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The lattice thermal conductivity of graphene is evaluated using a microscopic model that takes into account the
lattice’s discrete nature and the phonon dispersion relation within the Brillouin zone. The Boltzmann transport
equation is solved iteratively within the framework of three-phonon interactions without taking into account the
four-phonon scattering process. The Umklapp and normal collisions are treated rigorously, thereby avoiding
relaxation-time and long-wavelength approximations. The mechanisms of the failures of these approximations
in predicting the thermal transport properties are discussed. Evaluation of the thermal conductivity is performed
at different temperatures and frequencies and in different crystallite sizes. Reasonably good agreement with the
experimental data is obtained. The calculation reveals a critical role of out-of-plane acoustic phonons in deter-
mining the thermal conductivity. The out-of-plane acoustic phonons contribute greatly and the longitudinal and
transverse acoustic phonons make small contributions over a wide range of temperatures and frequencies. The
out-of-plane acoustic phonons dominate the thermal conductivity due to their high density of states and re-
strictions governing the anharmonic phonon scattering. The selection rule severely restricts the phase space
for out-of-plane phonon scattering due to reflection symmetry. The optical phonon contribution cannot be ne-
glected at higher temperatures. Both Umklapp and normal processes must be taken into account in order to
predict the phonon transport properties accurately.
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1. Introduction

Graphene is a two-dimensional form of carbon that has attracted intense interest on account of its
remarkable physical properties [1, 2]. For example, graphene has a tremendous mechanical strength [3, 4].
Graphene also has extraordinary electrical and thermal transport properties [5, 6]. Graphene offers excel-
lent potential for thermal management applications [7, 8] due to its extremely high thermal conductivity,
up to about 5000 W/(m·K) [9, 10], and relatively low density. Other carbon-based materials may pos-
sess exceedingly similar thermal transport properties, such as single-walled carbon nanotubes [11, 12],
graphite [13, 14], and diamond [15, 16]. The thermal transport in graphene can be primarily attributed
to lattice waves [17, 18], and therefore the thermal conductivity is limited by the scattering of lattice
waves from crystallite boundaries [19, 20]. Heat from electronic circuits may be removed efficiently by
using the peculiar thermal transport properties of graphene [21, 22], thereby making it possible to solve
thermal management problems at the nanoscale.

In addition to their importance in the acoustic properties, phonons are essential in the phenomenon
of heat conduction, for instance, the thermal transport properties of graphene. The vibrations in the
graphene lattice can be characterized by the following phonon branches: longitudinal acoustic mode,
longitudinal optic mode, transverse acoustic mode, transverse optic mode, out-of-plane acoustic mode,
and out-of-plane optical mode. Longitudinal and transverse phonons vibrate in the plane of the layer,
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while out-of-plane phonons, also referred to as flexural phonons, vibrate out of the plane of the layer.
Over a wide range of the Brillouin zone, the longitudinal and transverse acoustic phonons have linear
dispersion, whereas the out-of-plane acoustic phonons have quadratic dispersion. The acoustic phonons
that vibrate in the plane carry most of the heat, whereas the acoustic phonons that vibrate out of the
plane do not significantly contribute to the thermal transport properties [23, 24]. This is because for
a zero wavevector the out-of-plane acoustic phonons have a vanishing group velocity, and there is a
relation between strong Umklapp scattering and large out-of-plane mode Grüneisen parameters [25, 26].
The effects of longitudinal and transverse acoustic modes are so strong that the out-of-plane acoustic
contribution becomes negligible in comparison.

Doubtful or even negative opinions are held on whether out-of-plane acoustic phonons make negligible
contribution. Recent theoretical studies have demonstrated that out-of-plane acoustic phonons are of great
importance in thermal transport [27, 28]. In suspended graphene, the out-of-plane acoustic phonons may
carry primarily heat [18]. Additionally, the theoretical predictions are in agreement with the experimental
measurements for graphene supported on a silicon dioxide substrate [18]. Consequently, knowledge of
lattice dynamics of out-of-plane acoustic phonons may be of vital importance in understanding the thermal
properties of graphene [29, 30]. However, these studies do not permit entirely satisfactory theoretical
interpretation. Refinement of the studies and their extension to a larger variety of graphene-based materials
and to a wider range of conditions may lead to a fundamental understanding of the transport phenomena
[31, 32]. The lack of knowledge of the importance of out-of-plane acoustic phonons seriously limits the
efforts to estimate the effects of phonon branches and scattering on the lattice thermal conductivity of
graphene.

This study focuses primarily upon the effect of out-of-plane acoustic phonons on the thermal trans-
port properties of graphene. The thermal conductivity at different temperatures and frequencies and
in different crystallite sizes is evaluated using a microscopic model that incorporates various phonon
modes. The Boltzmann transport equation is solved within the framework of three-phonon interactions
without taking into account the four-phonon scattering process. The Umklapp and normal collisions are
treated rigorously. The relaxation-time and long-wavelength approximations are avoided for the scatter-
ing mechanisms. Calculation results are presented and discussed briefly in relation to theory. This study
aims at understanding the importance of out-of-plane acoustic phonons in thermal transport properties
of graphene. Particular emphasis is placed upon the contributions made by different phonon modes to
the thermal conductivity under different conditions.

2. Methods

Recent studies have demonstrated the quadratic nature of the long wavelength flexural dispersions
in low dimensional lattices, irrespective of the lattice type [29]. For example, the flexure branch has
quadratic dispersion for the graphene lattice in the long-wavelength region [29]. Over a wide range of
the Brillouin zone, the out-of-plane acoustic phonons have quadratic dispersion

𝜔𝑍𝐴( ®𝑞) = 𝛼𝑍𝐴 ®𝑞2, (2.1)
in which 𝜔 denotes the phonon frequency, ®𝑞 denotes the wave vector, and 𝛼𝑍𝐴 is a positive constant.

The quadratic dispersion is of importance in the study of thermal transport of graphene [33, 34]. For
the out-of-plane acoustic phonons, the density of states is constant

𝐷𝑍𝐴(𝜔) =
1

4π
1

𝛼𝑍𝐴

. (2.2)

The number of the out-of-plane acoustic phonons is given by
𝑁𝑍𝐴(𝜔) = 𝑁0(𝜔)𝐷𝑍𝐴(𝜔), (2.3)

where 𝑁0 (𝜔) is the Bose-Einstein distribution function. This function in mode 𝜆 ( 𝑗 , ®𝑞) can be written
with respect to the Boltzmann constant 𝑘B as

𝑁0,𝜆 =
1

e
ℏ𝜔𝜆
𝑘B𝑇 − 1

, (2.4)
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wherein 𝑗 is the phonon mode index, 𝜆 is the phonon mode, 𝑇 is the temperature, and ℏ is the reduced
Planck’s constant.

As the frequency tends to 0, the number of the out-of-plane acoustic phonons tends to the reciprocal
of frequency and thus the phonon number diverges. Conversely, the acoustic phonons that vibrate in the
plane have linear dispersion

𝜔
′ ( ®𝑞) ≈ 𝑣

′
𝑔 ®𝑞, (2.5)

𝐷′ (𝜔) = 1
2π

𝜔

𝑣′𝑔

2
, (2.6)

where 𝑣𝑔 denotes the phonon group velocity. As the frequency tends to 0, the number of the acoustic
phonons that vibrate in the plane approaches a constant. As the frequency tends to 0, the ratio of the
above two phonon numbers diverges

𝑁𝑍𝐴 (𝜔)
𝑁 ′ (𝜔) =

1
2

𝑣′𝑔
2

𝛼𝑍𝐴𝜔
. (2.7)

At the boundary of the Brillouin zone, the ratio of the two phonon numbers is higher than 3. In the
frequency range of the out-of-plane acoustic phonons at room temperature determined by the empirical
interatomic potential for graphene [35, 36], the ratio of the two phonon numbers is about 9. When
the acoustic phonons that vibrate in the plane are specified as the longitudinal mode, the ratio of the
two phonon numbers is higher than 20 and 7, respectively, in the above two cases. Consequently, the
out-of-plane acoustic phonons at any temperature are vastly in the majority if the phonons are thermally
excited. When the magnitude of wave vector is very small, the group velocity of the out-of-plane acoustic
phonons near the boundary of the Brillouin zone exceeds 8000 meters per second, although it may often
be negligible [37, 38]. This group velocity is more than a half of that of the transverse acoustic phonons
and thus it is far from negligible.

One of the most important in the calculation is the selection rule that specifies phonon-phonon
scattering in the lattice. The selection rule narrowly limits the possibility of phonon scattering [39, 40].
The potential energy of the lattice may be given by

Φ
(
. . . ®𝑟𝑙𝑖𝑘𝑖 . . .

)
=

∞∑︁
𝑛=2

1
𝑛!

𝑙𝑛𝑘𝑛∑︁
𝑙1𝑘1

𝛼𝑛∑︁
𝛼1

Φ𝛼1...𝛼𝑛
(𝑙1𝑘1, . . . , 𝑙𝑛𝑘𝑛) 𝑢𝛼1 (𝑙1𝑘1) . . . 𝑢𝛼𝑛

(𝑙𝑛𝑘𝑛), (2.8)

®𝑟𝑙𝑘 = ®𝑅𝑙𝑘 + ®𝑢𝑙𝑘 , (2.9)

in which 𝑛 denotes the order of the sequence, ®𝑟 denotes the instantaneous location, ®𝑢 denotes the
instantaneous displacement from equilibrium, ®𝑅 denotes the equilibrium position, 𝑘 denotes the 𝑘-th
atom, and 𝑙 denotes the 𝑙-th unit cell of the lattice. Both harmonic and anharmonic terms are contained in
the above potential energy expression. More specifically, the second-order series are the harmonic term,
and the third-order and higher-order series are the anharmonic term. Both harmonic and anharmonic
interatomic force constants are required to calculate the scattering rates and phonon spectrum [41, 42].
The 𝑛-th order interatomic force constant can be estimated as

Φ𝛼1...𝛼𝑛
(𝑙1𝑘1, . . . , 𝑙𝑛𝑘𝑛) =

𝜕𝑛Φ

𝜕𝑢1 (𝑙1𝑘1) . . . 𝜕𝑢𝑛 (𝑙𝑛𝑘𝑛)
, (2.10)

in which the partial derivative is evaluated at the equilibrium position of the graphene lattice.
Symmetry considerations impose invariant potentials. A relation between 𝑛-th order interatomic force

constants can be yielded [43, 44]:∑︁
𝛼
′
1 ,...,𝛼

′
𝑛

Φ𝛼
′
1 ,...,𝛼

′
𝑛

(
𝑙
′

1𝑘
′

1, . . . , 𝑙
′
𝑛𝑘

′
𝑛

)
Ω𝛼

′
1 𝛼1

. . .Ω𝛼
′
𝑛 𝛼𝑛

= Φ𝛼1 ,...,𝛼𝑛
(𝑙1𝑘1, . . . , 𝑙𝑛𝑘𝑛) , (2.11)
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wherein Ω𝛼𝛽 is the matrix corresponding to rotation and reflection [43, 44]. This means that the matrix
may represent a pure rotation, a pure inversion, or both.

For the lattice, the inversion is a symmetry operation. For a two-dimensional lattice in the 𝑥𝑦 plane,
reflection about the 𝑧-axis maps the lattice into itself. The mathematical expression for the invariance of
the matrix toward reflection is given by

Φ𝛼1...𝛼𝑛
(𝑙1𝑘1, . . . , 𝑙𝑛𝑘𝑛) = (−1)𝑚Φ𝛼1...𝛼𝑛

(𝑙1𝑘1, . . . , 𝑙𝑛𝑘𝑛) , (2.12)

in which 𝑚 is the total number of the out-of-plane component of the sequence 𝛼1 . . . 𝛼𝑛. If the total
number of the out-of-plane component is odd, the above expression becomes

Φ𝛼1...𝛼𝑛
(𝑙1𝑘1, . . . , 𝑙𝑛𝑘𝑛) = 0. (2.13)

In harmonic approximation, the out-of-plane modes are decoupled from the in-plane modes, since all
the mode-mixed terms in the interatomic force constant expression do vanish [45, 46]. Additionally, the
number of the anharmonic terms can also be reduced by taking into account only the total number of the
out-of-plane component that is even. The selection rule specifies that in the complete order of anharmonic
phonon-phonon scattering expression, only out-of-plane phonons for which the total number of the out-
of-plane component is even are involved due to restrictions governing the anharmonic terms. For example,
the following three-phonon interaction processes involving an additional out-of-plane acoustic mode do
not occur in the lattice

𝑍𝐴 + (𝐿𝐴 ⇔ 𝐿𝐴), (2.14)

𝑍𝐴 + (𝐿𝐴 ⇔ 𝑇𝐴), (2.15)

𝑍𝐴 + (𝑇𝐴 ⇔ 𝑇𝐴), (2.16)

𝑍𝐴 + (𝑍𝐴 ⇔ 𝑍𝐴), (2.17)

𝑍𝐴 + (𝑍𝐴 ⇔ 𝑍𝑂), (2.18)

𝑍𝐴 + (𝑍𝑂 ⇔ 𝑍𝑂). (2.19)

Since the intrinsic thermal resistance results from the phonon-phonon scattering in the lattice, the
effect of the selection rule on the phonon transport process in the crystal lattice needs to be evaluated.
In the lattice potential, only the anharmonic term containing the third-order series is used to calculate
the thermal conductivity in order to evaluate the significance of the selection rule and the high density
of states in the out-of-plane acoustic mode. Heat is transported by phonons in a graphene ribbon with an
infinite length and a finite width along the width direction. The assumed mechanisms of the scattering of
lattice waves are Umklapp, normal, and boundary scattering [47, 48]. Accordingly, the thermal transport
by phonons in the lattice is governed by the anharmonicity of the lattice force and by the boundary of the
lattice. The scattering of lattice waves from imperfections in the lattice gives rise to thermal resistance
to phonon transport [49, 50]. In the present study, however, this scattering mechanism is not taken into
account.

The phonon distribution is perturbed by applying a small gradient of temperature to the lattice. The
temperature gradient allows phonons to diffuse in the lattice, and phonons scatter inelastically from each
other due to the anharmonicity of the interatomic potential [51, 52]. The Boltzmann transport equation
is solved iteratively within the framework of three-phonon interactions without taking into account the
four-phonon scattering process. The Umklapp and normal collisions are treated rigorously in order to
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avoid relaxation-time approximations. The linearized Boltzmann transport equation is solved for the
lattice subjected to a thermal gradient [53, 54]:

𝑘B𝑇𝑣𝜆∇𝑇
𝜕𝑁0,𝜆

𝜕𝑇
=

∑︁
𝜆′𝜆′′

(
𝑊+

𝜆𝜆′𝜆′′ (Ψ𝜆′′ − Ψ𝜆′ − Ψ𝜆) +
1
2
𝑊−

𝜆𝜆′𝜆′′ (Ψ𝜆′′ + Ψ𝜆′ − Ψ𝜆)
)

− 𝑁0,𝜆
(
𝑁0,𝜆 + 1

)
Ψ𝜆

1
𝜏𝑏𝑠
𝜆

, (2.20)

𝜏𝑏𝑠𝜆 =
1
2
𝑤

𝑣𝛼
𝜆

, (2.21)

where 𝑣𝜆 is the phonon velocity in mode𝜆 ( 𝑗 , ®𝑞), 𝜏 is the phonon scattering time, 𝑏𝑠 indicates the boundary
scattering, 𝑤 is the width, 𝛼 indicates the direction of heat flow, 𝑊 is three-phonon scattering rate, and
Ψ is the nonequilibrium distribution function. The phonon scattering time is determined by taking into
account both theoretically ballistic and diffusive transport limits [55]. The phonon scattering time is
directly proportional to the nonequilibrium distribution function [56]. The three-phonon interactions can
be represented by the collision term [57, 58]. More specifically, the anharmonic three-phonon scattering
process is described by the above linearized equation using the nonequilibrium distribution function. On
the right-hand side of the linearized equation, the summation term describes the three-phonon scattering
processes, and the negative term describes the boundary scattering process phenomenologically with the
phonon scattering time.

In the scattering process, phonon energy is conserved. Within the framework of three-phonon inter-
actions, the law of conservation of energy states as follows [56]:

𝜔 𝑗 ( ®𝑞) ± 𝜔 𝑗′ ( ®𝑞′) = 𝜔 𝑗′′ ( ®𝑞′′). (2.22)

In addition to conservation of energy, crystal momentum is also conserved in the scattering process.
Within the framework of three-phonon interactions, the law of conservation of quasi-momentum can be
written as follows [56]:

®𝑞 ± ®𝑞′ = ®𝑞′′ + ®𝑔, (2.23)

where ®𝑔 denotes a reciprocal-lattice vector. This vector is non-zero for Umklapp scattering. Additionally,
this vector is zero for normal scattering, since the total crystal momentum is conserved in the normal
processes. The upper and the lower signs refer to the following processes

𝜆 ( ®𝑞) + 𝜆 ( ®𝑞′) → 𝜆( ®𝑞′′), (2.24)

𝜆 ( ®𝑞) → 𝜆 ( ®𝑞′) + 𝜆( ®𝑞′′). (2.25)

The three-phonon scattering rate can be determined by applying Fermi’s golden rule

𝑊±
𝜆𝜆′𝜆′′ =

ℏπ

4𝑁 ′
1

𝜔𝜆𝜔𝜆′𝜔𝜆′′

(
𝑁0,𝜆 + 1

) (
𝑁0,𝜆′ + 1

2
± 1

2

)
𝑁0,𝜆′′

(
Φ±

𝜆𝜆′𝜆′′
)2
𝛿 (𝜔𝜆 ± 𝜔𝜆′′ − 𝜔𝜆′) , (2.26)

in which the delta function, 𝛿 (𝜔𝜆 ± 𝜔𝜆′′ − 𝜔𝜆′), ensures conservation of energy and 𝑁 ′ denotes the
number of unit cells of the lattice.

The scattering intensity is indicated by the three-phonon scattering matrix elements

Φ±
𝜆𝜆′𝜆′′ =

∑︁
𝑘

∑︁
𝑙′𝑘′

∑︁
𝑙′′𝑘′′

∑︁
𝛼𝛽𝛾

Φ𝛼𝛽𝛾 (0𝑘, 𝑙′𝑘 ′, 𝑙′′𝑘 ′′) ei ®𝑞′ · ®𝑅𝑙′ · ei ®𝑞′′ · ®𝑅𝑙′′ ·
(
𝑒𝜆𝛼𝑘𝑒

±𝜆′
𝛽𝑘′𝑒

−𝜆′′
𝛾𝑘′′

)
· Ξ , (2.27)

Ξ = (𝑀𝑘)−
1
2 · (𝑀𝑘′)−

1
2 · (𝑀𝑘′′)−

1
2 , (2.28)
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𝜆 → −𝜆 ⇒ ®𝑞 → −®𝑞, (2.29)

whereinΞ denotes a composite parameter, 𝛼, 𝛽, 𝛾 are Cartesian components, 𝑀 denotes the atom mass, ®𝑅
denotes a lattice vector, 𝑒𝜆

𝛼𝑘
denote phonon eigenvectors, andΦ𝛼𝛽𝛾 (0𝑘, 𝑙′𝑘 ′, 𝑙′′𝑘 ′′) denote the real-space

anharmonic interatomic force constants.
The Boltzmann transport equation is solved using an iterative method [53, 54] so that the nonequi-

librium distribution function can be determined. The lattice thermal conductivity of graphene is given
by

𝑘 =
∑︁

𝑗
𝑘 𝑗 , (2.30)

𝑘 𝑗 =
𝑘B

4π2
1
𝛿′

∫ (
ℏ𝜔 ( 𝑗 , ®𝑞)

𝑘B𝑇

)2 1

e
ℏ𝜔 ( 𝑗, ®𝑞)
𝑘B𝑇 − 1

(
1

e
ℏ𝜔 ( 𝑗, ®𝑞)
𝑘B𝑇 − 1

+ 1

)
𝑣2 ( 𝑗 , ®𝑞) 𝜏 ( 𝑗 , ®𝑞) 𝑑 ®𝑞, (2.31)

wherein 𝜏 ( 𝑗 , ®𝑞) is the scattering time in mode 𝜆 ( 𝑗 , ®𝑞), and 𝛿′, 0.335 nm, is the thickness of the lattice.
The anharmonic and harmonic interatomic force constants need to be determined in order to calculate

the phonon eigenvectors, phonon frequencies, and three-phonon scattering rates. These interatomic force
constants are calculated using an optimized Tersoff empirical interatomic potential in order to better
fit the acoustic phonon velocities and frequencies. To validate the model described above, independent
calculations of the anharmonic and harmonic interatomic force constants and the thermal conductivity
are also performed using a real space approach within the generalized gradient approximation and
using a projector-augmented wave pseudopotential implemented with the Vienna Ab initio Simulation
Package. Good agreement is achieved between the results obtained from the optimized Tersoff empirical
interatomic potential and from first principles.

3. Results and discussion

The effect of iteration number on the thermal conductivity at room temperature is illustrated in figure 1
for the graphene ribbon with taking into account different phonon scattering processes. The ribbon is
8000 nm in width, and calculations are made by assuming Umklapp processes, normal processes, and a
combination of them. In the combined case, the full converged solution is 4980 W/(m·K) for the thermal
conductivity. Additionally, the thermal conductivity converges very rapidly. By contrast, the thermal
conductivity does not converge in the specified iteration number range, if only normal processes are
taken into account. Additionally, the thermal conductivity increases rapidly with the iteration number.
Furthermore, phonon transport may approach the ballistic limit, since normal processes do not contribute
to the thermal resistivity. This is because normal scattering merely re-distributes the energy into different
phonon modes without changing its total flow. The thermal conductivity does not converge very rapidly,
if only Umklapp processes are taken into account. The thermal conductivity in this case is much higher
than that in the combined case in which both Umklapp and normal processes are taken into account.
The interactions between Umklapp and normal processes are of importance in the study of the phonon
transport properties. Whereas normal processes make no contribution to the thermal resistance, the
wave vector changes with normal scattering so that any extra Umklapp processes will provide additional
phonon scattering. Both Umklapp and normal processes must be taken into account to accurately predict
the phonon transport properties of graphene.

The thermal conductivity results at room temperature are presented in figure 2 with different widths.
The phonon thermal conductivity results in different modes are also presented. The ribbon width varies
from 800 to 8000 nm. The range of experimental data [9, 10] is indicated by the shaded region. Reasonably
good agreement with the experimental data is obtained. The out-of-plane acoustic phonons make a
great contribution to the thermal conductivity, and the contributions made by both the longitudinal
and transverse acoustic phonons are relatively small. In addition, the optical phonons are incapable
of contributing to the thermal conductivity. This is because all the three-phonon interaction processes
involving one or three out-of-plane phonon do not occur in the lattice, as specified by the selection rule.
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Figure 1. (Colour online) Effect of iteration number on the thermal conductivity of the graphene ribbon
at room temperature with taking into account different phonon scattering processes. The ribbon is 8000
nm in width, and calculations are made by assuming Umklapp processes, normal processes, and a
combination of them.

Figure 2. (Colour online) Thermal conductivity of the graphene ribbon with different widths at room
temperature. The thermal conductivity in different modes is also presented. The range of experimental
data is indicated by the shaded region.

The selection rule governs the likelihood that a three-phonon interaction process will occur in the lattice.
The selection rule also specifies the forbidden three-phonon interaction processes that the total number
of the out-of-plane phonons is one or three. Accordingly, the phase space for three-phonon Umklapp and
normal scattering is dramatically reduced due to restrictions governing the anharmonic terms. Little space
is left for three-phonon scattering involving the out-of-plane acoustic mode to the thermal resistance.

The contributions made by different phonon modes to the thermal conductivity are illustrated in
figure 3 at different temperatures. The ribbon is 8000 nm in width. The phonon mode contributions are
scaled by the thermal conductivity. At lower temperatures, the out-of-plane acoustic phonons make a
significant contribution to the thermal conductivity, and the longitudinal and transverse acoustic phonons
make small contributions. The optical phonons make no contribution to the thermal conductivity. The
thermal conductivity in each mode changes with respect to temperature. For example, as the temperature
increases, the thermal conductivity in the out-of-plane acoustic mode decreases. The contribution made
by the optical phonons cannot be neglected especially at higher temperatures. However, the contribution
made by the out-of-plane acoustic phonons is substantially greater than or equal to the total contribution
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Figure 3. (Colour online) Phonon mode contributions to the thermal conductivity of the graphene ribbon
at different temperatures.

Figure 4. (Colour online) Thermal conductivity in each mode for the graphene ribbon at room temperature
under different phonon energy conditions. The thermal conductivity in each mode is calculated by a mere
integration over the entire phonon frequency spectrum.

made by the other phonons. At higher temperatures, the contribution made by phonons in each acoustic
mode remains almost unchanged. This is because under such conditions, the thermal conductivity in
each acoustic mode has a substantial inverse dependence on temperature. There is a complex relationship
between the thermal conductivity and temperature. At lower temperatures, the thermal conductivity
is proportional to temperature squared [23, 24]. At moderate and higher temperatures, the effect of
Umklapp scattering on the thermal properties of graphene becomes pronounced [23, 24]. Accordingly,
the thermal conductivity is inversely proportional to temperature due to the increased strength of the
Umklapp scattering processes.

Knowledge of the effect of phonon frequency on the thermal conductivity is essential to understand the
thermal transport process in the graphene lattice [59, 60]. This study explicitly concerns the calculation
of the thermal conductivity at different phonon frequencies. The contributions made by different phonon
modes to the thermal conductivity at room temperature are illustrated in figure 4 under different phonon
energy conditions. The ribbon is 8000 nm in width, and the phonon frequency is expressed in terms of
phonon energy. The thermal conductivity is calculated at room temperature and thus the contribution
made by the optical phonons can be neglected. The thermal conductivity in each mode is calculated by
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Figure 5. (Colour online) Thermal conductivity of the graphene ribbon at different temperatures obtained
from the full converged solution and obtained with the use of the relaxation time approximation.

a mere integration over the entire phonon frequency spectrum. The limits of integration are zero and
the specified phonon frequency. In the Brillouin zone, the out-of-plane acoustic phonons make a great
contribution to the thermal conductivity over the full phonon frequency range. In addition, the total
contribution made by the other phonons is relatively small in the frequency spectrum, including both
the longitudinal and transverse acoustic modes. As the frequency increases, the thermal conductivity in
each mode increases. At higher frequencies, the thermal conductivity in the out-of-plane acoustic mode
remains constant. This is because the out-of-plane acoustic phonons are enriched in the lower frequency
range. Accordingly, the intensity of normal scattering is much higher than that of Umklapp scattering.

The thermal conductivity results at room temperature are presented in figure 5 from the full converged
solution and with the use of the relaxation time approximation. For the graphene lattice, the thermal con-
ductivity is obtained from the full converged solution to the Boltzmann transport equation. Additionally,
the solution to the thermal transport problem is also solved with the use of the approximation. The thermal
conductivity obtained from the full converged solution is much higher than that obtained with the use of
the approximation. The failure of the relaxation time approximation in describing the phonon transport
process in the lattice is discussed here. This method treats three-phonon normal scattering as independent,
resistive processes. Accordingly, physically incorrect results will be produced with this approximation.
For example, treatments with only three-phonon normal processes make the thermal conductivity diver-
gent without taking into account both Umklapp and boundary scattering. For most semiconductors at
room temperature, corrections that are needed to be made to the solution are often small with the use of
the relaxation time approximation [61, 62] due to the strong scattering intensity. For the graphene lattice,
however, the relaxation time approximation is by no means an accurate simplification, as discussed below.

The thermal conductivity ratio results in different phonon modes at room temperature are presented
in figure 6 for the graphene ribbon with different widths. The thermal conductivity ratio is defined as the
ratio of the thermal conductivity obtained from the full converged solution to that obtained with the use of
the relaxation time approximation. The thermal conductivity ratio depends upon the ribbon width. In the
out-of-plane acoustic mode, there is a significant difference in thermal conductivity between the iteration
and approximate solutions. More specifically, the thermal conductivity obtained from the full converged
solution is much higher than that obtained with the use of the relaxation time approximation, with up
to about a twofold increase. In the longitudinal or transverse acoustic mode, the difference is relatively
small but there is still an increase in thermal conductivity. This is because an increase in the density
of out-of-plane acoustic phonons will lead to an increase in the density of longitudinal or transverse
acoustic phonons due to the dynamic equilibrium in the three-phonon scattering process. The failure of
the relaxation time approximation is caused by the elastic scattering assumption. The assumption is not
justified since anharmonic phonon-phonon scattering is an inelastic process.

Three-phonon scattering rates can also be determined with the use of the long wavelength approxi-
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Figure 6. (Colour online) Thermal conductivity ratio in different phonon modes at room temperature
for the graphene ribbon with different widths. The thermal conductivity ratio is defined as the ratio of
the thermal conductivity obtained from the full converged solution to that obtained with the use of the
relaxation time approximation.

Figure 7. (Colour online) Difference in the square of three-phonon scattering matrix elements between the
long wavelength approximation and the full converged solution for the graphene ribbon under different
phonon energy conditions.

mation [63, 64]. This approximation is made that only the acoustic branches of the phonon spectrum are
taken into account and the lattice is treated as an elastic continuum. The magnitudes of all the phonon
wave vectors involved in each scattering process are much smaller than the reciprocal of the lattice
spacing. However, the magnitudes of phonon wave vectors must be sufficiently large if three-phonon
Umklapp processes occur. These processes make great contribution to the thermal resistance, but the
long wavelength approximation fails to make accurate predictions. The difference in the square of three-
phonon scattering matrix elements between the long wavelength approximation and the full converged
solution is illustrated in figure 7 for the graphene ribbon under different phonon energy conditions. The
phonon frequency is expressed in terms of phonon energy. The long wavelength approximation is only
justified in normal processes in which the phonon frequencies are low. At higher phonon frequencies,
the long wavelength approximation fails to make accurate predictions. Consequently, the accuracy of
this method depends heavily upon the phonon frequency. The long wavelength approximation has the
great disadvantage of extreme simplification without taking into account normal scattering [65, 66].
This approximation is made based upon the fact that Umklapp scattering contributes strongly to the
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thermal resistance but normal scattering has no contribution. However, the wave vector changes with
normal scattering so that any extra Umklapp processes will provide additional phonon scattering. For the
graphene lattice, the scattering matrix elements are not routinely incorporated into the long wavelength
approximation. The matrix elements do not vanish in various cases in which the conservation constraints
are satisfied and the selection rule for the interaction between phonons must still pertain.

4. Conclusions

The lattice thermal conductivity of graphene at different temperatures and frequencies and in different
crystallite sizes is evaluated within the framework of a microscopic model that incorporates both acoustic
and optical modes with phonon dispersion relations. The linearized phonon-Boltzmann transport equation
is solved iteratively within the framework of three-phonon interactions without taking into account the
four-phonon scattering process. The major conclusions are summarized as follows:

• The full converged solution is 4980 W/(m·K) for the thermal conductivity. Good agreement with
the experimental data is obtained. The interactions between Umklapp and normal processes are of
importance in the study of the phonon transport properties. Both Umklapp and normal processes
must be taken into account to predict the phonon transport properties accurately.

• The out-of-plane acoustic phonons contribute greatly to the thermal conductivity and the longitudi-
nal and transverse acoustic phonons make small contributions over a wide range of temperatures and
phonon frequencies. The contribution made by the optical phonons cannot be neglected, especially
at higher temperatures.

• The out-of-plane acoustic phonons dominate the thermal conductivity due to their high density
of states and restrictions governing the anharmonic phonon scattering. The selection rule severely
restricts the phase space for out-of-plane phonon scattering due to reflection symmetry. Little space
is left for out-of-plane phonon scattering to the thermal resistance.

• Both relaxation time and long wavelength approximations fail to make accurate predictions about
the phonon transport properties. The relaxation time approximation is by no means an accurate
simplification. Additionally, the long wavelength approximation is only justified in normal processes
in which the phonon frequencies are low.

References
1. Quinones J. T., Yun M., Microelectron. Eng., 2023, 269, 111915, doi:10.1016/j.mee.2022.111915.
2. Colmiais I., Silva V., Borme J., Alpuim P., Mendes P. M., FlatChem, 2022, 35, 100409,

doi:10.1016/j.flatc.2022.100409.
3. Zandiatashbar A., Lee G., An S. J., Lee S., Mathew N., Terrones M., Hayashi T., Picu C. R., Hone J., Koratkar N.,

Nat. Commun., 2014, 5, 3186, doi:10.1038/ncomms4186.
4. Kashani H., Ito Y., Han J., Liu P., Chen M., Sci. Adv., 2019, 5, eaat6951, doi:10.1126/sciadv.aat6951.
5. Zhu W., Perebeinos V., Freitag M., Avouris P., Phys. Rev. B, 2009, 80, 235402,

doi:10.1103/PhysRevB.80.235402.
6. Borunda M. F., Hennig H., Heller E. J., Phys. Rev. B, 2013, 88, 125415, doi:10.1103/PhysRevB.88.125415.
7. Pyun K. R., Ko S. H., Mater. Today Energy, 2019, 12, 431–442, doi:10.1016/j.mtener.2019.04.008.
8. Lee Y., Pak A. J., Paek E., Hwang G. S., Phys. Rev. Appl., 2015, 4, 014006,

doi:10.1103/PhysRevApplied.4.014006.
9. Balandin A. A., Ghosh S., Bao W., Calizo I., Teweldebrhan D., Miao F., Lau C. N., Nano Lett., 2008, 8, 902–907,

doi:10.1021/nl0731872.
10. Ghosh S., Calizo I., Teweldebrhan D., Pokatilov E. P., Nika D. L., Balandin A. A., Bao W., Miao F., Lau C. N.,

Appl. Phys. Lett., 2008, 92, 151911, doi:10.1063/1.2907977.
11. Pop E., Mann D., Cao J., Wang Q., Goodson K., Dai H., Phys. Rev. Lett., 2005, 95, 155505,

doi:10.1103/PhysRevLett.95.155505.
12. Yu C., Shi L., Yao Z., Li D., Majumdar A., Nano Lett., 2005, 5, 1842–1846, doi:10.1021/nl051044e.

43603-11

https://doi.org/10.1016/j.mee.2022.111915
https://doi.org/10.1016/j.flatc.2022.100409
https://doi.org/10.1038/ncomms4186
https://doi.org/10.1126/sciadv.aat6951
https://doi.org/10.1103/PhysRevB.80.235402
https://doi.org/10.1103/PhysRevB.88.125415
https://doi.org/10.1016/j.mtener.2019.04.008
https://doi.org/10.1103/PhysRevApplied.4.014006
https://doi.org/10.1021/nl0731872
https://doi.org/10.1063/1.2907977
https://doi.org/10.1103/PhysRevLett.95.155505
https://doi.org/10.1021/nl051044e


J. Chen, Y. Liu

13. Slack G. A., Phys. Rev., 1962, 127, 694–701, doi:10.1103/PhysRev.127.694.
14. Tyler W. W., Wilson A. C., Phys. Rev., 1953, 89, 870–875, doi:10.1103/PhysRev.89.870.
15. Onn D. G., Witek A., Qiu Y. Z., Anthony T. R., Banholzer W. F., Phys. Rev. Lett., 1992, 68, 2806–2809,

doi:10.1103/PhysRevLett.68.2806.
16. Wei L., Kuo P. K., Thomas R. L., Anthony T. R., Banholzer W. F., Phys. Rev. Lett., 1993, 70, 3764–3767,

doi:10.1103/PhysRevLett.70.3764.
17. Lindsay L., Broido D. A., Mingo N., Phys. Rev. B, 2010, 82, 115427, doi:10.1103/PhysRevB.82.115427.
18. Seol J. H., Jo I., Moore A. L., Lindsay L., Aitken Z. H., Pettes M. T., Li X., Yao Z., Huang R., Broido D.,

Mingo N., Ruoff R. S., Shi L., Science, 2010, 328, 213–216, doi:10.1126/science.1184014.
19. Helgee E. E., Isacsson A., Phys. Rev. B, 2014, 90, 045416, doi:10.1103/PhysRevB.90.045416.
20. Hashemi A., Guo R., Esfarjani K., Lee S., Phys. Rev. Mater., 2022, 6, 044004,

doi:10.1103/PhysRevMaterials.6.044004.
21. Duan F., Shen C., Zhang H., Qin G., Phys. Rev. B, 2022, 105, 125406, doi:10.1103/PhysRevB.105.125406.
22. Yang F., Song B., Phys. Rev. B, 2021, 103, 235415, doi:10.1103/PhysRevB.103.235415.
23. Nika D. L., Pokatilov E. P., Askerov A. S., Balandin A. A., Phys. Rev. B, 2009, 79, 155413,

doi:10.1103/PhysRevB.79.155413.
24. Nika D. L., Ghosh S., Pokatilov E. P., Balandin A. A., Appl. Phys. Lett., 2009, 94, 203103,

doi:10.1063/1.3136860.
25. Mounet N., Marzari N., Phys. Rev. B, 2005, 71, 205214, doi:10.1103/PhysRevB.71.205214.
26. Bonini N., Lazzeri M., Marzari N., Mauri F., Phys. Rev. Lett., 2007, 99, 176802,

doi:10.1103/PhysRevLett.99.176802.
27. Polanco C. A., Lindsay L., Phys. Rev. B, 2018, 97, 014303, doi:10.1103/PhysRevB.97.014303.
28. Feng T., Ruan X., Phys. Rev. B, 2018, 97, 045202, doi:10.1103/PhysRevB.97.045202.
29. Kuang Y., Lindsay L., Wang Q., He L., Phys. Rev. B, 2020, 102, 144301, doi:10.1103/PhysRevB.102.144301.
30. Lindsay L., Hua C., Ruan X. L., Lee S., Mater. Today Phys., 2018, 7, 106–120,

doi:10.1016/j.mtphys.2018.11.008.
31. Qian W., Zhang C., Energ. Mater. Front., 2021, 2, 154–164, doi:10.1016/j.enmf.2021.03.002.
32. Lindsay L., Li W., Carrete J., Mingo N., Broido D. A., Reinecke T. L., Phys. Rev. B, 2014, 89, 155426,

doi:10.1103/PhysRevB.89.155426.
33. Mori N., Komada A., Milnikov G., APL Mater., 2021, 9, 081112, doi:10.1063/5.0058493.
34. Taheri A., Pisana S., Singh C. V., Phys. Rev. B, 2021, 103, 235426, doi:10.1103/PhysRevB.103.235426.
35. Tersoff J., Phys. Rev. Lett., 1988, 61, 2879–2882, doi:10.1103/PhysRevLett.61.2879.
36. Lindsay L., Broido D. A., Phys. Rev. B, 2010, 81, 205441, doi:10.1103/PhysRevB.81.205441.
37. Cahill D. G., Ford W. K., Goodson K. E., Mahan G. D., Majumdar A., Maris H. J., Merlin R., Phillpot S. R., J.

Appl. Phys., 2003, 93, 793–818, doi:10.1063/1.1524305.
38. Cahill D. G., Braun P. V., Chen G., Clarke D. R., Fan S., Goodson K. E., Keblinski P., King W. P., Ma-

han G. D., Majumdar A., Maris H. J., Phillpot S. R., Pop E., Shi L., Appl. Phys. Rev., 2014, 1, 011305,
doi:10.1063/1.4832615.

39. Loudon R., Phys. Rev., 1965, 137, A1784–A1787, doi:10.1103/PhysRev.137.A1784.
40. Zak J., Phys. Rev., 1966, 151, 464–467, doi:10.1103/PhysRev.151.464.
41. Van Troeye B., Torrent M., Gonze X., Phys. Rev. B, 2016, 93, 144304, doi:10.1103/PhysRevB.93.144304.
42. Lee C. H., Gan C. K., Phys. Rev. B, 2017, 96, 035105, doi:10.1103/PhysRevB.96.035105.
43. Leibfried G., Ludwig W., Solid State Phys., 1961, 12, 275–444, doi:10.1016/S0081-1947(08)60656-6.
44. Pathak K. N., Phys. Rev., 1965, 139, A1569–A1580, doi:10.1103/PhysRev.139.A1569.
45. Fasolino A., Los J. H., Katsnelson M. I., Nat. Mater., 2007, 6, 858–861, doi:10.1038/nmat2011.
46. Mariani E., von Oppen F., Phys. Rev. Lett., 2008, 100, 076801, doi:10.1103/PhysRevLett.100.076801.
47. Alofi A., Srivastava G. P., Phys. Rev. B, 2013, 87, 115421, doi:10.1103/PhysRevB.87.115421.
48. Michel K. H., Costamagna S., Peeters F. M., Phys. Rev. B, 2015, 91, 134302, doi:10.1103/PhysRevB.91.134302.
49. Fthenakis Z. G., Tománek D., Phys. Rev. B, 2012, 86, 125418, doi:10.1103/PhysRevB.86.125418.
50. Fthenakis Z. G., Zhu Z., Tománek D., Phys. Rev. B, 2014, 89, 125421, doi:10.1103/PhysRevB.89.125421.
51. Fahy S., Reis D. A., Phys. Rev. Lett., 2004, 93, 109701, doi:10.1103/PhysRevLett.93.109701.
52. Ramírez R., Chacón E., Herrero C. P., Phys. Rev. B, 2016, 93, 235419, doi:10.1103/PhysRevB.93.235419.
53. Broido D. A., Malorny M., Birner G., Mingo N., Stewart D. A., Appl. Phys. Lett., 2007, 91, 231922,

doi:10.1063/1.2822891.
54. Ward A., Broido D. A., Stewart D. A., Deinzer G., Phys. Rev. B, 2009, 80, 125203,

doi:10.1103/PhysRevB.80.125203.
55. Mingo N., Broido D. A., Nano Lett., 2005, 5, 1221–1225, doi:10.1021/nl050714d.
56. Broido D. A., Ward A., Mingo N., Phys. Rev. B, 2005, 72, 014308, doi:10.1103/PhysRevB.72.014308.

43603-12

https://doi.org/10.1103/PhysRev.127.694
https://doi.org/10.1103/PhysRev.89.870
https://doi.org/10.1103/PhysRevLett.68.2806
https://doi.org/10.1103/PhysRevLett.70.3764
https://doi.org/10.1103/PhysRevB.82.115427
https://doi.org/10.1126/science.1184014
https://doi.org/10.1103/PhysRevB.90.045416
https://doi.org/10.1103/PhysRevMaterials.6.044004
https://doi.org/10.1103/PhysRevB.105.125406
https://doi.org/10.1103/PhysRevB.103.235415
https://doi.org/10.1103/PhysRevB.79.155413
https://doi.org/10.1063/1.3136860
https://doi.org/10.1103/PhysRevB.71.205214
https://doi.org/10.1103/PhysRevLett.99.176802
https://doi.org/10.1103/PhysRevB.97.014303
https://doi.org/10.1103/PhysRevB.97.045202
https://doi.org/10.1103/PhysRevB.102.144301
https://doi.org/10.1016/j.mtphys.2018.11.008
https://doi.org/10.1016/j.enmf.2021.03.002
https://doi.org/10.1103/PhysRevB.89.155426
https://doi.org/10.1063/5.0058493
https://doi.org/10.1103/PhysRevB.103.235426
https://doi.org/10.1103/PhysRevLett.61.2879
https://doi.org/10.1103/PhysRevB.81.205441
https://doi.org/10.1063/1.1524305
https://doi.org/10.1063/1.4832615
https://doi.org/10.1103/PhysRev.137.A1784
https://doi.org/10.1103/PhysRev.151.464
https://doi.org/10.1103/PhysRevB.93.144304
https://doi.org/10.1103/PhysRevB.96.035105
https://doi.org/10.1016/S0081-1947(08)60656-6
https://doi.org/10.1103/PhysRev.139.A1569
https://doi.org/10.1038/nmat2011
https://doi.org/10.1103/PhysRevLett.100.076801
https://doi.org/10.1103/PhysRevB.87.115421
https://doi.org/10.1103/PhysRevB.91.134302
https://doi.org/10.1103/PhysRevB.86.125418
https://doi.org/10.1103/PhysRevB.89.125421
https://doi.org/10.1103/PhysRevLett.93.109701
https://doi.org/10.1103/PhysRevB.93.235419
https://doi.org/10.1063/1.2822891
https://doi.org/10.1103/PhysRevB.80.125203
https://doi.org/10.1021/nl050714d
https://doi.org/10.1103/PhysRevB.72.014308


Thermal transport properties of graphene

57. Omini M., Sparavigna A., Phys. Rev. B, 1996, 53, 9064–9073, doi:10.1103/PhysRevB.53.9064.
58. Sparavigna A., Phys. Rev. B, 2002, 65, 064305, doi:10.1103/PhysRevB.65.064305.
59. Popov V. N., Lambin P., Phys. Rev. B, 2010, 82, 045406, doi:10.1103/PhysRevB.82.045406.
60. Ramírez R., Herrero C. P., Phys. Rev. B, 2020, 101, 235436, doi:10.1103/PhysRevB.101.235436.
61. Callaway J., Phys. Rev., 1959, 113, 1046–1051, doi:10.1103/PhysRev.113.1046.
62. Ward A., Broido D. A., Phys. Rev. B, 2010, 81, 085205, doi:10.1103/PhysRevB.81.085205.
63. Klemens P. G., Solid State Phys., 1958, 7, 1–98, doi:10.1016/S0081-1947(08)60551-2.
64. Singh D., Murthy J. Y., Fisher T. S., J. Appl. Phys., 2011, 110, 113510, doi:10.1063/1.3665226.
65. Kong B. D., Paul S., Nardelli M. B., Kim K. W., Phys. Rev. B, 2009, 80, 033406,

doi:10.1103/PhysRevB.80.033406.
66. Balanis G. N., J. Comput. Phys., 1976, 20, 279–297, doi:10.1016/0021-9991(76)90082-6.

Вплив позаплощинних акустичних фононiв на властивостi
теплопровiдностi у графенi

Дж. Чен, Ю. Лiу
Вiддiлення енергетики, Механiко-енергетичного факультет, Хенанський полiтехнiчний унiверситет,
Цзяоцзо, Хенань, 454000, КНР

Теплопровiднiсть ґратки графену визначається з використанням мiкроскопiчної моделi, яка враховує дис-
кретну природу даної ґратки та дисперсiйне спiввiдношення для фононiв в межах зони Брiллюена. Рiв-
няння переносу Больцмана розв’язується iтерацiйно в рамках трифононних взаємодiй без врахування
чотирифононного розсiювання. Процеси перекиду (Umklapp) та нормальнi зiткнення враховуються то-
чно, уникаючи таким чином апроксимацiй для часу релаксацiї та довгохвильового наближення. Обгово-
рюються причини неспроможностi цих наближень передбачити властивостi теплопереносу. Визначення
теплопровiдностi здiйснюється при рiзних температурах i частотах та при рiзних розмiрах кристалiтiв.
Отримано прийнятно добре узгодження з експериментальними даними. Обчислення виявили вирiшаль-
ну роль позаплощинних акустичних фононiв для визначення теплопровiдностi. Внесок цих фононiв є
значним, тодi як внесок поздовжних i поперечних акустичних фононiв є малим в широкому дiапазонi
температур i частот. Позаплощиннi акустичнi фонони домiнують у формуваннi теплопровiдностi завдя-
ки їх високiй густинi станiв та обмеженням, що регулюють ангармонiйне розсiювання фононiв. Правило
вiдбору суттєво обмежує фазовий простiр для розсiювання позаплощинних фононiв через симетрiю вiд-
бивання. Внеском оптичних фононiв не можна нехтувати при вищих температурах. Для точного передба-
чення властивостей фононного переносу необхiдно враховувати як процеси з перекиданням хвильового
вектора, так i нормальнi процеси.

Ключовi слова: тепловi властивостi, теплопровiднiсть, фонони, теорiя розсiювання, явища переносу,
графен
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