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INTRODUCTION
The scaling behavior of self-avoiding walks (SAWs) on crit-
ical percolation clusters has been widely studied since the
early 1980s [2], being of interest for both theory and praxis
(see [1]). Various Monte Carlo (MC) methods [3, 4] as well
as complete enumeration [6, 7] were used to estimate ob-
servables of interest. However, neither approach proved very
effective. While MC methods work quite well for weakly di-
luted lattices, they tend to become inefficient at criticality, and
for exact enumeration the computational effort even scales
exponentially with the number of steps.
We developed a new enumeration method which, inspired
by the ideas of renormalization, overcomes this seemingly
inherent exponential complexity by exploiting the structural
properties of the percolation cluster. This new technique is
restricted to systems at or close to criticality, but there it out-
performs even the most sophisticated MC methods, while at
the same time yielding exact results.

SELF-AVOIDING WALKS
SAWs show universal scaling behavior, with “critical” expo-
nents independent of system details. Most important are the
exponents for the number of chains Z and the mean end-to-
end distance 〈R〉:

Z ∼ µNNγ−1

〈R〉 ∼ Nν

• Exponents for non-Euclidean substrates still controversial.
• SAW is simplest non-trivial model for a polymer.
• Extensions of the SAW include θ-polymers or the HP

model.
• Percolation cluster is a crude model for a very crowded nat-

ural environment (e.g. biological cell).

CRITICAL PERCOLATION CLUSTERS
At the percolation threshold a cluster spanning the whole sys-
tem is a fractal, i.e, it is self-similar and the scaling of its
volume with system size is described by a non-integer ex-
ponent: V ∼ Ldf . It is just barely connected; removing only
O(1) would suffice to divide it. This is illustrated through the
backbone (another fractal) which is what remains when the
singly connected “pockets” are removed.

Percolation cluster on a 1000x1000 square lattice with
backbone marked in red

DIVIDE AND CONQUER
If two parts of a cluster are connected through one site only,
one can determine the paths on the whole cluster once the
paths within the two parts are enumerated.

Paths a→ b can be built from segments a→ x and x→ b

The number of chains of length l from a to b is obtained via

Z(l)a,b =
l∑

l1,l2=0

Z(l1)a,x · Z(l2)x,b · δl1+l2,l

For more than one connection things are more complicated,
but the principle remains the same.

BASIC STRATEGY
•Create cluster and cut off remote regions.
•Decompose cluster into nested pieces (“blobs”) with few

connections on all length scales.
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• Identify nesting of the blobs as hierarchical tree-structure,
with the whole cluster as root.
•Determine paths though blobs whose “children” have been

already dealt with, actively counting only in the region out-
side of the children.

• The true numbers of paths are calculate after the counting
by correctly combining the paths through the children with
those actually counted

HIERARCHICAL DECOMPOSITION
After the decomposition the pieces must fulfill two require-
ments in order to keep storage and CPU time low.
1. The number of links to children and parent must be small.
2. The number of “raw” sites outside the children must be

small.

Hierarchy of the pieces is created bottom-up:
1. Define smallest blobs
2. Judge all options (“moves”) to merge neighboring blobs
3. Perform “best” move (if possible)
4. Judge new moves, go back to 3.

TOPOLOGICALLY DIFFERENT PATHS
When a blob is enumerated, topologically different ways
to transverse the blob and its children need to be kept in
separate classes (“states”).

Schematic depiction of all states for a blob with three links

The number of possible states S increases strongly with the
number of links L:

S =

L/2∑
i=0

(
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)
(L− 2i + 1)/(i + 1)

For L = 15, S already exceeds two million. This drastic in-
crease sets a practical limit on the affordable number of links.

SCALE-FREE ENUMERATION
Central Problem: How to count the number of paths for each
topologically distinct way to traverse blob containing already
enumerated pieces?

Child (green) behaves as single site of the blob
(red and green area)

• Start enumerating from each link to the blob’s parent in
turn.
• Treat children and parent as “special” sites, that change

state when visited.
• Store numbers of paths separately for each distinct combi-

nation of states.
•Once done, calculate real number of paths for each state

of the blob, by fitting the right segments together.

PERFORMANCE
The number of different paths of length N = 600 on the con-
figuration above (start near center) is 5.388.. · 10103.
•Decomposition and enumeration took about 20 minutes.
• Best MC methods would need days (maybe weeks) to

achieve 1% accuracy.
•Normal exact enumeration would take about 1090 years.

First results:
Steps N Sample size time [s] 〈R2〉 〈log10(Z)〉
50 2000 0.8 3.57(3) · 102 9.06(3)

100 1500 3.4 1.05(1) · 103 17.28(4)

200 1000 32 3.11(10) · 103 33.8(1)

300 500 141 5.66(13) · 103 50.3(1)

400 500 330 8.9(2) · 103 66.6(2)

500 280 687 1.27(4) · 104 82.6(3)

600 43 1260 1.9(2) · 104 98.1(6)

The method is very young, and thorough tests still need to be
carried out.

OUTLOOK
Distributions
One great benefit of exact enumeration over MC is that it can
yield not only mean values, but complete distributions. This
is vital when dealing with extensions of the SAW that include
simple interactions, because it allows exact reweighting over
the whole temperature range (see [5]). In theory this should
be possible for our method as well, although it will probably
require substantially more effort.

Higher dimensions
The current implementation is only for two dimensions but
can probably be adapted easily. In theory all the ideas apply
for higher dimensions too, but whether the method will work
in practice still remains to be seen.
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