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Abstract

In this report we show that type of phase transition in the Vicsek model (VM) for
self-propelled particles depends on the type of noise introduced to the system. We
consider the relation between the VM and the Kuramoto model for synchronization
of coupled oscillators. It is shown that these two models demonstrate qualitatively
similar behavior at least in mean-field approach. Also we consider “mixed“ noise to
confirm our assumptions and get tricritical behavior for the VM. The corresponding
phase diagram is obtained. Some open problems are discussed. They are the kinetic
approach to the VM and the dependence of type of phase transition on the properties
of noise. The numerical results for vortices behavior are shown.

1. Introduction

THE VICSEK model is a simple but productive way to describe the behavior of the
system of self-propelled particles. It was proposed by Vicsek et al. and gave an

intense impact for the research in this new field of physics. In this model each particle
tends to move in the way its neighbors do. Ordered motion emerges in such system
at high enough densities. Some stochastic perturbation (noise) may be added to the
system and this can lead to order-disorder transition.

As it has been demonstrated in some recent papers the character of such tran-
sition essentially depends on the type of noise. The scalar type of noise which is
nothing but adding the stochastic increment to the direction of particle’s motion origi-
nally used by Vicsek in his original work. It leads to the continuous phase transition.
The so called vector noise introduced Gregoire and Chaté where some random vector
is added to the particle velocity and it makes the transition discontinuous.

It should be noted that the same situation is well known for another model of
synchronization — the Kuramoto (KM) model determined by the following dynamical
equations for the oscillator phases:

θ̇i = ωi +K
∑
〈 i,j 〉

sin ( θj − θi ) = ωi +KNi ui sin (ψi − θi ) , (1)

where K - is the interaction strength, ψi is the average local phase of the nearest
oscillators.

Yet in the KM the type of the transition depends on the distribution function g(ω)

of the proper frequencies of the oscillators.

2. Common description of Vicsek model and its connection with Kuramoto
model

TO STUDY the properties of the system of self-propelled particles one should write
an non-stationary equation for the distribution function evolution. This equation

might be quite difficult in the common case. But, in the framework of uniformly dis-
tributed particles (for example a particle relaxation in one great cluster of particles) it is
the particles direction of motion θ that is the only important parameter of the problem.
In this case the so-called kinetic equation will look this way:

∂f (θ)

∂t
+
∂

∂θ
(θ̇f (θ)) = 0 (2)

One needs to determine the derivative θ̇ from this equation. To do this lets con-
sider what will be the angular acceleration caused by j-th particle on i-th particle,
if they are close enough to interact. This will be (using the analogy from Kuramoto
model (KM)):

θ̇ij = sin(θi − θj)

To find the resulting influence of all neighbors we need to summarize over all of
them. We use assumption that in uniform distribution the number of nearest neighbors
has Poisson distribution with average λ, so:

θ̇i =

λ∑
j=1

sin(θi − θj) (3)

On the other hand, one have order parameter, that is defined like this (also, this
is for KM):

reiθ =
1

N

N∑
j

eiθj

And, if λ is high enough it still works, even if summarizing not over all particles,
but only over nearest neighbors.

reiθ =
1

λ

λ∑
j

eiθj = λ

∫
dθρ(θ)eiθ

where ρ(θ) is the distribution function.
After some changes in (3) one comes to the next result for the θ̇:

θ̇ = λr sin(θ − θ) (4)

This equation is the same as the one acquired earlier, in our recent work, where
the continuous time limit was considered. And the initial equation for one particle
relaxation was

d

dt
vi = ωvi × vi , (5)

where ωvi is the “angular velocity“ of i-th particle.
Equation (4) is very similar to the main equation of the KM (1). But there is differ-

ence in the factor in front of the second term in right-hand side of this equation. In KM
it is constant that is given in the beginning of simulation and that may depend only on
initial frequency distribution g(ω). In the common case of Vicsek model both parame-
ters λ and r change through time. And exact equation is complicated. Only in case of
uniform distribution we can use the analogy with KM and count that λ = const. In the
VM this term has collective contribution, so VM tends to synchronize more efficiently.

Thus we can state that these models are isomorphic at least in the mean field
approximation.

3. Two types of noise

IF ONE adds a noise source of form b(θ, η, r)dw to (4) and puts θ = 0 one gets:

dθ = Kr sin θdt + b(θ, η, t)dw(t)

where dw(t) is the Wiener process. Further we will study two kinds of b(θ, η, r)dw, that
are described in literature, and we will propose our own kind of noise, based on this
two.

3.1 Scalar noise
First let us consider the case of scalar noise which can be modeled by inclusion

of the common Langevin source into the equation of motion, here b(ψ, η, r) = 1. This
is similar to the KM with g(ω) = δ(ω) and white noise:

dθ = −K r sin(θ) dt + dw(t) . (6)

Here w(t) stands for the random increment of the angle. In the mean-field approxi-
mation one easily comes to the self-consistent equation for the stationary value of the
order parameter:

r =
I1(

Kr
D )

I0(
Kr
D )
≡ Fs(r). (7)

In such case the nontrivial solution appears continuously from the trivial one

3.2 Vector noise
As the second case we consider the vectorial perturbation of the VM introduced

by Gregoire and Chaté. This perturbation corresponds to the stochastic deviation of

the direction of motion for i-th particle due to addition of the random vector ξi with
|ξi| = ξ Ni. Here b(ψ, η, r) has more complicated form.

The self-consistent mean-field equation for the order parameter:

r =
1

2π

π∫
−π

(
r
ξ + cosα

)
dα√

1 + 2rξ cosα +
(
r
ξ

)2 ≡ Fv(r) , (8)

remarkably coincides with that for the order parameter of the Kuramoto-like model
augmented with the phase pinning studied by Strogatz et al. By the compar-
ison of the results we can state that ξ is equivalent to the pinning strength.
In such case of the vectorial noise we have subcritical bifurcation of the so-
lution (see Fig. 1) where there is the discontinuous jump between ordered
and disordered motion because of the existence of the metastable state.
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Figure 1: Graphical solution of Eq. (8).

4. “Mixed“ noise

ONE CAN expect that if some new parameter is added to the system, then tricritical
behavior can appear.

Note that the tricritical behavior is also demonstrated by the Kuramoto model.
The simplest variant is the statistical mixing of the vector and the scalar noises. The
corresponding self-consistent equation is of the form:

r = η Fv(r) + (1− η)Fs(r) . (9)

Here the right hand side of (9) corresponds to the statistically mixed probability density
for the angle of direction:

fmix(θ, r) = ηfv(θ, r) + (1− η)fs(θ, r) (10)

where fs nd fv are distribution functions for scalar and vector noises respectively and
0 ≤ η ≤ 1 denotes the parameter of statistical mixing.

The analysis of Eq. (9) shows that the bifurcation of its solutions with varying pa-
rameter η corresponds to the tricritical behavior. There is the region of the parameters
(mixing factor 0.14 . η . 0.26, coupling strength 2.0 ≤ K . 2.15) where two stable
regimes are possible.

Considering (10) as the stationary solution of the Fokker-Plank equation and us-
ing the standard relation with the Langevin equation:

dθi = −K r sin(θi) dt + b(θi, r)dwi(t) (11)

where one can show that b(θ, r) equals:

b2(θ, r; η) =
1

fmix(θ, r)

∫ θ

θ0

Krfmix(x, r) sinxdx (12)

where θ0 can be found from the condition that in accordance with (6) for the scalar
(intrinsic) noise (η = 0), b(θ, r) = 1:

θ0 = arccos

(
ln 2

Kr
+ cos θ

)
Then from (12) one can easily get the following expression for b(θ, r; η):

b2(θ, r; η) = (1− η) + η(Bext(θ)−Bext(θ0)) (13)

where the function:

Bext(θ) ≡
2r2√
1 + r2

arctan

(√
1 + r2 + 2r cos θ√

1 + r2

)
−

−
√
1 + r2 + 2r cos θ

determines the corresponding parameter for the Fokker-Plank equation in case of
vector (extrinsic) noise (η = 1).

Figure 2: Phase diagram for “mixed“ noise.

When additional parameter was added the possibility appeared for both behav-
iors, supercritical and subcritical, to exist at one time. Indeed for the case of “mixed“
noise there is a region of values K and η where two nontrivial stable regimes exist
simultaneously.

The complete phase diagram for the mixed noise is given by Fig. 2.
O is tricritical point, when lines of phase transitions of different orders meet

(K = 2.0, η ≈ 0.26)

The statistical mixing of the vector and the scalar noise leads to the occurrence
of the tricritical point.

5. Circulation

Figure 3: Velocity field

THE VORTICES (like on Fig. (3)) appear in the VM. We are going to investigate their
origin, life and relaxation to the direct motion. At this moment the study of vortex

relaxation (damping) was done numerically. It is an open problem to use kinetic ap-
proach to obtain hydrodynamic equations to describe such phenomena. Our results
agree qualitatively with the theoretical results of the hydrodynamic model of [Kulinskii
et al., Europhys. Lett., 2005, 71, 207]. This theory predicts, that the next equation
takes place:

ln
C

C0
∝ αt, α < 0 (14)

Figure 4: Artificial vortex

To study the properties of circulation damping we created an artificial vortex (see
Fig. (4)) and measured the value of circulation on each step. It was done by creating a
velocity field, and then calculating circulation straight forward over selected frame. We
have shown that circulation damps slowlier as noise is slightly increased and relax-
ation time decreases as the number of nearest neighbors is increased. Those results
are shown on figures Fig.(5) and Fig.(6) respectively.

Figure 5: The circulation damps slowly as noise is increased. The number of near-
est neighbors is kept constant and equals λ = 13.7. Total number of particles was
N = 4200

Figure 6: Damping coefficient α vs. average number of neighbors at zero noise.

6. Discussion

THE RESULTS of the work can be summarized as follows. It is shown that the type
of ordering for the Vicsek model depends on the kind of noise perturbation of the

equation of motion. Depending on the kind of noise the transition to ordered state can
be either of continuous or discontinuous character.

In this work it was demonstrated that the Vicsek model shows qualitatively the
same variety of the phase behavior as the Kuramoto model of the phase synchro-
nization of nonlinearly coupled oscillators. Both known cases of extrinsic and intrinsic
noise action in Vicsek model demonstrate the result similar to those for Kuramoto
model. In particular on the basis of the stated isomorphism between these models
“mixed“ noise has been investigated and the tricritical behavior for the Vicsek model
has been demonstrated.

The term b(θ, r) from Eq.(11) determines what kind of phase transition will occur
in the system. For the particular cases of scalar, vector and mixed noises this func-
tion is considered in (12, 13). One can note that in common case the properties of
this function determine how much bends will have function from the right-hand side
of self-consistent equation (like Eq.(9)). Probably, the sign of the second derivative of
this function is responsible for the number of stable and metastable solutions.

It was shown that in the limit of zero velocity the VM shows the behavior quite
similar to the one of Kuramoto model. This assumptions gives fruitful results in the
framework of mean-field approach. All this things will not work if one attends to de-
scribe the emergence of clusters of particles. The velocity and density fields interact
with each other and should be considered together. One needs to construct some
kind of kinetic equation for such system. The main difficulty here is that our system
can’t be described by any Hamiltonian. Thus, one needs to create an approach that
is is similar to the one Boltzmann used to describe an ideal gas. Here another trouble
comes on our way. Two particle collisions aren’t very important in this system. One
needs to study the collisions between large clusters of particles. The Eq. (2) needs
to be rewritten correctly and take into account inhomogeneity of particles distribution
in space. This will help to describe the hydrodynamics of such system and spill some
light to the problem of spontaneous emergence of order.

These are open problems that we are working on now.
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