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The problem of integer partitions is addressed using the microcanonical approach which is based on the analogy

between this problem in the number theory and the calculation of microstates of a many-boson system. For

ordinary (one-dimensional) partitions, the correction to the leading asymptotic is obtained. The estimate for the

number of two-dimensional (plane) partitions coincides with known asymptotic results.
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1. Introduction

In this paper, we address the problem of integer partitions using the physical approach based on

microcanonical treatment. Partitioning of integers is a problem in the number theory that originated

in the works by Leibniz [1] and Euler [2]. A partition of a positive integer n is a way of writing n as a

sum of positive integers, where the order of the summands is insignificant. The number of partitions

p(n) is called a partition function [3, Ch. 1] Further in this work we refer to p(n) simply as the number of

partitions to avoid confusion with the respective physical term.

To clarify the notion of partitions, let us consider the number 5. It can be represented as the following

sums:

5 = 4+1 = 3+2 = 3+1+1 = 2+2+1 = 2+1+1+1 = 1+1+1+1+1.

Therefore, one has for the number of partitions p(5) = 7.

Generalization for higher-dimensional partitions ismade in the following fashion. In the D-dimensional

case, an integer n is represented as a sum of positive integers ni1 ...iD
:

n =
∑

i1 ,...,iDÊ0

ni1 ...iD
, (1.1)

where ni1 ...iD
Ê n j1... jD

whenever i1 É j1, i2 É j2, . . . , iD É jD [3, p. 179].

For instance, in the case of two-dimensional (plane) partitions of 3, one has the following possibilities:

3 2 + 1 2 1 + 1 + 1 1 + 1 1

+ + +
1 1 1

+
1

(1.2)

yielding the number of plane partitions p2(3) = 6 [3, 4]. This can be easily shown by considering the

numbers ni1 i2 to be elements of square 1×1, 2×2, 3×3, and so on, matrices. To obtain the sum of matrix
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elements equal to 3 (provided that they are sorted in a non-ascending order in both rows and columns,

according to the above definition), we have:

(3),

(

2 1

0 0

)

,

(

2 0

1 0

)

,

(

1 1

1 0

)

,





1 1 1

0 0 0

0 0 0



 ,





1 0 0

1 0 0

1 0 0



 .

Note that zero elements are skipped when writing multidimensional partitions.

2. Physical analogy

There is a straight analogy between the number of partitions and the number of microstates of a

many-boson system of harmonic oscillators. The approach based on such an analogy was suggested as

early as in 1950 by Nanda [5], whose paper is now frequently overlooked, and was later utilized by a

number of authors to solve related problems [6–8].

Let the system of one-dimensional harmonic oscillators with spectrum ε j =ħω j have an energy E :

E =ħω
∑

i

ji , (2.1)

where ji denotes the quantum number of the i th particle. The summation runs only over the excited

states and thus the particles in the ground state (with zero energy) can be arbitrary in number. The

set { j1, j2, . . .} corresponds to a certain microstate of the system. In the quantum case, the particles are

indistinguishable, so the permutation of { j1, j2, . . .} does not lead to a new microstate. At this point, we

can match the set { j1, j2, . . .} and a partition of the number n = E/ħω. Thus, the number of microstates

Γ(E ) is equal to the number of partitions of n. In the set { j1, j2, . . .}, any of the numbers ji can be equal, so

one must consider bosonic oscillators.

To make an asymptotic estimation of the number of microstates Γ(E ), one can use the well-known

Hardy–Ramanujan formula [9] for integer partitions:

pHR(n) = 1

4
p

3n
eπ

p
2/3

p
n , (2.2)

therefore,

Γ(E )= 1

4
p

3E/ħω
eπ

p
2/3

p
E/ħω. (2.3)

In the next section, we will derive this expression from physical considerations and obtain the first cor-

rection to this asymptotic result. For simplicity, we further put the unit of energy ħω= 1.

The above considerations might be extended – with minor reservations – to higher-dimensional par-

titions, the two-dimensional (plane) ones being best studied. The respective analysis is presented in sec-

tion 4.

3. Corrections to the leading asymptotics of p(n)

Partition function Z (β) can be expressed as an integral by introducing the number of microstates

Γ(E ):

Z (β)=
∑

j

e−βE j =
∞
∫

0

Γ(E )e−βE dE .

The above expression is nothing but the Laplace transform, so, by inverting it, we obtain:

Γ(E )= 1

2πi

γ+i∞
∫

γ−i∞

Z (β)eβE dβ. (3.1)
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The entropy S(β) is equal to

S(β)=βE + ln Z (β). (3.2)

Thus, we have

Z (β)= eS(β)e−βE (3.3)

and

Γ(E )=
1

2πi

γ+i∞
∫

γ−i∞

eS(β)dβ. (3.4)

Using the Taylor series for entropy in the vicinity of β0:

S(β)≃ S(β0)+ 1

2!
S ′′(β0)(β−β0)2 + 1

3!
S ′′′(β0)(β−β0)3, (3.5)

where β0 is the stationary point,

S ′(β0) = 0, (3.6)

for the number of microstates, one obtains:

Γ(E ) ≃
eS(β0)

2πi

γ+i∞
∫

γ−i∞

exp

[

1

2!
S ′′(β0)(β−β0)2 +

1

3!
S ′′′(β0)(β−β0)3

]

dβ. (3.7)

Using the replacement β= ix +β0, we get:

Γ(E ) ≃ eS(β0)

2π

∞
∫

−∞

exp

[

− 1

2!
S ′′(β0)x2 − 1

3!
S ′′′(β0)ix3

]

dx

= eS(β0)

2π

∞
∫

−∞

e−
1
2! S ′′(β0)x2

{

cos

[

S ′′′(β0)

3!
x3

]

− isin

[

S ′′′(β0)

3!
x3

]}

dx

= eS(β0)

2π

∞
∫

−∞

e−
1
2! S ′′(β0)x2

cos

[

S ′′′(β0)

3!
x3

]

dx. (3.8)

This integral can be expressed via the modified Bessel function of the second kind, namely:

Γ(E ) ≃ eS(β0)

2π

2S ′′(β0)
p

3
∣

∣S ′′′(β0)
∣

∣

exp

{

[S ′′(β0)]3

3[S ′′′(β0)]2

}

K1/3

(

[S ′′(β0)]3

3[S ′′′(β0)]2

)

. (3.9)

To calculate the entropy S(β), we write the partition function of the oscillator system as follows:

Z (β)=
∞
∏

j=1

(

1−e−β j
)−1

, ln Z (β)=−
∞
∑

j=1

ln
(

1−e−β j
)

. (3.10)

Using the Euler–Maclaurin formula to calculate the sum, one obtains [7]:

S(β)=βE + ln Z (β)=βE + π2

6β
+ 1

2
lnβ− 1

2
ln(2π)+ . . . . (3.11)

Limiting ourselves to the first two terms, the stationary point yields:

β0 =
π

p
6E

. (3.12)
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With the same accuracy, we have:

S ′′(β0) = 2
p

6

π
E 3/2, S ′′′(β0) =−36

π2
E 2. (3.13)

Collecting the whole expression (3.9) together, for the number of microstates we obtain

Γ(E )=
1

18
4p

6E 3/4
exp

(

28

27
π

√

2E

3

)

K1/3

(

1

27
π

√

2E

3

)

. (3.14)

From this formula, there follows a correction to the main asymptotics of the number of partitions, as one

substitutes E with n:

p(n)= 1

18
4p

6n3/4
exp

(

28

27
π

√

2n

3

)

K1/3

(

1

27
π

√

2n

3

)

. (3.15)

Taking into account the asymptotic series expansion for large arguments [10]

Kν(z)∝
√

π

2

e−z

p
z

[

1+O

(

1

z

)]

(3.16)

we immediately arrive at the leading asymptotic behavior given by equation (2.2).

4. Asymptotic behavior of plane partitions

We consider the energy spectrum of a 2-dimensional system in the following form:

ε( j1, j2) = j1 + j2 . (4.1)

To obtain Γ(E ), we repeat the derivation presented in the previous section following [7], see also [11].

Thus, the entropy S(β) is equal to

S(β)=βE + ln Z (β), (4.2)

where for energy spectrum (4.1), the partition function is

Z (β)=
∏

all the energies

(

1−e−βε
)−1

=
∞
∏

j1=1

∞
∏

j2=1

[

1−e−β( j1+ j2)
]−1

. (4.3)

For the logarithm of the partition function Z (β), one has:

ln Z (β)=−
∞
∑

j1=1

∞
∑

j2=1

ln
[

1−e−β( j1+ j2)
]

=−
∞
∑

j=1

g j ln
[

1−e−β j
]

, (4.4)

where the j th level degeneracy is equal to

g j = j +1 ≃ j , (4.5)

therefore,

ln Z (β)=−
∞
∑

j=1

j ln
[

1−e−β j
]

. (4.6)

After applying the Euler–Maclaurin summation formula, the entropy can be expressed in such a form:

S(β)=βE + ln Z (β)=βE +
ζ(3)

β2
+

1

12
lnβ−

1

6
. (4.7)
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The standard saddle-point method, for Γ(E ) from equation (3.1), yields:

Γ(E )= exp[S(β0)]
√

2πS ′′(β0)
. (4.8)

As in the previous section, for the stationary point β0, so that S ′(β0) = 0, one obtains

β0 =
[

2ζ(3)

E

]1/3

(4.9)

and

S ′′(β0) = 3

[2ζ(3)]1/3
E 4/3. (4.10)

Thus, the number of microstates is

Γ(E )= 1
p

6π
[2ζ(3)]7/36 E−25/36 exp

{

3

2
[2ζ(3)]1/3 E 2/3 − 1

6

}

. (4.11)

Substituting energy E with integer n, we immediately obtain the result for plane partitions in the follow-

ing way:

p2(n) =
1

p
6π

[2ζ(3)]7/36 n−25/36 exp

{

3

2
[2ζ(3)]1/3 n2/3 −

1

6

}

. (4.12)

Our estimation differs from the result of Wright [12]

pW
2 (n) = 1

p
6π

[2ζ(3)]7/36 n−25/36 exp

{

3

2
[2ζ(3)]1/3 n2/3 +c

}

(4.13)

by a constant factor:

c = ζ′(−1) =−0.165421. . . versus − 1

6
=−0.166666. . . .

Note thatWright’s asymptotics was later confirmed byNanda [5] with amuchmore sophisticated analysis

of the oscillator system as compared to our approach.

5. Results and discussion

We performed calculations for the number of ordinary partitions p(n) and plane partitions p2(n)

using the expressions (3.15) and (4.12) obtained in this work.

The comparison with exact values and the leading asymptotics by Hardy and Ramanujan are given in

table 1 and in figure 1. In the figure, the relative errors are plotted. For n = 32 and n > 33, our correction

becomes negative. For n > 20, the error is less than one per cent, and it never exceeds seven per cent

except for n = 1, where p(n) = 1, and our formula yields 2, and n = 5 with our value of 8 versus p(n) = 5,

which leads to about 15 per cent error. Beyond this domain, the maximum relative deviation of 0.0083285

is found for n = 186.

The plane partitions are demonstrated in table 2 and in figure 2. Our result for plane partitions pro-

vides a better estimation compared to that of Wright up to n = 7573. At n = 2679, expression (4.12) starts

to underestimate the number of plane partitions while (4.13) asymptotically approaches the real values

of p2(n) from above for all n. Interestingly, the approach to the calculation of plain partitions used in

this work which takes into account the level degeneracy provides a much better estimate compared to an

earlier suggested [15] direct treatment of multidimensional oscillators which failed to produce a correct

pre-exponential behavior of the power of n.

To summarize, the expressions for the number of integer partitions were obtained from the analogy

between this number-theoretical problem and the physical problem of calculating the states in a many-

boson system within the microcanonical approach. The correction to the main asymptotics for ordinary

(one-dimensional) partitions is shown to give a good estimate even for small numbers.
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Figure 1. Comparison of relative errors for the estimations of the number of integer partitions from the

real values (calculated by wxMaxima 0.8.7). Solid curve – our result (3.15), dashed curve – the leading

asymptotics provided by the Hardy–Ramanujan formula (2.2). Large n domain in an enlarged view is

presented on the right.

Figure 2. Comparison of relative errors for the estimations of the number of plane partitions from the

real values p2(n) [13, 14]. Solid curve – our result (4.12), dashed curve – Wright’s formula (4.13).
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Асимптотичнi формули для розбиттiв цiлих чисел у пiдходi

мiкроканонiчного ансамблю

Д. Прохоров, А. Ровенчак

Кафедра теоретичної фiзики, Львiвський нацiональний унiверситет iменi Iвана Франка,

вул. Драгоманова, 12, Львiв, 79005, Україна

Розглянуто задачу про розбиття цiлих чисел у межах мiкроканонiчного пiдходу, який ґрунтується на ана-

логiї мiж цiєю задачею з теорiї чисел i обчисленням кiлькостi мiкростанiв багатобозонної системи. Для

звичайних (одновимiрних) розбиттiв отримано поправку до головної асимптотики. Оцiнка кiлькостi дво-

вимiрних (плоских) розбиттiв добре узгоджується з вiдомими асимптотичними результатами.

Ключовi слова: розбиття цiлих чисел, плоскi розбиття, бозоннi системи
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