A qualitative explanation of the observed correlation is proposed.
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1. Introduction

The heat capacity 𝐶 (𝑇) and the volumetric thermal expansion coefficient 𝛼(𝑇) are fundamental and
important thermodynamic parameters for solids that are widely studied using many theoretical and ex-
perimental methods. Studies of heat capacity and thermal expansion are powerful tools for understanding
lattice vibrations, phase transitions, tunneling, and quantum effects in ordered and disordered systems [1].
Knowledge of low-temperature thermal properties of condensed matter materials, including crystals [2],
amorphous materials [3], glasses [4] and nanomaterials [5–7] are important both for the development of
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electric and photonic nanodevices, energy storage/conversion and thermal control devices [8, 9], as well
as for the creation of new composite functional materials [10, 11], etc.

At low temperatures, the character of 𝐶 (𝑇) and 𝛽(𝑇) depends on the quantum nature of atomic
vibrations, the dimensions of nanosystems, structural features, and the presence of impurities [12–16].
The experimentally measured heat capacity at constant pressure 𝐶P(𝑇) and the theoretical phonon heat
capacity for constant volume 𝐶V(𝑇) are close at low temperatures. The temperature increase leads to
a difference between 𝐶P(𝑇) and 𝐶V(𝑇) due to thermal expansion and other factors such as vacancy
formation, molecular rotation and melting processes [17–20]. To determine the difference between
𝐶P(𝑇) − 𝐶V(𝑇) both 𝛽(𝑇) and the parameters 𝜒(𝑇) (isotermal compression coefficient), 𝑉 (𝑇) (molar
volume) and 𝛾(𝑇) (Grüneisen coefficient) are required [21]. Some of these parameters may be missing
in the literature for the new nanomaterials.

The proportional correlation between the linear coefficient of thermal expansion 𝛼(𝑇) and 𝐶V(𝑇) is
proposed theoretically for 1D atomic chains [22–24]. A proportionality between the experimental data
𝐶𝑃 (𝑇) and 𝛽(𝑇) is observed for 3D materials, as noted by Tang et al. [25]. Their analysis for some
standard solids such as inert monatomic solids (Xe, Kr and Ar), metal oxides (MgO and Al2O3) and
metals (W, Ta, Mo, Pt, Be, Cu, Al and Hg) is based on the previous works of Bodryakov [26, 27]. It is
possible to suggest that the proportional dependence between 𝐶P(𝑇) and 𝛽(𝑇) can be generalized for all
solids in a wide range of temperatures from a few Kelvin to the melting temperature. However, as far
as we know, previous changes in the nature of temperature dependencies of heat capacity and thermal
expansion of molecular cryocrystals, for which the influence of rotational degrees of freedom is essential,
were not considered in the frames of such approach [2, 28, 29]. Moreover, carbon nanomaterials that
have the manifestation of the features of their unique 1D and 2D geometry on temperature dependencies
𝐶P(𝑇) and 𝛽(𝑇) as well the fundamentally different energy spectrum compared to classical 3D materials,
is not considered within the frames of the approach discussed in references [25–27].

Recently, experimental results of 𝐶 (𝑇) and the linear coefficient of thermal expansion 𝛼(𝑇) for
bulk samples prepared by mechanical compressing the powder of SWCNTs bundles were compared by
Bagatskii et al. [30]. Bundles of single-walled carbon nanotubes are highly anisotropic systems. The low-
temperature thermal properties of SWCNTs bundles have a quasi-one-dimensional nature (the quasi-1D
phonon spectrum and features in temperature dependencies of𝐶 (𝑇) and 𝛼(𝑇) [30, 31]). It was found that
the Grüneisen parameter 𝛾(𝑇) of SWCNTs bundles has a feature near 36 K. Above 36 K, the Grüneisen
coefficient is 𝛾(𝑇) ≈ 4 and monotonously decreases with the decreasing of temperature below 36 K [30].
For orientational glass of fullerite C60, the contribution of tunneling levels and intramolecular vibrations
to the heat capacity taken into account [7, 32]. The Grüneisen coefficient of fullerite C60 is 𝛾(𝑇) ≈ 3,
and the temperature dependences of 𝛼(𝑇) and 𝐶P(𝑇) are similar in the range from 5 to 63 K [32].

The aim of this study is to analyze the data of heat capacity and thermal expansion of crystalline and
amorphous materials in order to determine the influence of the manifestation of the structure of solids
on the proportional dependence between 𝐶 (𝑇) and 𝛽(𝑇). We considered the systems of xenon atoms
adsorbed on the surface of carbon nanotubes, atomic (Xe, Ar) and molecular cryocrystals (N2, CO2, CO,
N2O) and carbon nanostructures with a complex phonon spectrum. The ratio between thermal expansion
and heat capacity for simple atomic crystals (only 3 translational degrees of freedom), molecular crys-
tals (additional degrees of freedom associated with the rotational motion of the molecule) and carbon
nanomaterials (strongly anisotropic systems, intramolecular vibrations and tunnel levels) were analyzed.
The translational degrees of freedom of a molecule are associated with three independent directions of
translational motion of the centre of mass of the molecule in three-dimensional space. Rotational degrees
of freedom — with independent axes of rotation of the molecules. The contribution of rotational degrees
to the thermal properties of crystals may be understood when considering the dynamics of a crystal
consisting of a system of interacting oscillators generated by both translational and orientational degrees
of freedom.
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2. Experiment and discussion

2.1. Heat capacity of the Xe atoms adsorbed by SWCNTs bundles

Figure 1 shows the contributions of adsorbed Xe atoms to the heat capacity 𝐶Xe(𝑇) (circles) and
the thermal expansion 𝛼Xe(𝑇) (line) of the SWCNTs−Xe system. Heat capacity [33–36] and thermal
expansion [37, 38] of single-walled carbon nanotube (SWCNTs) bundles with adsorbed Xe atoms were
measured for the same SWCNTs powder material mechanically compressed under pressure 1 GPa. The
experimental heat capacity𝐶Xe(𝑇) for the contribution of the Xe adsorbate [33] agrees with the theoretical
phonon heat capacity for 1D Xe chains at constant volume 𝐶V(𝑇) [39].

Figure 1. (Colour online) 𝛼Xe (𝑇) vs. 𝐶Xe (𝑇)/𝑅. Left-hand Y axis is thermal expansion 𝛼Xe (𝑇) of the
Xe contribution to the 𝛼(𝑇) systems of carbon nanotubes with adsorbed Xe atoms (solid line) [37].
Right-hand Y axis is heat capacity normalized to the gas constant𝐶 (𝑇)/𝑅:𝐶Xe (𝑇) is the Xe contribution
to the heat capacity of the SWCNT−Xe system (experiment — empty circles [33]).

In figure 1, a similar temperature dependence for 𝛼Xe(𝑇) and 𝐶Xe(𝑇) is observed in the temperature
range from 10 to 30 K. It indicates that the influence of adsorbed xenon atoms makes the main positive
contribution to the thermal expansion of the SWCNT–Xe systems. Near 10 K, the slope of the tangent
to 𝛼Xe(𝑇) increases with decreasing temperature. Let us perform normalization by 𝛼∗ = 10−6 K−1.
The coefficient 𝛼∗ is chosen so that the relationship between 𝛼Xe(𝑇)/𝛼∗ and 𝐶Xe(𝑇) fits by the linear
function 𝑦 = 𝑘𝑥, with the angular coefficient 𝑘 = 1, as shown in figure 2. In the case of the heat capacity
𝐶Xe(𝑇)/𝑅 > 1, a typical for simple molecular crystals proportional dependence between 𝛼𝑋𝑒 (𝑇)/𝛼∗ and
𝐶𝑋𝑒 (𝑇)/𝑅 is observed. For the heat capacity 𝐶Xe(𝑇)/𝑅 < 1, there is a significant deviation from this
dependence, which is associated with the anisotropy of the system of adsorbed atoms. The temperature
dependence between 𝛼Xe(𝑇)/𝛼∗ and 𝐶Xe(𝑇)/𝑅 can be explained by the decrease of the Grüneisen
coefficient for the low-dimensional system of Xe adsorbates with the decrease of temperature below
10 K. Note that the total heat capacity of the SWCNT is less than 3𝑅 [40].

33602-3



M. S. Barabashko, A. I. Krivchikov, R. Basnukaeva, O. A. Korolyuk, A. Jeżowski

Figure 2. (Colour online) Dependence 𝛼Xe (𝑇)/𝛼∗ vs. 𝐶Xe (𝑇)/𝑅 in normal scale for contributions of
Xe atoms (empty circles) adsorbed by SWCNT bundles. Straight line shows the extrapolation of the
experimental data by functions 𝛼Xe ≈ 𝛼∗𝐶Xe (𝑇)/𝑅, where 𝛼∗ is a constant for the 𝐶Xe (𝑇)/𝑅 > 1.

2.2. Relation between volume thermal expansion 𝜷 and 𝑪V based on phenomenologi-
cal theory

According to the phenomenological theory of the thermal expansion of solids [41, 42], in considering
thermal expansion from a thermodynamic point of view, the volume coefficient of thermal expansion
depends on the entropy 𝑆:

𝛽 = 𝜒T

(
𝜕𝑆

𝜕𝑉

)
𝑇

, (2.1)

where, 𝜒T is coefficient of isothermal compression. Heat capacity is also a function of entropy:

𝐶𝑉 =
1
𝑇

(
𝜕𝑆

𝜕𝑇

)
V
. (2.2)

Thus, there is a proportional relationship between the thermal expansion and the heat capacity of solids
with the coefficient 𝛾:

𝛽 =
𝛾𝜒T𝐶V

𝑉
, (2.3)

where 𝛾 = − (𝜕 ln 𝑇/𝜕 ln 𝑉)S is Grüneisen coefficient, which characterizes the change of temperature
during an adiabatic change of volume [21, 42]. In the case when 𝛾 does not depend on temperature, in
the frames of the phenomenological theory of thermal expansion of solids between 𝛽(𝑇) and 𝐶V(𝑇)/𝑅
it is possible to propose a constant 𝛽∗:

𝛽∗ =
𝛾𝜒T𝑅

𝑉
=

3𝛼𝑅
𝐶V

. (2.4)
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This constant 𝛽∗ can be found directly from a comparison of the temperature dependences of heat capacity
and thermal expansion of new nanomaterials, without involving the missing data about the temperature
dependences 𝜒T,𝑉 (𝑇), 𝛾(𝑇). Thus, 𝛽∗(𝑇) is the normalization parameter for the bulk thermal expansion
coefficient, which is the value of bulk thermal expansion coefficient of a solid while the heat capacity
𝐶V(𝑇) = 𝑅. Note, that using 𝛽∗(𝑇) we simplify the analysis of thermodynamic properties of low-
dimensional nanomaterials such as carbon nanostructures. It was shown by Bagatskii et al. [30] that the
negative values of 𝛾(𝑇) are observed for SWCNTs bundles with the decrease of temperature, wich is
much different from the constant value 𝛾(𝑇) ≈ const for higher temperatures. Using 𝛽∗(𝑇) can also be
useful for qualitative analysis of𝐶P(𝑇) and 𝛾(𝑇) of nanomaterials of the same nature or for determination
of the temperature limits of the domination of the positive phonon contribution to the thermal properties
of nanomaterials with high anisotropy or the absence of long-range structural order.

Within the framework of the dynamics of the crystal lattice, the parameter 𝛾 can be obtained by the
next equation with data of heat capacity at a constant volume 𝐶V,𝑖 , corresponding to one phonon with
the 𝑖 index as:

𝛾 =

∑
𝑖=1 𝛾𝑖𝐶V,𝑖∑
𝑖=1 𝐶V,𝑖

. (2.5)

Here, the coefficient related to the change of the frequency of the phonon 𝛾𝑖 at the volume changes is:

𝛾𝑖 = −𝜕 (ln𝜔𝑖)
𝜕 (ln𝑉) . (2.6)

The summation in the equation (2.5) is performed over all phonons in the first Brillouin zone. The
Grüneisen parameter is calculated by using the density of vibrational states 𝑔(𝜔) as follows:

𝛾 =

∫ 𝜔max
0 𝛾(𝜔) 𝑔(𝜔) 𝐶𝑉 (𝜔,𝑇) d𝜔∫ 𝜔max

0 𝑔(𝜔) 𝐶𝑉 (𝜔,𝑇) d𝜔
. (2.7)

In the Debay model, all frequencies are proportional to the Debay frequency 𝜔D, the magnitude of which
depends on the molar volume. Therefore, the Grüneisen parameter becomes the same for all modes:

𝛾 = −𝜕 (ln𝜔D)
𝜕 (ln𝑉) . (2.8)

The theoretically predicted linear correlation between the volume coefficient of thermal expansion and
the thermal heat capacity was investigated for highly symmetrical atomic crystals by Garai [43].

2.3. Ratio between 𝜷 and the heat capacity 𝑪V of carbon nanomaterials

Let us look at the relationship between the experimental dependencies of 𝐶P(𝑇) and 𝛽(𝑇) carbon
nanomaterials such as SWCNT bundles and fullerite C60. The heat capacity of fullerite C60 with a purity
of 99.99% at constant pressure was studied using an adiabatic calorimeter in the temperature range from
1.2 to 120 K [7, 32]. The difference 𝐶P(𝑇) − 𝐶V(𝑇) is negligible below 120 K (less than 0.1%) [44].
At the same time, the contribution of the intramolecular vibrations to the heat capacity is significant
above 50 K [32]. Linear thermal expansion 𝛼(𝑇) of polycrystalline C60 was measured on the same
C60 material as the heat capacity below 20 K [45]. Above 20 K, the bulk thermal expansion data were
calculated as 𝛽 ≈ 3𝛼 using 𝛼 data for monocrystal C60 [46]. The temperature dependence of 𝛽∗ [based
on equation (2.4)] in the case of C60 fullerite was calculated using data on heat capacity [7, 32] and
thermal expansion [45, 46]. The obtained temperature dependence 𝛽∗ = 6.5 × 10−6 K−1 for C60 fullerite
is shown in figure 3a. It can be seen that in a wide temperature range from 10 to 90 K, this dependence
can be approximated by constant 𝛽∗ = 6.5 × 10−6 K−1. The normalization of the thermal expansion of
fullerite C60 to the parameter 𝛽∗ = 6.5 × 10−6 K−1 was carried out the same way as in the case of the
system of the single-walled carbon nanotubes with adsorbed Xe (SWCNTs-Xe). The obtained dependence
𝛽/𝛽∗ vs. 𝐶V/𝑅 is shown in figure 3b. It can be seen that there is a direct proportional dependence in
a wide temperature range between the volume thermal expansion coefficient and the heat capacity (line
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Figure 3. (Colour online) (a) The calculated temperature dependence for C60 fullerite (red circles).
Straight line is an approximation by the constant 𝛽∗ = 6.5 × 10−6 K−1. (b) The dependence of 𝛽/𝛽∗
on 𝐶V (𝑇)/𝑅, plotted by using 𝛽∗ = 6.5 × 10−6 K−1, and the experimental data [7, 32, 45, 46]; the line
shows the proportional dependence.

in figure 3b). This indicates a high agreement between the experimental data of 𝐶P(𝑇) and 𝛽(𝑇) of C60
fullerite.

Heat capacity at constant pressure 𝐶P(𝑇) of systems of compact nanotubes [30], which are mecha-
nically compressed powder of bundles of single-walled carbon nanotubes (SWCNT), was studied in
the temperature range 2÷120 K. The sample for thermal expansion and heat capacity measurements
was prepared by compaction under 1 GPa pressure according to Bendiab et al. [47] method. The
molar mass of carbon (12 g/mol) was taken to estimate 𝐶/𝑅 for the system of compacted SWCNT
nanotubes. The dependence of the volumetric thermal expansion coefficient 𝛽 ≈ 3𝛼 was estimated
using experimental data of linear thermal expansion of the compacted powder of SWCNTs [38]. The
temperature dependence of the Grüneisen coefficient was calculated by Bagatskii et al. [30] using the
value 𝜒T = 2.7×10−11 Pa−1 [47], and molar volume𝑉 = 1×10−5 m3/mol [30]. Temperature dependence
𝛽/𝛽∗ vs.𝑇 for the SWCNTs bundles is shown in figure 4a (red circles). It can be seen that this dependence
above 30 K can be approximated by the constant 𝛽∗ = 9.5 × 10−5 K−1 (straight line in figure 4a). Note
that the system of compacted nanotubes has an extremely low heat capacity, see figure 4b). As in the
case of 𝐶60 fullerite, let us normalize the thermal expansion of the system of compacted nanotubes to
the constant 𝛽∗ = 9.5 × 10−5 K−1 (see figure 4c, red triangular, experimental data). It is seen that the
proportional ratio at 𝑇 ⩾ 36 K between the volume thermal expansion coefficient and the heat capacity
(line in figure 4c), that is, a universal linear function 𝑦 = 𝑘𝑥 with an angular coefficient 𝑘 = tan45◦ = 1,
as well as in the case of the adsorbate system 𝛽Xe/𝛽∗ vs. 𝐶V/𝑅, and 𝐶60 fullerite. Deviation of the
normalized experimental data from the line is observed at 𝑇 < 36 K, which is explained by a significant
decrease of the Grüneisen coefficient [30].

Figure 4. (Colour online) (a) Temperature dependence 𝛽/𝛽∗ vs. 𝑇 for compact nanotube system of
SWCNTs bundles calculated by using experimental data [30] (red circles); straight line is an approximation
by constant 𝛽∗ = 9.5 × 10−5 K−1; (b) 𝐶V (𝑇)/𝑅 vs. 𝑇 for compact nanotube system of SWCNTs
bundles [30]; (c) Normalized volume thermal expansion 𝛽/𝛽∗ vs.𝐶V (𝑇)/𝑅 for the experimental data [30,
38] of SWCNTs bundles for 𝛽∗ = 9.5 × 10−5 K−1(triangles); the line is a proportional dependence of
𝛽/𝛽∗ vs. 𝐶V (𝑇)/𝑅.
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Therefore, in both cases of the system of compacted nanotubes SWCNTs and 𝐶60, it is possible to
propose a generalized linear function 𝑦 = 𝑘𝑥, 𝑘 = tan 45◦ = 1 between 𝛽/𝛽∗ ratio and 𝐶V/𝑅, where 𝛽∗ is
the normalization parameter for the coefficient of volumetric thermal expansion and R is the universal gas
constant. Deviations from this function indicate anomalies in the nature of 𝛽/𝛽∗ on 𝐶V/𝑅, which appear
for experimental data [7, 32, 46]. Previously, the correlation between 𝛽 and𝐶P(𝑇) for C60 polycrystals was
observed in [32] at temperatures below 63 K. Above 60 K, the contribution of intramolecular vibrations
to the 𝐶P(𝑇) significantly increases, which does not allow a direct comparison between 𝛽 and 𝐶P(𝑇),
in particular, to investigate the manifestation of an anomaly characteristic of orientation glass at 𝑇g. At
the glass transition temperatures 𝑇g (80÷90 K) an anomaly is observed in 𝛼(𝑇) [46]. The proportional
correlation 𝛽/𝛽∗ between 𝐶V/𝑅 takes place in a wide interval of heat capacity changes up to 𝐶P/𝑅 ≈ 4,
which is associated not only with vibrational degrees of freedom𝐶P(𝑇)/𝑅 ⩽ 3, but also with the influence
of rotational excitations. Next, the correlation between heat capacity and thermal expansion in atomic
and simple molecular crystals will be considered to reveal the influence of rotational degrees of freedom.

2.4. Ratio between volume thermal expansion 𝜷 and the heat capacity 𝑪V of atomic
and simple molecular crystals

Figure 5a shows the calculated temperature dependence 𝛽∗ vs. 𝑇 for cryocrystals Ar, Xe, CO2, CO,
N2O (symbols). It can be seen that both for atomic cryocrystals and for cryocrystals with linear symmetry
the value 𝛽∗ vs. 𝑇 is close to the corresponding 𝛽∗ (solid straight lines). The values of 𝛽∗ are given in
table 1. Figure 5b shows that the correlation described by a universal linear function with the angular
coefficient 𝑘 = tan 45◦ = 1 between the normalized thermal expansion (𝛽/𝛽∗) and the heat capacity
normalized to 𝑅 (𝐶V/𝑅), was observed for the experimental data of atomic crystals, such as Xe, Ar, that
have 3 degrees of freedom, and the maximum heat capacity of the crystal is equal to 3𝑅. For atomic
crystals, such a linear correlation was observed in the entire range of temperatures from the lowest
experimental to temperatures where 𝐶V/𝑅 ≈ 2.3. In the temperature range, where 2.3 < 𝐶V/𝑅 < 3 (the
classical limit of Dulong and Petit) a sharp increase of the function (𝛽/𝛽∗) is observed which means
the disappearance of the correlation between volumetric thermal expansion and heat capacity. Note that
atomic crystals (Xe, Ar) have three independent acoustic branches in the dispersion law. For molecular
crystals with linear molecules, such as CO2, CO, N2O, the deviation from the linear dependence 𝛽/𝛽∗ vs.
𝐶V/𝑅 is observed at values of heat capacity 𝐶V/𝑅 ≈ 3 ÷ 3.5. For molecular crystals, in addition to the
translational degrees of freedom, there are degrees of freedom associated with the rotational motion of
the molecules (2 additional degrees of freedom are added in the case of CO2, CO, N2O). This means that
linear correlation (𝛽/𝛽∗) vs. 𝐶V/𝑅 is associated not only with translational degrees of freedom but also
with rotational degrees of freedom. It is seen that for more degrees of freedom, the linear correlation is
observed in the wider interval. This fact indicates that such correlation for crystals depends on the number
of degrees of freedom of the molecules, and not on the nature of the atoms or molecules themselves.

In figure 6, the values of 𝛽/𝛽∗ from 𝐶V/𝑅 for amorphous SiO2 are added for comparison, since
amorphous SiO2 belongs to the class of amorphous materials [48]. Furthermore, for comparison, figure 6
shows the dependence 𝛼Xe/𝛼∗ vs. 𝐶P/𝑅 of the contribution of Xe adsorbed by the system of compacted
carbon nanotubes is normalized to 𝛼∗ and the dependence of 𝛽/𝛽∗ on the 𝐶V/𝑅 of the system of
mechanically compacted SWCNTs and CO2. In figure 6 the dependence of 𝛽/𝛽∗ vs. 𝐶V/𝑅 is presented
in a double logarithmic coordinate system that better represents the range of low temperatures. For CO2,
as well as for other atomic and molecular crystals, up to the lowest temperatures, a linear dependence
of 𝛽/𝛽∗on 𝐶V/𝑅 is observed. As for amorphous SiO2, as in the case of SWCNTs and the contribution
of Xe atoms to the SWCNT–Xe system, there is a deviation from a linear dependence with decreasing
temperature, which characterizes the presence of a negative contribution to thermal expansion, that leads
to a decrease and even negative values of the Grüneisen parameter 𝛽(𝑇) of materials with the structural
disorder. Figure 6b shows the high-temperature range of 𝛽/𝛽∗ from 𝐶V/𝑅. In the case of amorphous
SiO2, the deviation from the linear dependence 𝛽/𝛽∗ from 𝐶V/𝑅 occurs at 𝐶V/𝑅 ⩾ 1, which indicates
that the volume thermal expansion and heat capacity become independent of each other.

It can be seen that in the same way as in the case of SWCNTs and the system of compacted carbon
nanotubes with adsorbed Xe atoms, the structural disorder of amorphous SiO2 leads to the negative
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Figure 5. (Colour online) (a) The calculated temperature dependence 𝛽∗ according to the equation 2.4
vs. T for Ar, Xe, CO2, CO, N2O (symbols); solid straight lines are an approximation, constant 𝛽∗, see
table 1. (b) Normalized volume thermal expansion 𝛽/𝛽∗ vs.𝐶V/𝑅 (symbols are the same as in figure 5a):
N2O (data [2, 28, 29] and 𝛽∗ = 8 × 10−5 K−1), CO2 (data [2, 28, 29] and 𝛽∗ = 8 × 10−5 K−1), CO
(data [2, 28, 29] and 𝛽∗ = 30 × 10−5 K−1), solid Xe (data [2, 28, 29] and 𝛽∗ = 16 × 10−5 K−1); solid
Ar (data [2, 28, 29] and 𝛽∗ = 38 × 10−5 K−1). The line is a direct proportional dependence of 𝛽/𝛽∗ on
𝐶V/𝑅.

Figure 6. (Colour online) Normalized volume thermal expansion 𝛽/𝛽∗ vs. 𝐶V/𝑅 (6a — in double
logarithmic coordinates, 6b — in linear coordinates): contribution of Xe atoms adsorbed by the system
of compacted carbon nanotubes (𝛼∗ = 0.1 × 10−5 K−1) (stars); CO2 (•, data [2, 28, 29] and 𝛽∗ =

8 × 10−5 K−1); SWCNTs bundles (△) plotted for experimental data [30, 38] and 𝛽∗ = 9.5 × 10−5 K−1;
amorphous SiO2 (□, data [48] and 𝛽∗ = 1.2 × 10−5 K−1).

contribution to thermal expansion [48, 49], and the linear dependence (𝛽/𝛽∗) on (𝐶V/𝑅) is violated (see
figure 6) at lower temperatures. For carbon nanomaterials, as well as for atomic and simple molecular
crystals, a linear ratio between volumetric thermal expansion and heat capacity is observed only in the
temperature range at which the relative change in atomic vibration frequencies to the change of volume
is constant.

To explain the proportional correlation observed for simple atomic and molecular crystals, we analyzed
new experimental results of the universal behaviour of the low-temperature heat capacity of molecular
crystals [12, 50, 51]. It was found that all frequencies of the real spectrum are proportional to the frequency
𝜔vH of the first van Hove singularity, the magnitude of which depends on the volume. Therefore, the
Grüneisen parameter becomes the same for all modes [12, 50, 51].

The universal behaviour of the temperature dependence of the experimental heat capacity𝐶exp(𝑇)/𝑇3,
which has a maximum at the temperature 𝑇max follows as a result of the first van Hove feature in the
density of vibrational states. The frequency 𝜔vH ≈ 5𝑇max𝑘B/ℏ, where 𝑘B and ℏ are the Boltzmann and
Planck constants, respectively [52].

The normalized function of excess Δ𝐶 = [𝐶exp(𝑇) − 𝐶D(𝑇)]/𝑇3 of the experimental values of heat
capacity 𝐶exp(𝑇) over the Debye contribution 𝐶D(𝑇) = 𝑐3𝑇

3 (𝑐3 — coefficient) vs. 𝑇/𝑇max, in a wide
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Table 1. The normalization parameter for the coefficient of linear thermal expansion is 𝛼∗ for the case
of Xe atoms adsorbed by a system of compacted carbon nanotubes, and the normalization parameter for
the coefficient of volumetric thermal expansion is 𝛽∗ for the case of atomic crystals, molecular crystals
and disordered systems.

Material 𝛼∗; 𝛽∗ References for References for the
𝐶 (𝑇) data expansion data

Atomic crystals
solid Ar 𝛽∗ = 38 × 10−5 K−1 [2, 28, 29] [2, 28, 29]
solid Xe 𝛽∗ = 16 × 10−5 K−1 [2, 28, 29] [2, 28, 29]

Molecular crystals
solid CO2 𝛽∗ = 8 × 10−5 K−1 [2, 28, 29] [2, 28, 29]
solid CO 𝛽∗ = 30 × 10−5 K−1 [2, 28, 29] [2, 28, 29]
solid N2O 𝛽∗ = 8 × 10−5 K−1 [2, 28, 29] [2, 28, 29]

Strong anisotropic solids
adsorbed Xe 𝛼∗ = 0.1 × 10−5 K−1 [33] [37]

SWCNTs bundles 𝛽∗ = 9.5 × 10−5 K−1 [30] [38]
Disordered solids

solid C60 𝛽∗ = 0.65 × 10−5 K−1 [7, 32] [45, 46]
solid SiO2 𝛽∗ = 1.2 × 10−5 K−1 [48] [48]

temperature range has a universal dependence for ordered and disordered materials [12]:

Δ∗𝐶 =

[
𝐶exp(𝑇)/𝑇3] − 𝑐3[

𝐶exp(𝑇)/𝑇3
]

max − 𝑐3
. (2.9)

Therefore, the Grüneisen parameter:

𝛾 = −𝜕 (ln𝜔)
𝜕 (ln𝑉) = −𝜕 (ln𝜔vH)

𝜕 (ln𝑉) ≈ −𝜕 (ln \vH)
𝜕 (ln𝑉) , (2.10)

where ΘvH ≈ 5𝑇max [52].
To verify the equations (2.9 and 2.10), we used experimental data of the heat capacity for solid

parahydrogen at constant volume in the range of molar volumes from 22.79 to 16.19 cm3/mol [53]. The
dependence of the temperature 𝑇max vs. the molar volume is given in table 2 and is shown in figure 7.

Table 2. Dependence of the temperature 𝑇max of the maximum heat capacity 𝐶exp (𝑇)/𝑇3 vs. the molar
volume according to experimental data [53].

𝑉 𝑇max, in 𝐶exp(𝑇)/𝑇3

cm3/mol K
22.221 12.28
22.787 11.65
19.120 16.6
17.458 19.75
16.193 22.18

Several conclusions emerge from the analysis of the data in figure 7 and table 2. First, it was found
that the dependence Δ∗𝐶 (𝑇/𝑇max) is universal in a wide range of normalized temperatures 𝑇/𝑇max from
0 to 2.5. Second, it was obtained that the value of the Grüneisen parameter is equal to 𝛾 = 1.9, and the
experimental data agree well with the dependence:

ΘvH(𝑉1)
ΘvH(𝑉2)

=
𝑇max(𝑉1)
𝑇max(𝑉2)

=

(
𝑉2
𝑉1

)𝛾
. (2.11)
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Figure 7. (Colour online) Dependence of the temperature𝑇max of the maximum heat capacity𝐶exp (𝑇)/𝑇3

vs. the molar volume according to experimental data [53]: symbols are experimental data; solid curve is
equation (2.11) for 𝛾 = 1.9.

Note that the facts discussed above can explain the proportional correlation between heat capacity and
thermal expansion for crystals with appear the first Van Hove feature in the density of vibrational states.
In the case of strongly anisotropic solids, the first van Hove feature is not realized in the density of
vibrational states, and in this case there is no condition for realizing a proportional correlation at lower
temperatures between heat capacity and thermal expansion.

3. Conclusions

The relationship between the heat capacity𝐶 (𝑇) and the thermal expansion for Xe atoms adsorbed by
a system of compacted carbon nanotubes, which are mechanically compressed bundles of single-walled
carbon nanotubes, single crystals, and amorphous materials, was analyzed. The proportional correlation
between the normalized volume thermal expansion (𝛽/𝛽∗) and the heat capacity (𝐶V/𝑅), is observed for
atomic cryocrystals such as Xe, Ar, in the temperature range from the lowest experimental to temperatures
where (𝐶V/𝑅) ≈ 2.3. This correlation depends on the number of vibration modes and does not depend
on the characteristics of the atoms of these crystals. In the temperature region, where 2.3 < 𝐶V/𝑅 < 3
(the classical limit of Dulong and Petit) the correlation disappears, which indicates that the volumetric
thermal expansion and heat capacity become independent of each other. For molecular crystals with
linear symmetry, such as CO2, CO, N2O, a universal proportional ratio between heat capacity and
thermal expansion is also observed, and the deviation from the linear dependence (𝛽/𝛽∗) on (𝐶V/𝑅)
is observed at values of heat capacity (𝐶V/𝑅) ≈ 3 ÷ 3.5. These facts indicate that the proportional
correlation is related not only to the translational but also to the rotational degrees of freedom of the
molecule in the crystal. In the case of the C60 molecular crystal with translational, rotational degrees
of freedom and intermolecular vibrations, the above-discussed correlation occurs up to the values of
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heat capacity (𝐶V/𝑅) ≈ 7.5. In strongly anisotropic systems, such as systems of compacted carbon
nanotubes, which are mechanically compressed bundles of SWCNTs and systems of Xe atoms adsorbed
by compacted carbon nanotubes, this universal dependence is violated at low temperatures. A qualitative
explanation of the observed correlation is proposed.
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Пропорцiйна кореляцiя мiж теплоємнiстю та тепловим
розширенням атомарних, молекулярних кристалiв та
вуглецевих наносистем
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Проаналiзовано справедливiсть спiввiдношення мiж тепловим розширенням 𝛽(𝑇) i теплоємнiстю 𝐶 (𝑇)
атомарних i молекулярних кристалiв, аморфних матерiалiв зi структурним розладом, вуглецевих нанома-
терiалiв (фуллерит C60, системи компактованих джгутiв одностiнних вуглецевих нанотрубок). Розглянуто
вплив внеску до коефiцiєнту лiнiйного теплового розширення 𝛼Xe (𝑇) атомiв Хе, адсорбованих механiчно
спресованими компактами з джгутiв ОВНТ. Знайдена пропорцiйна кореляцiя 𝛼Xe (𝑇)/𝛼∗ ≈ 𝐶Xe (𝑇)/𝑅
мiж внеском до коефiцiєнту лiнiйного теплового розширення 𝛼Xe (𝑇) i нормалiзованої на газову постiй-
ну теплоємнiстю 𝐶Xe (𝑇)/𝑅 атомiв Xe адсорбованих системою компактованих вуглецевих нанотрубок.
Пропорцiйна кореляцiя (𝛽/𝛽∗) ≈ (𝐶V/𝑅) з параметром перенормування 𝛽∗ для коефiцiєнту об’ємного
теплового розширення для крiокристалiв було запропоновано аналогiчно, як для коефiцiєнту лiнiйного
теплового розширення 𝛼Xe (𝑇). У випадку атомарних кристалiв, таких як Xe, Ar, пропорцiйна кореляцiя
(𝛽/𝛽∗) ≈ (𝐶V/𝑅) спостерiгається у дiапазонi температур вiд найнижчої експериментальної до темпе-
ратур, де 𝐶V/𝑅 ≈ 2.3 та не залежить вiд характеристик атомiв цих кристалiв. Зникнення кореляцiї спо-
стерiгається в областi температур, де 2.3 < 𝐶V/𝑅 < 3 (класичної границi Дюлонга та Птi). Унiверсальна
пропорцiйна кореляцiя також спостерiгається для молекулярних кристалiв з лiнiйною симетрiєю, таких як
CO2, CO та N2O нижче значень теплоємностi 𝐶V/𝑅 ≈ 3 ÷ 3.5, але вiдхилення вiд неї є бiльш пологим у
порiвняннi з атомарними кристалами. Цi факти вказують на те, що пропорцiйна кореляцiя пов’язана не
тiльки з трансляцiйними, але i з обертальними ступенями вiльностi молекули в кристалi. У випадку моле-
кулярного кристалу С60 з трансляцiйними, обертальними та внутрiшнiми ступенями вiльностi зазначена
кореляцiя має мiсце до значень теплоємностi 𝐶V/𝑅 ≈ 7.5. У сильно анiзотропних системах, таких, як си-
стеми компактованих джгутiв одностiнних вуглецевих нанотрубок та системи компактованих вуглецевих
нанотрубок iз адсорбованими атомами Xe, ця унiверсальна залежнiсть виконується в обмеженому iнтер-
валi температур та не виконується при низьких температурах. Запропоновано якiсне пояснення розгля-
нутої кореляцiї.

Ключовi слова: теплоємнiсть, теплове розширення, унiверсальне спiввiдношення, наноматерiали,
низькорозмiрнi системи
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