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Àêòóàëüíiñòü òåìè. Âñå ÷àñòiøå íà ñòîðiíêàõ ôiçè÷íèõ ïóáëiêàöié ìîæíà çó-
ñòðiòè ïîíÿòòÿ ñêëàäíà ìåðåæà. Ç ìàòåìàòè÷íî¨ òî÷êè çîðó, êîæíà ìåðåæà � öå
ãðàô, ùî ñêëàäà¹òüñÿ ç ìíîæèíè âåðøèí òà ìíîæèíè ðåáåð (ó ôiçè÷íié ëiòåðàòóði
÷àñòiøå çóñòði÷àþòüñÿ òåðìiíè âóçîë òà çâ'ÿçîê). Òåîðiÿ ãðàôiâ áåðå ñâié ïî÷àòîê
iç çíàìåíèòî¨ ðîáîòè Ëåîíàðäà Îéëåðà ïðî ñiì ìîñòiâ â Êüîíi ñáåðçi [L. Eulero /
Solutio problematis ad geometriam situs pertinentis // Commentarii academiae sci-
entiarum Petropolitanae, 1741, 8, 128]. Ñó÷àñíå çàöiêàâëåííÿ ñêëàäíèìè ìåðåæàìè
çíà÷íîþ ìiðîþ ñïðè÷èíåíå ïîÿâîþ ïîòóæíèõ êîìï'þòåðiâ òà íîñi¨â iíôîðìàöi¨, ùî
çäàòíi çáåðiãàòè âåëèêi ìàñèâè äàíèõ. ßê âèÿâèëîñÿ, áàãàòî ïðèðîäíèõ òà ñòâî-
ðåíèõ ëþäèíîþ ñèñòåì ìîæíà îïèñàòè òîïîëîãiþ ìåðåæi. Ñåðåä íèõ ìåðåæi ìå-
òàáîëiçìó, õàð÷óâàííÿ, åêîëîãi÷íi ìåðåæi, iíòåðíåò, www, òðàíñïîðòíi, ñîöiàëüíi,
ìåðåæi öèòóâàííÿ òà áàãàòî iíøèõ (äèâ., íàïðèêëàä, [S. N. Dorogovtsev, J. F. F.
Mendes. Evolution of Networks: From Biological Networks to the Internet and WWW,
Oxford: Oxford University Press, 2003; Þ. Ãîëîâà÷, Ê. ôîí Ôåðáåð, Î. Îë¹ìñêîé,
Ò. Ãîëîâà÷, Î. Ìðèãëîä, I. Îë¹ìñêîé, Â. Ïàëü÷èêîâ // ÆÔÄ, 2006, 10, 247; M.
Newman. Networks: An Introduction, Oxford: Oxford University Press, 2010]). Áiëüøå
òîãî, öi ìåðåæi çà ñâî¨ìè âëàñòèâîñòÿìè ñóòò¹âî âiäðiçíÿþòüñÿ âiä êëàñè÷íîãî âè-
ïàäêîâîãî ãðàôà Åðäîøà-Ðåíi [P. Erd�os, A. R�enyi // Publ. Math. Debrecen,1959, 6,
290]. ßê ïðàâèëî, öå ñêîðåëüîâàíi ñòðóêòóðè, ÿêi, íåçâàæàþ÷è íà âåëèêó êiëüêiñòü
âåðøèí, ìàþòü íåâåëèêèé õàðàêòåðíèé ðîçìið (åôåêò òiñíîãî ñâiòó, [D. J. Watts, S.
H. Strogatz // Nature (London), 1998, 393, 440 ]), íàäçâè÷àéíî ñòiéêi äî âèïàäêîâî-
ãî óñóíåííÿ ñêëàäîâèõ, îäíàê ÷óòëèâi äî cïðÿìîâàíèõ àòàê. �ì ïðèòàìàííi åôåêòè
ñàìîîðãàíiçàöi¨ i äóæå ÷àñòî ¨õ ñòàòèñòèêà îïèñó¹òüñÿ ñòåïåíåâèìè çàêîíàìè (òàê
çâàíi áåçìàñøòàáíi ìåðåæi, scale-free networks [A.-L. Barab�asi, R. Albert // Science,
1999, 286, 509; A.-L. Barab�asi, R. Albert, H. Jeong // Physica A, 2000, 281, 69]). À ñàìå
òàêi âëàñòèâîñòi ïðèòàìàííi áàãàòüîì ñêëàäíèì ñèñòåìàì i çàñòîñóâàííÿ ìåòîäiâ
ñòàòèñòè÷íî¨ ôiçèêè äî ¨õ îïèñó äîçâîëÿ¹ çðîçóìiòè ïðè÷èíè òàêî¨ ïîâåäiíêè.

Çàäà÷i, ïîâ'ÿçàíi iç äîñëiäæåííÿì êðèòè÷íî¨ ïîâåäiíêè òà ôàçîâèõ ïåðåõîäiâ
íà ñêëàäíèõ ìåðåæàõ, ïî÷àëè ðîçãëÿäàòè ïîðiâíÿíî íåäàâíî. Ìîæëèâi çàñòîñó-
âàííÿ ìîäåëåé ôàçîâèõ ïåðåõîäiâ íà ñêëàäíèõ ìåðåæàõ ìîæíà çíàéòè ó ðiçíèõ
äiëÿíêàõ ôiçèêè. Òàê ó çàäà÷àõ ñîöiîôiçèêè ðîçãëÿäàþòüñÿ ðiçíi ñòàíè ñîöióìó �
ñèñòåìè âçà¹ìîäiþ÷èõ àãåíòiâ-iíäèâiäóóìiâ, ðîçòàøîâàíèõ íà âóçëàõ ñîöiàëüíî¨ ìå-
ðåæi [S. Galam. Sociophysics: A Physicist's Modeling of Psycho-political Phenomena
(Understanding Complex Systems), London: Springer, 2012]. Âïîðÿäêîâàíîìó ñòàíó
ó òàêié ñèñòåìi âiäïîâiäà¹ ñóñïiëüíèé êîíñåíñóñ, à âèíèêíåííÿ òàêîãî âïîðÿäêîâà-
íîãî ñòàíó îïèñó¹òüñÿ, ÿê ôàçîâèé ïåðåõiä (opinion formation). Iíøèì ïðèêëàäîì
¹ îá'¹êòè íàíîôiçèêè, ñòðóêòóðà ÿêèõ ÷àñòî êðàùå îïèñó¹òüñÿ íå ãåîìåòði¹þ ãðà-
òêè, à ìåðåæi ÷è ôðàêòàëó [B. Tadi�c, K. Malarz, K. Ku lakowski // Phys. Rev. Lett.,
2005, 94, 137204]. Áiëüø òîãî, â ïðîöåñi äîñëiäæåíü âèÿâèëîñü, ùî ôàçîâi ïåðåõî-
äè íà ìåðåæàõ ñóòò¹âî âiäðiçíÿþòüñÿ âiä ïåðåõîäiâ íà ãðàòêàõ, îñêiëüêè ïîíÿòòÿ
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åâêëiäîâî¨ âèìiðíîñòi äëÿ ìåðåæ íåîçíà÷åíå, i ÷àñòî ñóïðîâîäæóþòüñÿ íèçêîþ íå-
çâè÷íèõ åôåêòiâ [S. N. Dorogovtsev, A. V. Goltsev, J. F. F. Mendes // Rev. Mod.
Phys, 2008, 80, 1275]. Öå, â ñâîþ ÷åðãó, âèêëèêà¹ ÷èñòî àêàäåìi÷íèé iíòåðåñ äî ¨õ
ðîçãëÿäó.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äèñåðòà-
öiéíà ðîáîòà âèêîíàíà â Iíñòèòóòi ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè òà
ãðóïi ñòàòèñòè÷íî¨ ôiçèêè Óíiâåðñèòåòó Ëîòàðèíãi¨ (Íàíñi, Ôðàíöiÿ) çãiäíî ç ïëà-
íàìè ðîáiò çà òåìàìè: 0112U007763 �Ïðî ðîçâèòîê òåîðåòè÷íèõ ìåòîäiâ îïèñó ôëþ-
¨äiâ, ãðàòêîâèõ òà ñêëàäíèõ ñèñòåì ïîáëèçó òî÷îê ôàçîâîãî ïåðåõîäó� ÍÀÍÓ; çà
ïiäòðèìêè àñïiðàíòñüêî¨ ïðîãðàìè �Doctoral College for the Statistical Physics of
Complex Systems� (Ëÿéïöiã-Ëîòàðèíãiÿ-Ëüâiâ-Êîâåíòði) (L4), òà ïðîåêòiâ ñïiâïðà-
öi FP7 EU IRSES 269139 �Dynamics and Cooperative Phenomena in Complex Physi-
cal and Biological Media�, 295302 �Statistical Physics in Diverse Realizations�, 612707
�Dynamics of and in Complex Systems�, 612669 �Structure and Evolution of Complex
Systems with Applications in Physics and Life Sciences�, òà Ïîñîëüñòâà Ôðàíöi¨ â
Óêðà¨íi (ñòèïåíäiÿ íà êîðîòêîñòðîêîâå ñòàæóâàííÿ ó ôðàíöóçüêîìó óíiâåðñèòåòi).

Ìåòà i çàäà÷i äîñëiäæåííÿ. Îñíîâíèìè îá'¹êòàìè äîñëiäæåííÿ ó äèñåðòà-
öiéíié ðîáîòi âèáðàíî ñïiíîâi ñèñòåìè (ìîäåëi Içiíãà òà Ïîòòñà) íà ãðàôàõ (ïîâíîìó
ãðàôi, êîíôiãóðàöiéíié ìîäåëi ãðàôà òà íåñêîðåëüîâàíié âiäïàëåíié áåçìàñøòàáíié
ìåðåæi). Ïðåäìåòîì äîñëiäæåííÿ ¹ âèâ÷åííÿ êðèòè÷íî¨ ïîâåäiíêè öèõ ìîäåëåé.
Ìåòà äèñåðòàöi¨ ïîëÿãà¹ ó îäåðæàííi òåðìîäèíàìi÷íèõ ôóíêöié, ïîáóäîâi ôàçîâî¨
äiàãðàìè, ïîøóêó êðèòè÷íèõ ïîêàçíèêiâ òà iíøèõ óíiâåðñàëüíèõ âåëè÷èí ó âèïàä-
êó ôàçîâîãî ïåðåõîäó äðóãîãî ðîäó.

Ìåòîäè äîñëiäæåííÿ. Ïðè äîñëiäæåííi êðèòè÷íî¨ ïîâåäiíêè ìè âèêîðèñòî-
âóâàëè äâà îñíîâíi ìåòîäè: íàáëèæåííÿ íåîäíîðiäíîãî ñåðåäíüîãî ïîëÿ òà ôîð-
ìàëiçì Ëi-ßíãà-Ôiøåðà àíàëiçó íóëiâ ñòàòèñòè÷íî¨ ñóìè ó âèïàäêó êîìïëåêñíîãî
ïîëÿ òà òåìïåðàòóðè.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Äîñëiäæóþ÷è êðèòè÷íó ïîâå-
äiíêó q-ñòàíîâî¨ ìîäåëi Ïîòòñà íà áåçìàñøòàáíié ìåðåæi (çi ñòåïåíåâî çãàñíîþ
ôóíêöi¹þ ðîçïîäiëó iç ïîêàçíèêîì λ) â íàáëèæåííi ñåðåäíüîãî ïîëÿ íàì âäàëî-
ñÿ îòðèìàòè: ôàçîâó äiàãðàìó, êðèòè÷íi ïîêàçíèêè, ïîêàçíèêè äëÿ ëîãàðèôìi÷íèõ
ïîïðàâîê äî ñêåéëiíãó. Òàê, äëÿ q = 1-ñòàíîâî¨ ìîäåëi Ïîòòñà (çàäà÷à ïðî ïåðêî-
ëÿöiþ) ïîêàçàíî, ùî ïðè λ = 4 ïåðêîëÿöiÿ íà áåçìàñøòàáíié ìåðåæi õàðàêòåðè-
çó¹òüñÿ ïîÿâîþ ëîãàðèôìi÷íèõ ïîïðàâîê äî ñêåéëiíãó. Öi ïîïðàâêè ïîñëàáëþþòü
ñèíãóëÿðíîñòi ñïîñòåðåæóâàíèõ âåëè÷èí â îêîëi òî÷êè ïðîòiêàííÿ [1]. Â ðåæèìi
ôàçîâîãî ïåðåõîäó äðóãîãî ðîäó äëÿ ìîäåëi Ïîòòñà íà áåçìàñøòàáíié ìåðåæi âïåð-
øå îòðèìàíî âèðàçè äëÿ ñêåéëiíãîâèõ ôóíêöié òà óíiâåðñàëüíi ñïiââiäíîøåííÿ äëÿ
êðèòè÷íèõ àìïëiòóä [2]. Äîñëiäæóþ÷è ñòðèáîê òåïëî¹ìíîñòi ìîäåëi Içiíãà íà âiäïà-
ëåíié áåçìàñøòàáíié ìåðåæi ïðè êðèòè÷íié òåìïåðàòóði ìè âñòàíîâèëè, ùî ñòðèáîê
çàëèøà¹òüñÿ λ-çàëåæíèì íàâiòü ïðè λ > 5 òà ïðÿìó¹ äî ñåðåäíüîïîëüîâîãî çíà÷å-
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ííÿ â ãðàíèöi λ→ ∞ [3].
Âïåðøå çàñòîñîâàíî ôîðìàëiçì Ëi-ßíãà-Ôiøåðà äëÿ äîñëiäæåííÿ ôàçîâèõ ïå-

ðåõîäiâ íà áåçìàñøòàáíèõ ìåðåæàõ. Ïðîàíàëiçîâàíî íóëi ñòàòèñòè÷íî¨ ñóìè â ïëî-
ùèíi êîìïëåêñíî¨ òåìïåðàòóðè òà ìàãíiòíîãî ïîëÿ äëÿ ìîäåëi Içiíãà íà âiäïàëåíié
áåçìàñøòàáíié ìåðåæi. Òàêèì ÷èíîì, âïåðøå çäiéñíåíî îïèñ êðèòè÷íî¨ ïîâåäiíêè
áàãàòî÷àñòèíêîâî¨ ñèñòåìè íà áåçìàñøòàáíié ìåðåæi â òåðìiíàõ êîíôîðìíî iíâàði-
àíòíèõ êóòiâ, ùî õàðàêòåðèçóþòü ðîçòàøóâàííÿ íóëiâ ñòàòèñòè÷íî¨ ñóìè. Ïîêàçàíî
çâ'ÿçîê öèõ êóòiâ, à òàêîæ ïîêàçíèêà, ùî õàðàêòåðèçó¹ íàáëèæåííÿ íóëiâ Ëi-ßíãà
äî äiéñíî¨ îñi, iç êðèòè÷íèìè ïîêàçíèêàìè, ùî îïèñóþòü ñèíãóëÿðíîñòi òåðìîäè-
íàìi÷íèõ ôóíêöié â îêîëi òî÷êè ïåðåõîäó. Ïîäiáíî äî êðèòè÷íèõ ïîêàçíèêiâ, êóòè
ðîçòàøóâàííÿ íóëiâ âèÿâëÿþòüñÿ λ-çàëåæíèìè, ùî ñâiä÷èòü ïðî ðîçøèðåííÿ ãiïî-
òåçè óíiâåðñàëüíîñòi äëÿ êðèòè÷íî¨ ïîâåäiíêè íà ñêëàäíié áåçìàñøòàáíié ìåðåæi.
Âèÿâëåíî ïîðóøåííÿ òåîðåìè Ëi-ßíãà ïðî êîëî îäèíè÷íîãî ðàäióñó äëÿ ìîäåëi
Içiíãà íà âiäïàëåíié áåçìàñøòàáíié ìåðåæi ó äiàïàçîíi 3 < λ < 5 [4, 5].

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Îòðèìàíi ó äèñåðòàöiéíié
ðîáîòi ðåçóëüòàòè ìîæóòü ñëóæèòè ïiäñòàâîþ äëÿ ïîäàëüøîãî ìîäåëþâàííÿ ïðîöå-
ñiâ âïîðÿäêóâàííÿ ó âçà¹ìîäiþ÷èõ ñèñòåìàõ íà áåçìàñøòàáíèõ ìåðåæàõ. Îñêiëüêè
áiëüøiñòü ñóñïiëüíèõ ìåðåæ ¹ áåçìàñøòàáíèìè, òî íàøi ðåçóëüòàòè çàñòîñîâíi äëÿ
ìîäåëåé âèíèêíåííÿ êîíñåíñóñó ó çàäà÷àõ ñîöiîôiçèêè. Ïîäiáíèì ÷èíîì îòðèìàíi
ðåçóëüòàòè çàñòîñîâíi äëÿ îïèñó ôàçîâîãî ïåðåõîäó â ôåðîìàãíiòíèé ñòàí ó íàíî-
ñòðóêòóðàõ iç òîïîëîãi¹þ ìåðåæi. Çîâñiì íàäàâíî áóëî çàïðîïîíîâàíî òà åêñïåðè-
ìåíòàëüíî ðåàëiçîâàíî äîñëiäæåííÿ, ùî äîçâîëèëî ïîâ'ÿçàòè êîîðäèíàòè óÿâíèõ
íóëiâ ñòàòèñòè÷íî¨ ñóìè ç ÷àñàìè êâàíòîâî¨ êîãåðåíòíîñòi ïðîáíîãî ñïiíà ó ñåðåäî-
âèùi iíøèõ ñïiíiâ [X. Peng, H. Zhou, B.-B. Wei, J. Cui, J. Du, R. B. Liu // Phys. Rev.
Lett., 2015, 114, 010601]. Öå âiäêðèâà¹ ìîæëèâiñòü äëÿ åêñïåðèìåòàëüíîãî ñïîñòå-
ðåæåííÿ íóëiâ ñòàòèñòè÷íî¨ ñóìè â êîìïëåêñíié ïëîùèíi. Òàêèì ÷èíîì, îäåðæàíi
íàìè ðåçóëüòàòè áóäóòü êîðèñíi äëÿ òåîðåòèêiâ òà åêñïåðèìåíòàòîðiâ, ùî ðîçðîáëÿ-
òèìóòü ìåòîäè äîñëiäæåííÿ êâàíòîâî¨ êîãåðåíòíîñòi ñïiíîâèõ ñèñòåì íà ìåðåæàõ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Ó ðîáîòàõ, âèêîíàíèõ iç ñïiâàâòîðàìè, àâòîðó
íàëåæèòü:

• âèðàçè äëÿ âiëüíî¨ åíåðãi¨ â íàáëèæåííi íåîäíîðiäíîãî ñåðåäíüîãî ïîëÿ äëÿ q-
ñòàíîâî¨ ìîäåëi Ïîòòñà íà áåçìàñøòàáíié íåñêîðåëüîâàíié ìåðåæi òà ¨õ àíàëiç
[1, 6];

• âèðàç äëÿ ñòðèáêà òåïëî¹ìíîñòi ìîäåëi Içiíãà íà âiäïàëåíié áåçìàñøòàáíié
ìåðåæi ïðè λ > 5. Ïîðiâíÿííÿ ïîâåäiíêè òåïëî¹ìíîñòi ãðàòêîâî¨ òà ìåðåæåâî¨
ñòðóêòóð [3];

• òî÷íi iíòåãðàëüíi ïðåäñòàâëåííÿ ñòàòèñòè÷íî¨ ñóìè äëÿ ìîäåëi Içiíãà íà ïîâ-
íîìó ãðàôi òà íà áåçìàñøòàáíié ìåðåæi ó âèïàäêó êîìïëåêñíîãî ìàãíiòíîãî
ïîëÿ, ÷èñåëüíi ðîçâ'ÿçêè ñèñòåìè íåëiíiéíèõ ðiâíÿíü äëÿ íóëiâ Ëi-ßíãà òà
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Ôiøåðà [4, 5];
• çíà÷åííÿ ëîãàðèôìi÷íèõ ïîïðàâîê äî ïîêàçíèêiâ ñêåéëiíãó äëÿ êîîðäèíàò
íóëiâ Ôiøåðà òà Ëi-ßíãà ïðè λ = 5 [4, 5];

• âèÿâëåííÿ ïîðóøåííÿ òåîðåìè Ëi-ßíãà ïðî êîëî îäèíè÷íîãî ðàäióñà äëÿ ìî-
äåëi Içiíãà íà âiäïàëåíié áåçìàñøòàáíié ìåðåæi ó äiàïàçîíi 3 < λ < 5. ×è-
ñåëüíèé àíàëiç òà àíàëiòè÷íå ïîÿñíåííÿ [4, 5].

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè ðîáîòè áóëè ïðåäñòàâëåíi íà
òàêèõ êîíôåðåíöiÿõ: �Ðiçäâÿíi äèñêóñi¨-2013� (Ëüâiâ, 3-4 ñi÷íÿ 2013); XIII Âñåóêðà-
¨íñüêà øêîëà-ñåìiíàð òà Êîíêóðñ ìîëîäèõ â÷åíèõ çi ñòàòèñòè÷íî¨ ôiçèêè òà òåîði¨
êîíäåíñîâàíî¨ ðå÷îâèíè (Ëüâiâ, 5-7 ÷åðâíÿ 2013); VI Ìiæíàðîäíà êîíôåðåíöiÿ �Ôi-
çèêà íåâïîðÿäêîâàíèõ ñèñòåì� (Ëüâiâ, 14-16 æîâòíÿ 2013); êîíôåðåíöiÿ ìîëîäèõ
â÷åíèõ (Êè¨â, 24-27 ãðóäíÿ 2013); êîíôåðåíöiÿ MECO-39 (Êîâåíòði, Àíãëiÿ, 8-10
êâiòíÿ 2014); êîíôåðåíöiÿ CompPhys (Ëÿéïöi , Íiìå÷÷èíà, 27-29 ëèñòîïàäà 2014);
�Ðiçäâÿíi äèñêóñi¨-2015� (Ëüâiâ, 12-13 ñi÷íÿ 2015); XV Âñåóêðà¨íñüêà øêîëà-ñåìiíàð
òà Êîíêóðñ ìîëîäèõ â÷åíèõ çi ñòàòèñòè÷íî¨ ôiçèêè òà òåîði¨ êîíäåíñîâàíî¨ ðå÷îâè-
íè (Ëüâiâ, 4-5 ÷åðâíÿ 2015), �Éîðäàíñüêi ÷èòàííÿ - 2016� (Ëüâiâ, 20.01.16), êîíôå-
ðåíöiÿ MECO-41 (Âiäåíü, Àâñòðiÿ, 15-17 ëþòîãî 2016). À òàêîæ íà òàêèõ ñåìiíàðàõ:
cåìiíàð ãðóïè ñòàòèñòè÷íî¨ ôiçèêè óíiâåðñèòåòó Àíði Ïóàíêàðå (Íàíñi, Ôðàíöiÿ,
20.01.13, 25.11.14); cåìiíàð-íàðàäà íàãëÿäîâîãî êîìiòåòó àêöi¨ IRSES DCP-PhysBio,
(Ëüâiâ, 28-30 òðàâíÿ 2013); cåìiíàð ãðóïè ñòàòèñòè÷íî¨ ôiçèêè óíiâåðñèòåòó Êî-
âåíòði (Êîâåíòði, Àíãëiÿ, 12.07.13); cåìiíàð ãðóïè ÷èñåëüíî¨ êâàíòîâî¨ òåîði¨ ïîëÿ
óíiâåðñèòåòó Ëÿéïöi ó (Ëÿéïöi , Íiìå÷÷èíà, 7.11.13); ñòåíäîâà äîïîâiäü íà ði÷íîìó
ñåìiíàði Ecole doctorale (Íàíñi, Ôðàíöiÿ, 12.06.14); ñåìiíàð êàôåäðè ïðèêëàäíî¨ ìà-
òåìàòèêè òà iíôîðìàòèêè â óíiâåðñèòåòi Ìàði¨ Ñêëîäîâñüêî¨-Êþði (Ëþáëií, Ïîëü-
ùà, 22.10.15); ñåìiíàðè Ëàáîðàòîði¨ ñòàòèñòè÷íî¨ ôiçèêè ñêëàäíèõ ñèñòåì IÔÊÑ
ÍÀÍÓ.

Ïóáëiêàöi¨. Çà ìàòåðiàëàìè äèñåðòàöi¨ îïóáëiêîâàíî 5 ñòàòåé â æóðíàëàõ [1�5],
îäíà ñòàòòÿ â ìàòåðiàëàõ äîïîâiäåé êîíôåðåíöi¨ [6] òà 9 òåç êîíôåðåíöié [7�15].

Ñòðóêòóðà òà îá'¹ì äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó,
÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ òà ñïèñêó âèêîðèñòàíèõ äæåðåë. Ðîáîòà âèêëàäåíà
íà 110 ñòîðiíêàõ (ðàçîì ç ëiòåðàòóðîþ òà äîäàòêàìè � 145 ñòîðiíîê), áiáëiîãðà-
ôi÷íèé ñïèñîê ìiñòèòü 208 íàéìåíóâàíü ïóáëiêàöié ó âiò÷èçíÿíèõ òà çàêîðäîííèõ
âèäàííÿõ.



5

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi âèñâiòëåíî àêòóàëüíiñòü òåìè äîñëiäæåííÿ, ñôîðìóëüîâàíî ìåòó ðî-
áîòè òà âiäçíà÷åíî ¨¨ íàóêîâó íîâèçíó.

Ó ïåðøîìó ðîçäiëi ïîäàíî îçíà÷åííÿ ãîëîâíèõ ïîíÿòü òåîði¨ ñêëàäíèõ ìåðåæ
òà çäiéñíåíî îãëÿä îñíîâíèõ ðîáiò, ÿêi ñòîñóþòüñÿ ïîâåäiíêè ñïiíîâèõ ìîäåëåé íà
ìåðåæàõ. Ðîçãëÿíåíî ìîäåëi ñêëàäíèõ ìåðåæ òà ââåäåíî îñíîâíi âåëè÷èíè, ÿêi îïè-
ñóþòü ¨õ êiëüêiñíi õàðàêòåðèñòèêè. Îñîáëèâó óâàãó ïðèäiëåíî òàê çâàíèì áåçìàñ-
øòàáíèì ìåðåæàì, ùî õàðàêòåðèçóþòüñÿ ñòåïåíåâèì çàãàñàííÿì ôóíêöi¨ ðîçïîäiëó
ñòóïåíiâ âóçëiâ:

P (k) ∼ k−λ, k → ∞, (1)

äå P (k) � iìîâiðíiñòü òîãî, ùî âèïàäêîâî âèáðàíèé âóçîë ìà¹ ñòóïiíü (êiëüêiñòü
çâ'ÿçêiâ) k.

Îñêiëüêè çíà÷íà ÷àñòèíà äèñåðòàöi¨ (ðîçäiëè 3-4) âèêîíàíà iç çàñòîñóâàííÿì
ìåòîäó àíàëiçó íóëiâ ñòàòèñòè÷íî¨ ñóìè ó êîìïëåêñíié ïëîùèíi, ó ïåðøîìó ðîçäiëi
òàêîæ çäiéñíåíî êîðîòêèé îãëÿä ðîáiò, ïðèñâÿ÷åíèõ öüîìó ìåòîäó. Òèïîâà ïîâåäií-
êà íóëiâ ñòàòèñòè÷íî¨ ñóìè ó ïëîùèíi êîìïëåêñíîãî ìàãíiòíîãî ïîëÿ (íóëi Ëi-ßíãà
[T. D. Lee, C. N. Yang // Phys. Rev., 1952, 87, 410]) òà êîìïëåêñíî¨ òåìïåðàòóðè
(íóëi Ôiøåðà [M. E. Fisher. The nature of critical points: Lecture Notes in Theoretical
Physics, Boulder: University of Colorado Press, 1965]) çîáðàæåíà íà Ðèñ. 1.
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Ðèñ. 1: (à): Ñõåìàòè÷íå ïðåäñòàâëåííÿ íóëiâ Ëi-ßíãà ìîäåëi Içiíãà íà äâîâèìiðíié ãðàòöi ó êîìïëåêñíié eH

ïëîùèíi. Çãiäíî òåîðåìè Ëi-ßíãà, âñi íóëi ëåæàòü íà êîëi îäèíè÷íîãî ðàäióñà ó ïëîùèíi eH , òîáòî, âîíè ¹ ñóòî
óÿâíèìè â ïëîùèíi H. (b): Êàðòèíà íóëiâ Ôiøåðà ó êîìïëåêñíié T ïëîùèíi. Êóò φ ¹ êóòîì ìiæ ëiíi¹þ êîíäåíñàöi¨
íóëiâ Ôiøåðà òà âiä'¹ìíèì íàïðÿìîì äiéñíî¨ îñi. Êóò ψ îïèñó¹ ðóõ íóëiâ Ôiøåðà çà íàÿâíîñòi äiéñíîãî çîâíiøíüîãî
ïîëÿ. Ðóõ ïåðøîãî íóëÿ çi çáiëüøåííÿì ìàãíiòíîãî ïîëÿ H çîáðàæåíî êîëàìè.

Îäíå iç êîðèñíèõ ñïiââiäíîøåíü ïîâ'ÿçó¹ êóò êîíäåíñàöi¨ íóëiâ Ôiøåðà φ iç
êðèòè÷íèì ïîêàçíèêîì òåìëî¹ìíîñòi α òà âiäíîøåííÿì êðè÷íèõ àìïëiòóä òåïëî-
¹ìíîñòi A−/A+ [C. Itzykson, R. B. Pearson, J. B. Zuber // Nucl. Phys. B., 1983, 220,
415]:

tan[(2 − α)φ] =
cos(πα) − A−/A+

sin(πα)
. (2)
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Òàêîæ âiäîìå ñïiââiäíîøåííÿ äëÿ êóòà ψ ðóõó íóëiâ Ôiøåðà ó äiéñíîìó ïîëi:

ψ =
π

2βδ
, (3)

äå β i δ � òåìïåðàòóðíèé òà ïîëüîâèé êðèòè÷íi ïîêàçíèêè ïàðàìåòðà ïîðÿäêó.
Ñêåéëiíãîâi ñïiââiäíîøåííÿ äëÿ êîîðäèíàò íóëiâ Ëi-ßíãà òà Ôiøåðà ñèñòåìè

ñêií÷åííîãî ðîçìiðó ìîæíà çàïèñàòè ó íàñòóïíié ôîðìi:

Hj(N, t = 0) ∼
(
j

N

)σ

, σ =
βδ

2 − α
, (4)

Tj(N,H = 0) ∼
(
j

N

) 1
2−α

, (5)

äå N � ÷èñëî ÷àñòèíîê, à j � ïîðÿäîê íóëÿ.
Ó äðóãîìó ðîçäiëi äîñëiäæó¹òüñÿ êðèòè÷íà ïîâåäiíêà q-ñòàíîâî¨ ìîäåëi Ïîò-

òñà íà íåñêîðåëüîâàíié áåçìàñøòàáíié ìåðåæi. Ãàìiëüòîíiàí ìîäåëi:

−H =
1

2

∑
i,j

Jijδni,nj
+H

∑
i

δni,0 , (6)

òóò ni = 0, 1, ...q − 1; q ≥ 1 � êiëüêiñòü ñòàíiâ ìîäåëi Ïîòòñà, H � çîâíiøí¹ ïîëå,
ñïðÿìîâàíå âçäîâæ íóëüîâî¨ êîìïîíåíòè çìiííî¨ ni. Ãîëîâíà âiäìiííiñòü ãàìiëüòî-
íiàíó ìîäåëi Ïîòòñà íà ìåðåæi âiä ãðàòêîâîãî ãàìiëüòîíiàíó ïîëÿãà¹ â òîìó, ùî
ïiäñóìîâóâàííÿ ó (6) âåäåòüñÿ çà óñiìà ïàðàìè i, j N âóçëiâ ìåðåæi, à âçà¹ìîäiÿ Jij
ðiâíà J , ÿêùî ìiæ âóçëàìè i òà j iñíó¹ çâ'ÿçîê, é 0, ÿêùî âóçëè íå ïî¹äíàíi ìiæ
ñîáîþ.

Ó ïiäðîçäiëi 2.2 ïðîàíàëiçîâàíî òåðìîäèíàìiêó ìîäåëi Ïîòòñà íà íåñêîðåëüîâà-
íié áåçìàñøòàáíié ìåðåæi, âèêîðèñòîâóþ÷è íàáëèæåííÿ íåîäíîðiäíîãî ñåðåäíüîãî
ïîëÿ. Ùîá îçíà÷èòè ïàðàìåòð ïîðÿäêó òà âèêîíàòè íàáëèæåííÿ äëÿ ãàìiëüòîíiàíó
(6), ââåäåíî ëîêàëüíi òåðìîäèíàìi÷íi ñåðåäíi:

µi = δni,0 , νi = δni,α ̸=0 , (7)

äå óñåðåäíåííÿ îçíà÷à¹:

(. . . ) =
Tr(. . . ) exp(−H/T )

Z
, Z = e−H/T . (8)

Ðîçãëÿíåìî ïîâåäiíêó ñåðåäíiõ (7) ó ãðàíèöi íèçüêèõ òà âèñîêèõ òåìïåðàòóð: µi(T →
∞) = νi(T → ∞) = 1/q, µi(T → 0) = 1, νi(T → 0) = 0. Òîäi ëîêàëüíèé ïàðàìåòð
ïîðÿäêó (ëîêàëüíó íàìàãíi÷åíiñòü), 0 ≤ mi ≤ 1, ìîæíà ïåðåïèñàòè ÿê:

mi =
qδni0 − 1

q − 1
. (9)
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Â íàáëèæåííi íåîäíîðiäíîãî ñåðåäíüîãî ïîëÿ ãëîáàëüíèé ïàðàìåòð ïîðÿäêó m çà-
ïèñó¹òüñÿ ÷åðåç çâàæåíi çíà÷åííÿ ëîêàëüíèõ íàìàãíi÷åíîñòåé:

m =

∑
i kimi∑
i ki

. (10)

Íåõòóþ÷è âíåñêàìè äðóãîãî ïîðÿäêó ìàëîñòi (êâàäðàòàìè âiäõèëåííÿ âiä ñåðåäíüî-
ãî δni,nj

− δni,nj), îäåðæó¹ìî âèðàç äëÿ ãàìiëüòîíiàíó (6):

−Hmfa =
∑
i,j

Jijδni,0mj +
1

q

∑
i,j

Jij(1 −mj + (1 − q)mimj) +H
∑
i

δni,0 . (11)

Ó ïiäðîçäiëi 2.3 îäåðæàíî âiëüíó åíåðãiþ ìîäåëi Ïîòòñà íà áåçìàñøòàáíié ìå-
ðåæi â íàáëèæåííi ñåðåäíüîãî ïîëÿ:

−g =
1

q

∑
i,j

Jij(1 −mj + (1 − q)mimj) +

T
∑
i

ln
[

exp
(∑j Jijmj +H

T

)
+ q − 1

]
. (12)

Çãiäíî íàáëèæåííÿ ñåðåäíüîãî ïîëÿ, ìàòðè÷íi åëåìåíòè Jij ïiäñòàâëåíî ó ðiâíÿííÿ
(12), äå iñíóâàííÿ çâ'ÿçêó ìiæ âóçëàìè i òà j ìîæëèâå ç iìîâiðíiñòþ pij. Äëÿ íå-
ñêîðåëüîâàíî¨ ìåðåæi iìîâiðíiñòü iñíóâàííÿ çâ'ÿçêó ìiæ âóçëàìè çàëåæèòü òiëüêè
âiä ¨õ ñòóïåíiâ ki, kj ÿê:

Jij = Jpij = J
kikj
N⟨k⟩

, (13)

äå J � ñòàëà âçà¹ìîäi¨, à ⟨k⟩ = 1/N
∑N

i=1 ki � ñåðåäíié ñòóïiíü âóçëà. Ùîá ïðîàíà-
ëiçóâàòè ïîâåäiíêó âiëüíî¨ åíåðãi¨, êîëè ïàðàìåòð ïîðÿäêó m → 0, ó âèðàçi (12)
ïåðåéäåìî âiä ïiäñóìîâóâàííÿ çà íîìåðîì âóçëà äî iíòåãðóâàííÿ çà ñòóïåíåì âó-
çëà. Äëÿ öüîãî ðîçãëÿíåíî îêðåìî âèïàäêè öiëèõ òà íåöiëèõ çíà÷åíü ïàðàìåòðà λ,
ùîá âèäiëèòè ðîçáiæíîñòi ïðè iíòåãðóâàííi. Òàê, ïðè íåöiëèõ λ âèðàç äëÿ âiëüíî¨
åíåðãi¨ çàïèøåòüñÿ:

g =
J⟨k⟩(q − 1)

qT
(T − T0)m

2 +
cλc(q, λ)

T λ−2
(mJ)λ−1 +

cλ

[λ−1]∑
i=3

ai(mJk⋆)
i

λ− 1 − i
T 1−i − J⟨k⟩(q − 1)

q2T
mH +O(m[λ]) , (14)

à ïðè öiëèõ çíà÷åííÿõ λ

g =
J⟨k⟩(q − 1)

qT
(T − T0)m

2 − cλaλ−1

T λ−2
(mJ)λ−1 lnm+ cλ[C(q, λ) −
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aλ−1 ln(Jk⋆/T )]
(mJ)λ−1

T λ−2
+ cλ

λ−2∑
i=3

ai(mJk⋆)
i

λ− i− 1
T 1−i −

J⟨k⟩(q − 1)

q2T
mH +O(m[λ]) , (15)

äå ïîçíà÷åííÿ [ℓ] îçíà÷à¹ öiëó ÷àñòèíó âiä ℓ, à k⋆ � ìiíiìàëüíå çíà÷åííÿ ñòóïåíÿ
âóçëà.

Ó ïiäðîçäiëi 2.4 ïðîàíàëiçîâàíî êðèòè÷íó ïîâåäiíêó ìîäåëi Ïîòòñà â ðiçíèõ äi-
àïàçîíàõ q òà λ. Îäåðæàíi ðåçóëüòàòè óçàãàëüíåíî íà ôàçîâié äiàãðàìi, Ðèñ. 2.
Ñóöiëüíà òîíêà êðèâà âiääiëÿ¹ ðåæèì ôàçîâîãî ïåðåõîäó ïåðøîãî ðîäó âiä ðå-
æèìó ôàçîâîãî ïåðåõîäó äðóãîãî ðîäó. Êðèòè÷íi ïîêàçíèêè âçäîâæ öi¹¨ êðèâî¨ ¹
λ-çàëåæíèìè. Ó ðåæèìi ôàçîâîãî ïåðåõîäó äðóãîãî ðîäó ïðè 1 ≤ q < 2 êðèòè÷íi
ïîêàçíèêè ¹ λ-çàëåæíèìè (íèæ÷å ñóöiëüíî¨ òîâñòî¨ ëiíi¨) ÷è íàáóâàþòü çíà÷åíü
ñòàíäàðòíèõ êðèòè÷íèõ ïîêàçíèêiâ ñåðåäíüîãî ïîëÿ äëÿ ïåðêîëÿöi¨ (âèùå ñóöiëü-
íî¨ òîâñòî¨ ëiíi¨). Ïðè q = 2 òà λ ≥ 5 (ïóíêòèðíà êðèâà) êðèòè÷íi ïîêàçíèêè
âiäïîâiäàþòü ñòàíäàðòíèì ïîêàçíèêàì äëÿ ìîäåëi Içiíãà. Çíà÷åííÿ λ, ùî ðîçäiëÿ-
þòü λ-çàëåæíi òà ñòàíäàðòíi ñåðåäíüîïîëüîâi êðèòè÷íi ïîêàçíèêè, õàðàêòåðèçóþ-
òüñÿ ïîÿâîþ ëîãàðèôìi÷íèõ ïîïðàâîê äî ñêåéëiíãó: êâàäðàò äëÿ ìîäåëi Içiíãà ïðè
λ = 5, q = 2 òà ñóöiëüíà òîâñòà ëiíiÿ ïðè λ = 4 äëÿ äiàïàçîíó 1 ≤ q < 2. Ïðè
λ ≤ 3 ñèñòåìà çàëèøà¹òüñÿ âïîðÿäêîâàíîþ ïðè áóäü-ÿêié ñêií÷åííié òåìïåðàòóði
(îáëàñòü íèæ÷å øòðèõîâàíî¨ ëiíi¨).

Ðèñ. 2: Ôàçîâà äiàãðàìà ìîäåëi Ïîòòñà íà íåñêîðåëüîâàíié áåçìàñøòàáíié ìåðåæi. Ó ðåæèìi ôàçîâîãî ïåðåõîäó
äðóãîãî ðîäó âêàçàíi çíà÷åííÿ êðèòè÷íîãî ïîêàçíèêà ïàðàìåòðà ïîðÿäêó β òà ïîêàçíèêà éîãî ëàãàðèôìi÷íî¨

ïîïðàâêè äî ñêåéëiíãó β̂.

Ó ïiäðîçäiëi 2.5 â ðåæèìi ôàçîâîãî ïåðåõîäó äðóãîãî ðîäó iç âèðàçiâ äëÿ âiëüíî¨
åíåðãi¨ îòðèìàíî iíøi òåðìîäèíàìi÷íi ôóíêöi¨, êðèòè÷íi ïîêàçíèêè, ëîãàðèôìi÷íi
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ïîïðàâêè äî ñêåéëiíãó. Ó ðiçíèõ äiàïàçîíàõ q òà λ ñïîñòåðåæóâàíi òåðìîäèíàìi÷íi
ôóíêöi¨ îïèñóþòüñÿ ðiçíèìè íàáîðàìè êðèòè÷íèõ ïîêàçíèêiâ. Òàêîæ ó ðîáîòi çíà-
éäåíî ñêåéëiíãîâi ôóíêöi¨ (Òàáë. 1) òà âiäíîøåííÿ êðèòè÷íèõ àìïëiòóä. Âèÿâëåíî,
ùî ÿê i êðèòè÷íi ïîêàçíèêè, âîíè ðiçíÿòüñÿ ó ðiçíèõ äiàïàçîíàõ: Region I (λ > 5,
q = 2), Region II (λ > 4, 1 ≤ q < 2), Region III (3 < λ < 4, 1 ≤ q < qc(λ), 3 < λ < 5,
q = 2).

Òàáë. 1: Ñêåéëiíãîâi ôóíêöi¨ òà âiäíîøåííÿ êðèòè÷íèõ àìïëiòóä äëÿ ìîäåëi Ïîòòñà íà íåñêîðåëüîâàíié áåç-
ìàñøòàáíié ìåðåæi.

Region I Region II Region III
f±(x) ±x2

2 + x4

4 ±x2

2 + x3

4 ±x2

2 + xλ−1

4

H±(x) x3 ± x 3
4x

2 ± x λ−1
4 xλ−2 ± x

S(x) −x2/2 −x2/2 −x2/2
C±(x) x2

3x2±1
x2

3x/2± 1
x2

(λ−1)(λ−2)xλ−3/4±1

χ±(x) 1
3x2 ± 1

1
3x/2± 1

1
(λ−1)(λ−2)xλ−3/4± 1

M±(x) x
3x2±1

x
3x/2± 1

x
(λ−1)(λ−2)xλ−3/4±1

Äëÿ ìîäåëi Içiíãà ó äiàïàçîíi λ > 5 âèÿâëåíî íåòðèâiàëüíó ïîâåäiíêó çíà÷åííÿ
ñòðèáêà òåïëî¹ìíîñòi ïðè êðèòè÷íié òåìïåðàòóði. Â òîé ÷àñ ÿê êðèòè÷íi ïîêàçíèêè
òà ñêåéëiíãîâi ôóíêöi¨ â äiàïàçîíi λ > 5 çàëèøàþòüñÿ íåçìiííèìè, ñòðèáîê òåïëî-
¹ìíîñòi íå âiäïîâiäà¹ çíà÷åííþ iç òåîði¨ ñåðåäíüîãî ïîëÿ, à çàëåæèòü âiä ïàðàìåòðà
λ:

δcH =
3(λ− 5)(λ− 1)

2(λ− 3)2
, λ > 5 . (16)

Òiëüêè ó ãðàíèöi âåëèêèõ λ ñòðèáîê ïðÿìó¹ äî òî÷íîãî çíà÷åííÿ iç òåîði¨ ñåðåäíüîãî
ïîëÿ δcH(λ→ ∞) = 3/2, Ðèñ.3.

Ó òðåòüîìó òà ÷åòâåðòîìó ðîçäiëàõ çàñòîñîâàíî íîâèé ìåòîä äîñëiäæåííÿ
êðèòè÷íî¨ ïîâåäiíêè ìîäåëi Içiíãà íà ïîâíîìó ãðàôi òà íà âiäïàëåíié áåçìàñøòàá-
íié ìåðåæi, à ñàìå, ìåòîä àíàëiçó êîìïëåêñíèõ íóëiâ ñòàòèñòè÷íî¨ ñóìè â ïëîùèíi
êîìïëåêñíî¨ òåìïåðàòóðè (íóëi Ôiøåðà) òà êîìïëåêñíîãî ìàãíiòíîãî ïîëÿ (íóëi Ëi-
ßíãà).

Ó òðåòüîìó ðîçäiëi ïðèâåäåíî ðåçóëüòàòè îïèñó êðèòè÷íî¨ ïîâåäiíêè ìîäåëi
Içiíãà íà ïîâíîìó ãðàôi îòðèìàíi çà äîïîìîãîþ àíàëiçó íóëiâ ñòàòèñòè÷íî¨ ñóìè
â êîìïëåêñíié ïëîùèíi. Âèêîðèñòîâóþ÷è ìåòîä, çàïðîïîíîâàíèé ó ñòàòòi [M. L.
Glasser. V. Privman, L. S. Schulman // J. Stat. Phys., 1986, 45, 451], îòðèìàíî íîâi
ðåçóëüòàòè äëÿ íóëiâ Ôiøåðà, à ñàìå, îá÷èñëåíî ðóõ öèõ íóëiâ ó äiéñíîìó ïîëi, à
òàêîæ âïåðøå âèêîðèñòàíî ñõîæó ìåòîäèêó äëÿ âèâ÷åííÿ íóëiâ Ëi-ßíãà.

Ó ïiäðîçäiëi 3.1 ðîçãëÿíåíî ìîäåëü Içiíãà íà ïîâíîìó ãðàôi, ùî åêâiâàëåíòíà
ãðàòêîâié âåðñi¨ ìîäåëi ó íàáëèæåííi ñåðåäíüîãî ïîëÿ. Âèðàç äëÿ N -÷àñòèíêîâî¨
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Ðèñ. 3: Ñòðèáîê òåïëî¹ìíîñòi ìîäåëi Içiíãà íà ãðàòêàõ ïðè âèìiðíîñòi ïðîñòîðó d > 4 (ïðÿìîêóòíèêè, ðåçóëü-
òàòè Ìîíòå-Êàðëî ñèìóëÿöié [P. H. Lundow, K. Markstr�om // Nucl. Phys. B, 2015, 895, 305]) òà íà âiäïàëåíié
áåçìàñøòàáíié ìåðåæi â äiàïàçîíi λ > 5, ñóöiëüíà êðèâà íà îñíîâi ðiâíÿííÿ (16). Òîíêà ëiíiÿ âiäïîâiäà¹ òî-
÷íîìó çíà÷åííþ ñòðèáêà òåïëî¹ìíîñòi ç òåîði¨ ñåðåäíüîãî ïîëÿ δcH = 3/2. Ó ãðàíèöi âåëèêèõ λ ÷è d ñòðèáîê
δcH(λ→ ∞) = δcH(d→ ∞) = 3/2 íàáëèæà¹òüñÿ äî òî÷íîãî çíà÷åííÿ çíèçó ÷è çâåðõó âiä ïðÿìî¨ âiäïîâiäíî.

ñòàòèñòè÷íî¨ ñóìè ìà¹ âèãëÿä:

ZN(T,H) = Tr e−H/T = e−
1
2T

N∏
l=1

∑
Sl=±1

exp
( 1

2NT
(
∑
l

Sl)
2 +

H

T

∑
l

Sl

)
. (17)

Âèêîíàâøè ïåðåòâîðåííÿ Ñòðàòîíîâè÷à-Ãàááàðäà (17) ìîæíà ïåðåïèñàòè ó ôîðìi:

ZN(T,H) = e−
1
2T

√
N

2Tπ

N∏
l=1

∑
Sl=±1

∫ +∞

−∞
exp

(−Nx2
2T

+
∑
m

Sm
(x+H)

T

)
dx . (18)

Âèêîíàâøè ïiäñóìîâóâàííÿ çà Sl òà çàìiíèâøè çìiííó iíòåãðóâàííÿ
√
Nx/T → x,

îäåðæàíî òî÷íå iíòåãðàëüíå ïðåäñòàâëåííÿ äëÿ ñòàòèñòè÷íî¨ ñóìè ìîäåëi Içiíãà íà
ïîâíîìó ãðàôi:

ZN(t,H) =

∫ +∞

−∞
exp

(−x2(t+ 1)

2
+N ln cosh[x/

√
N +H/(t+ 1)]

)
dx , (19)

äå t = (T − Tc)/Tc. Ïðè äîñëiäæåííi âëàñòèâîñòåé ñòàòèñòè÷íî¨ ñóìè, ïîðÿä iç
òî÷íèì ïåðåòâîðåííÿì (19) âèêîðèñòîâóâàòèìåìî òàêîæ íàáëèæåíå, ðîçêëàäàþ-
÷è ôóíêöiþ ïðè âåëèêèõ N òà ìàëèõ H. Çáåðiãàþ÷è ïðîâiäíi çà 1/N äîäàíêè òà
äîäàíîê ëiíiéíèé çà H îòðèìàíî:

Zexp
N (t,H) =

∫ +∞

−∞
exp

(−t x2
2

− x4

12N
+
x
√
NH

t+ 1
+O(1/N2)

)
dx. (20)

Äëÿ ïîøóêó íóëiâ ÷èñåëüíî ðîçâ'ÿçàíî ñèñòåìó ðiâíÿíü, êîëè äiéñíà òà óÿâíà ÷à-
ñòèíè ñòàòèñòè÷íî¨ ñóìè ðiâíi íóëåâi ó ïëîùèíi êîìïëåêñíî¨ òåìïåðàòóðè (íóëi
Ôiøåðà) òà êîìïëåêñíîãî ìàãíiòíîãî ïîëÿ (íóëi Ëi-ßíãà), äèâ. Ðèñ.4.
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Ðèñ. 4: Ëiíi¨ íóëiâ äiéñíî¨ òà óÿâíî¨ ÷àñòèíè íàáëèæåíî¨ ñòàòèñòè÷íî¨ ñóìè (21) òà (22) â ïëîùèíi (a) êîìïëåêñíî¨
òåìïåðàòóðè òà (b) ìàãíiòíîãî ïîëÿ, òîíêi é òîâñòi ëiíi¨ âiäïîâiäíî. Òî÷êè, äå ëiíi¨ ðiçíî¨ òîâùèíè ïåðåòèíàþòüñÿ,
äàþòü êîîðäèíàòè íóëiâ. Äëÿ íóëiâ Ëi-ßíãà îäíà ç ëiíié ImZ(h) = 0 ñïiâïàäà¹ iç âåðòèêàëüíîþ âiññþ íà ãðàôiêó.

Î÷åâèäíîþ âiäìiííiñòþ ó ïîâåäiíöi íóëiâ Ôiøåðà äëÿ òî÷íî¨ òà ðîçêëàäåíî¨ ñòà-
òèñòè÷íî¨ ñóìè (äèâ. ïiäðîçäië 3.2) ¹ òå, ùî ó îñòàííüîìó âèïàäêó êóò êîíäåíñàöi¨
íóëiâ ¹ ñòiéêèì òà ìàéæå íå çàëåæèòü âiä N , îñêiëüêè ïiäiíòåãðàëüíó ôóíêöiþ
ìîæíà çàïèñàòè ó ôîðìi:

Z(z) =

∫ +∞

−∞
exp

(
− z x2 − x4

)
dx , (21)

äå çàëåæíiñòü âiä N òà t âêëþ÷åíà ó íîâó ñêåéëiíãîâó çìiííó z =
√

3Nt, äèâ. Ðèñ. 4
(à).

Ó ïiäðîçäiëi 3.3 îòðèìàíî ðåçóëüòàòè äëÿ íóëiâ Ëi-ßíãà ðîçêëàäåíî¨ òà òî÷íî¨
ñòàòèñòè÷íî¨ ñóìè. Çíàéäåíî êîîðäèíàòè íóëiâ Ëi-ßíãà ó ïðèâåäåíèõ çìiííèõ h,
óâiáðàâøè çàëåæíiñòü âiä ðîçìiðó ñèñòåìè. Äëÿ ðîçêëàäåíî¨ ñòàòèñòè÷íî¨ ñóìè
îäåðæàíî âèðàç ó íîâîìó ïðåäñòàâëåííi:

Z(h) =

∫ +∞

−∞
exp

(
− x4 − xh

)
dx, (22)

äå
h = H(12N3)1/4. (23)

Íà Ðèñ. 4 (b) çîáðàæåíî ëiíi¨ íóëiâ äiéñíî¨ òà óÿâíî¨ ÷àñòèí ñòàòèñòè÷íî¨ ñóìè
(22) ïðè T = Tc ó ïëîùèíi êîìïëåêñíîãî ìàãíiòíîãî ïîëÿ h, òîíêi é òîâñòi ëiíi¨
âiäïîâiäíî. Êîîðäèíàòè íóëiâ Ëi-ßíãà (òî÷êè ïåðåòèíó ëiíié) ¹ ÷èñòî óÿâíèìè (çà-
äîâiëüíÿþ÷è êîëîâó òåîðåìó Ëi-ßíãà). Ñêåéëiíã êîîðäèíàòè hj â çàëåæíîñòi âiä
ðîçìiðó ñèñòåìè N îïèñó¹òüñÿ ðiâíÿííÿì (4) iç ïîêàçíèêîì σ = 3/4.

Ó ïiäðîçäiëi 3.4 ïðîàíàëiçîâàíî ðóõ íóëiâ Ôiøåðà ó (äiéñíîìó) ìàãíiòíîìó ïîëi.
Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ ñêií÷åííîâèìiðíîãî ñêåéëiíãó îòðèìàíî ñêåéëií-
ãîâi ôóíêöi¨, ùî îïèñóþòü ïîâåäiíêó íóëiâ, òà ïîêàçàíî, ùî çíà÷åííÿ êóòà ðóõó
íóëiâ ψ ≃ π/3 âiäïîâiäà¹ çíà÷åííþ êðèòè÷íèõ ïîêàçíèêiâ ìîäåëi Êàöà.
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Ó ÷åòâåðòîìó ðîçäiëi ïðîäîâæåíî àíàëiç íóëiâ ñòàòèñòè÷íî¨ ñóìè ìîäåëi Içií-
ãà â êîìïëåêñíié ïëîùèíi, âïåðøå çàñòîñîâàíî öåé ìåòîä äëÿ äîñëiäæåííÿ ìîäåëi
Içiíãà íà áåçìàñøòàáíié âiäïàëåíié ìåðåæi.

Ó ïiäðîçäiëi 4.1, âèêîðèñòîâóþ÷è íàáëèæåííÿ âiäïàëåíî¨ ìåðåæi (êîëè óñåðåä-
íåííÿ çà êîôiãóðàöiÿìè çâ'ÿçêiâ òà ñïiíiâ ïðîâîäèòüñÿ áåçïîñåðåäíüî äëÿ ñòàòèñòè-
÷íî¨ ñóìè [S. H. Lee, M. Ha, H. Jeong, J. D. Noh, H. Park // Phys. Rev. E., 2009, 80,
051127]) îäåðæàíî òî÷íå iíòåãðàëüíå ïðåäñòàâëåííÿ

ZN(T,H) =

∫ +∞

0

e
−⟨k⟩x2T

2

{
exp

[
N

∫ kmax

kmin

dkp(k) ln cosh
( xk√

N
+
H

T

)]
+ exp

[
N

∫ kmax

kmin

dkp(k) ln cosh
(
− xk√

N
+
H

T

)]}
dx , (24)

òà ðîçêëàäåíèé âèðàç äëÿ ñòàòèñòè÷íî¨ ñóìè ìîäåëi Içiíãà íà áåçìàñøòàáíié âiäïà-
ëåíié ìåðåæi:

ZN(T,H) =

∫ +∞

0

e
−⟨k⟩x2T

2

{
exp

[
I+λ (x)

]
+ exp

[
I−λ (x)

]}
dx , (25)

äå ïiñëÿ çàiíòåãðîâóâàííÿ ñòåïåíåâèõ òà ëîãàðèôìi÷íèõ ñèíãóëÿðíîñòåé äëÿ ïåð-
øèõ ïðîâiäíèõ äîäàíêiâ ôóíêöi¨ I±λ (x) îòðèìàíî:

I±λ (x) = N
[⟨k2⟩

2

x2

N
− a(λ)

( x√
N

)λ−1

± ⟨k⟩Hx
T
√
N

]
, 3 < λ < 5 , (26)

I±λ (x) = N
[⟨k2⟩

2

x2

N
− ⟨k4⟩

12

( x√
N

)4

± ⟨k⟩Hx
T
√
N

]
, λ > 5 , (27)

I±λ (x) = N
[⟨k2⟩

2

x2

N
−

( x√
N

)4 lnN

24
± ⟨k⟩Hx

T
√
N

]
, λ = 5 . (28)

Ó ïiäðîçäiëi 4.2 äîñëiäæåíî ïîâåäiíêó íóëiâ Ôiøåðà äëÿ ìîäåëi Içiíãà íà âiäïà-
ëåíié áåçìàñøòàáíié ìåðåæi. Ñòàòèñòè÷íó ñóìó çðó÷íî ïåðåïèñàòè ÷åðåç çìiííó z,
ùî ïî¹äíó¹ t-òà N -çàëåæíîñòi:

z =


t ⟨k

2⟩
2 [a(λ)]2/(λ−1)N

λ−3
λ−1 , 3 < λ < 5,

t⟨k2⟩
√

6N/
√

lnN , λ = 5,

t⟨k2⟩
√

3N⟨k4⟩ , λ > 5 .

(29)

Çàïèñàíà ó íîâèõ çìiííèõ (29) ñòàòèñòè÷íà ñóìà (28) ïðè H = 0 íàáóâà¹ ïðîñòîãî
âèãëÿäó:

Z(z) =


∫ +∞
0 exp

(
− zx2 − xλ−1

)
dx , 3 < λ < 5,∫ +∞

0 exp
(
− zx2 − x4

)
dx , λ ≥ 5.

(30)
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Ðèñ. 5: (a): Íóëi Ôiøåðà ìîäåëi Içiíãà íà âiäïàëåíié áåçìàñøòàáíié ìåðåæi çà âiäñóòíîñòi ìàãíiòíîãî ïîëÿ ïðè
ðiçíèõ λ. Õàðàêòåðíîþ ïîâåäiíêîþ íóëiâ ¹ ¨õ ðîçòàøóâàííÿ âçäîâæ ïðÿìèõ, ùî ïåðåòèíàþòü äiéñíó âiñü z â îêîëi
êðèòè÷íî¨ òî÷êè zc. Êóòè, óòâîðåíi êîæíîþ ëiíi¹þ iç äiéñíîþ âiññþ z çðîñòàþòü ó äiàïàçîíi 3 < λ < 5, ÿê i

ïåðåäáà÷åíî ðiâíÿííÿì (31). (b): Çíà÷åííÿ âiäíîøåííÿ Pnorm = φ/π(λ−3)
2(λ−1) äëÿ ñòàòèñòè÷íî¨ ñóìè (30), îòðèìàíi ç

àïðîêñèìàöi¨ j íóëiâ Ôiøåðà ó iíòåðâàëi j = jmin, . . . , jmax äëÿ jmax = 7 äëÿ ðiçíèõ çíà÷åíü jmin. Ñóöiëüíà êðèâà
íà ðèñóíêó (b) âiäïîâiäà¹ òî÷íîìó çíà÷åííþ Pnorm = 1

Ó äiàïàçîíi 3 < λ < 5, çíàéäåíî ÷èñåëüíi çíà÷åííÿ êiëüêîõ ïåðøèõ êîîðäèíàò
íóëiâ, ÿê ïîêàçàíî íà Ðèñ. 5 (a). Iç ðèñóíêó áà÷èìî, ùî íóëi ÷iòêî ëÿãàþòü íà ïðÿìi,
ïåðåòèíàþ÷è äiéñíó âiñü z â îêîëi êðèòè÷íî¨ òî÷êè zc = 0. Áiëüøå òîãî, êóò, ÿêèé
êîæíà ëiíiÿ íóëiâ óòâîðþ¹ iç äiéñíîþ âiññþ, çðîñòà¹ iç λ (äèâ. Ðèñ. 5 (b) òà Òàáë.
2), à éîãî çíà÷åííÿ àñèìïòîòè÷íî ñïiâïàäà¹ iç ïåðåäáà÷åíèì:

φ =
π(λ− 3)

2(λ− 1)
. (31)

Òàáë. 2: ×èñåëüíî îäåðæàíi çíà÷åííÿ êóòà φ äëÿ ðiçíèõ λ. Êóò ïîðàõîâàíèé âèêîðèñòîâóþ÷è ëiíiéíó àïðîêñè-
ìàöiþ íóëiâ Ôiøåðà ç íîìåðàìè j = jmin, ..., 7. Iíòåðâàë òî÷íîñòi, ÿêùî íå íàïèñàíî ÿâíî, ¹ ìåíøèì, íiæ îñòàííÿ
çíà÷óùà öèôðà. Îñòàííié ðÿäîê äà¹ çíà÷åííÿ êóòà φ, ïåðåäáà÷åíå ôîðìóëîþ (31).

jmin λ ≥ 5 λ = 4.8 λ = 4.5 λ = 4.2 λ = 4 λ = 3.7
1 0.246(5)π 0.233(1)π 0.209(1)π 0.180(1)π 0.158(1)π 0.117(2)π
2 0.248π 0.234π 0.210π 0.182π 0.160(1)π 0.121(1)π
3 0.248π 0.234π 0.211π 0.183π 0.162π 0.123π
4 0.248π 0.235π 0.212π 0.184π 0.162π 0.124π
5 0.248π 0.235π 0.212π 0.184π 0.163π 0.125π
6 0.249π 0.235π 0.212π 0.185π 0.163π 0.125π

exact 0.250π 0.237π 0.214π 0.188π 0.167π 0.130π

Ó ïiäðîçäiëi 4.3, ïiäñòàâëÿþ÷è âèðàçè äëÿ I±λ (x) (26)�(28) ïðè T = Tc = ⟨k2⟩/⟨k⟩
ó ñòàòèñòè÷íó ñóìó (25) ïðè ðiçíèõ çíà÷åííÿõ λ òà çáåðiãàþ÷è ïðîâiäíi äîäàíêè
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Ðèñ. 6: Ëiíi¨ íóëiâ äiéñíî¨ òà óÿâíî¨ ÷àñòèí ñòàòèñòè÷íî¨ ñóìè (32) ïðè T = Tc òà ðiçíèõ çíà÷åííÿõ λ â ïëîùèíi
êîìïëåêñíîãî ìàãíiòíîãî ïîëÿ, òîâñòi é òîíêi ëiíi¨ âiäïîâiäíî: (a) λ ≥ 5; (b) λ = 4.5. Òî÷êè, äå ëiíi¨ ðiçíî¨
òîâùèíè ïåðåòèíàþòüñÿ, äàþòü êîîðäèíàòè íóëiâ Ëi-ßíãà. Îäíà iç ëiíié ImZ = 0 ñïiâïàäà¹ iç âåðòèêàëüíîþ
âiññþ íà ãðàôiêó.

ðîçêëàäó çà 1/N , îòðèìàíî íàñòóïíi âèðàçè äëÿ âiëüíî¨ åíåðãi¨:

Z(h) =


∫ +∞
0 exp

(
− xλ−1

)
cosh(hx)dx , 3 < λ < 5,∫ +∞

0 exp
(
− x4

)
cosh(hx)dx , λ ≥ 5 .

(32)

ÒóòH- òàN -çàëåæíîñòi ñòàòèñòè÷íî¨ ñóìè óâiáðàíî ó ïðèâåäåíó çìiííó h. �¨ âèãëÿä
âiäðiçíÿ¹òüñÿ äëÿ ðiçíèõ äiàïàçîíiâ λ:

h =


H ⟨k⟩2

⟨k2⟩a(λ)1/(1−λ)Nσ , 3 < λ < 5,

H ⟨k⟩2
⟨k2⟩

(
24
lnN

)1/4

Nσ , λ = 5,

H ⟨k⟩2
⟨k2⟩

(
12
⟨k4⟩

)1/4

Nσ , λ > 5 ,

(33)

iç ïîêàçíèêîì

σ =

{
λ−2
λ−1 , 3 < λ < 5,
3/4, λ ≥ 5 .

(34)

Íà Ðèñ. 6 çîáðàæåíî ëiíi¨ íóëiâ äiéñíî¨ òà óÿâíî¨ ÷àñòèí ñòàòèñòè÷íî¨ ñóìè
(32) ïðè T = Tc òà ðiçíèõ çíà÷åííÿõ λ â ïëîùèíi êîìïëåêñíîãî ìàãíiòíîãî ïîëÿ
h = Reh + i Imh. Òî÷êè, äå ëiíi¨ ðiçíèõ òèïiâ ïåðåòèíàþòüñÿ, äàþòü êîîðäèíàòè
íóëiâ Ëi-ßíãà. Õî÷à êîîðäèíàòè ïåðøîãî (íàéáëèæ÷îãî äî ïî÷àòêó êîîðäèíàò) íó-
ëÿ Ëi-ßíãà ¹ ñóòî óÿâíèìè äëÿ áóäü-ÿêîãî çíà÷åííÿ 3 < λ < 5 i éîãî íàÿâíiñòü
äîçâîëÿ¹ çðîáèòè âèñíîâîê, ùî ñêåéëiíã ç N îïèñó¹òüñÿ ïîêàçíèêîì (34), öå íå
ñïðàâäæó¹òüñÿ äëÿ íóëiâ âèùîãî ïîðÿäêó: êiëüêiñòü íóëiâ iç Rehj = 0 çìåíøó-
¹òüñÿ iç j. Ç öi¹¨ òî÷êè çîðó, ïîâåäiíêà íóëiâ Ëi-ßíãà ìîäåëi Içiíãà íà âiäïàëåíié
áåçìàñøòàáíié ìåðåæi ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä ïîâåäiíêè íà ïîâíîìó ãðàôi. Â òîé
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Ðèñ. 7: Ôóíêöiÿ log |Z(ir)| äëÿ: (a) λ ≥ 5, (b) λ = 4.99. Ñóöiëüíi êðèâi: ðåçóëüòàòè àñèìïòîòè÷íîãî ðîçêëàäó.
Äëÿ λ ≥ 5 ôóíêöiÿ çàëèøà¹òüñÿ çíàêîçìiííîþ (òîáòî, êiëüêiñòü íóëiâ ¹ íåîáìåæåíîþ) íà âiäìiíó âiä âèïàäêó
λ < 5.

÷àñ, ÿê íà ïîâíîìó ãðàôi êîîðäèíàòè íóëiâ ¹ ÷èñòî óÿâíèìè i çàäîâiëüíÿþòü òåîðå-
ìó Ëi-ßíãà ïðî êîëî îäèíè÷íîãî ðàäióñà (äèâ. Ðèñ. 1 (à)), öÿ òåîðåìà ïîðóøó¹òüñÿ
ó âèïàäêó âiäïàëåíî¨ áåçìàñøòàáíî¨ ìåðåæi â äiàïàçîíi 3 < λ < 5.

Òàêîæ äîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó ñòàòèñòè÷íî¨ ñóìè Z(h) ïðè Reh =
0 â ãðàíèöi âåëèêèõ Imh. Ïîâåäiíêà ôóíêöi¨ äëÿ âèïàäêó λ < 5 ÿêiñíî âiäðiçíÿ¹òüñÿ
âiä ïîâåäiíêè ïðè λ ≥ 5: ó îñòàííüîìó âèïàäêó ôóíêöiÿ çàëèøà¹òüñÿ çíàêîçìiííîþ
(òîáòî êiëüêiñòü íóëiâ ¹ áåçìåæíîþ), ùî íå õàðàêòåðíî äëÿ äiàïàçîíó 3 < λ < 5. Ó
äðóãîìó âèïàäêó ôóíêöiÿ ñòàòèñòè÷íî¨ ñóìè çìiíþ¹ çíàê ñêií÷åííó êiëüêiñòü ðàçiâ
i ôóíêöiÿ ïðÿìó¹ äî àñèìïòîòè÷íîãî çíà÷åííÿ, òîìó êiëüêiñòü íóëiâ ¹ îáìåæåíîþ.
ßê ìîæíà áà÷èòè iç Ðèñ. 7 (a), (b) êiëüêiñòü îñöèëÿöié çðîñòà¹ çi çáiëüøåííÿì λ.

ÎÑÍÎÂÍI ÐÅÇÓËÜÒÀÒÈ ÒÀ ÂÈÑÍÎÂÊÈ

1. Äëÿ q-ñòàíîâî¨ ìîäåëi Ïîòòñà íà íåñêîðåëüîâàíié áåçìàñøòàáíié ìåðåæi ó
ïðèñóòíîñòi çàìîðîæåíîãî áåçëàäó, âèêîðèñòîâóþ÷è íàáëèæåííÿ íåîäíîðiä-
íîãî ñåðåäíüîãî ïîëÿ, îòðèìàíî ïðåäñòàâëåííÿ äëÿ âiëüíî¨ åíåðãi¨. Ôàçîâà
äiàãðàìà ìîäåëi (Ðèñ. 2) ñâiä÷èòü ïðî òå, ùî õàðàêòåð âïîðÿäêóâàííÿ òà ðiä
ôàçîâîãî ïåðåõîäó êàðäèíàëüíèì ÷èíîì çàëåæàòü íå òiëüêè âiä êiëüêîñòi ñòà-
íiâ q, àëå é âiä ïîêàçíèêà çàãàñàííÿ ôóíêöi¨ ðîçïîäiëó ñòóïåíiâ âóçëiâ λ. Â
ðåæèìi ôàçîâîãî ïåðåõîäó äðóãîãî ðîäó âïåðøå îòðèìàíî ñêåéëiíãîâi ôóíêöi¨
ìîäåëi òà âiäíîøåííÿ êðèòè÷íèõ àìïëiòóä.

2. Äëÿ ÿâèùà ïåðêîëÿöi¨ íà áåçìàñøòàáíèõ ìåðåæàõ (ãðàíèöÿ q → 1 ìîäåëi
Ïîòòñà) ïîêàçàíî âèíèêíåííÿ ëîãàðèôìi÷íèõ ïîïðàâîê äî ñêåéëiíãó. Îòðè-
ìàíi çíà÷åííÿ ïîêàçíèêiâ ïîïðàâîê äî ñêåéëiíãó ¹ âiä'¹ìíèìè. Öå îçíà÷à¹
ïîñëàáëåííÿ ñèíãóëÿðíîñòåé âiäïîâiäíèõ ñïîñòåðåæóâàíèõ â îêîëi òî÷êè ïåð-
êîëÿöi¨.

3. Âñòàíîâëåíî, ùî ñòðèáîê òåïëî¹ìíîñòi δcH ìîäåëi Içiíãà íà áåçìàñøòàáíié
ìåðåæi ¹ λ-çàëåæíèì íàâiòü ïðè λ > 5, êîëè âñi êðèòè÷íi ïîêàçíèêè íå çà-
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ëåæàòü âiä λ òà ¹ ñòàíäàðòíèìè êðèòè÷íèìè ïîêàçíèêàìè ñåðåäíüîãî ïîëÿ.
Çíà÷åííÿ ñòðèáêà òåïëî¹ìíîñòi ïðÿìó¹ äî ïåðåäáà÷åíîãî ó òåîði¨ ñåðåäíüîãî
ïîëÿ òiëüêè â ãðàíèöi δcH(λ→ ∞) = 3/2.

4. Äîïîâíåíî àíàëiç ìîäåëi Içiíãà íà ïîâíîìó ãðàôi, çàñòîñîâóþ÷è ôîðìàëiçì
Ëi-ßíãà-Ôiøåðà àíàëiçó íóëiâ ñòàòèñòè÷íî¨ ñóìè. Âèêîðèñòîâóþ÷è ìåòîä, çà-
ïðîïîíîâàíèé äëÿ íóëiâ ó ïëîùèíi êîìïëåêñíî¨ òåìïåðàòóðè (íóëi Ôiøåðà),
çíàéäåíî âiäïîâiäíi iíòåãðàëüíi ïðåäñòàâëåííÿ ñòàòèñòè÷íî¨ ñóìè äëÿ âèïàä-
êó êîìïëåêñíîãî ïîëÿ (íóëi Ëi-ßíãà) òà çíà÷åííÿ êîíôîðìíî-iíâàðiàíòíèõ
êóòiâ é ïîêàçíèêà ñêåéëiíãó äëÿ íóëiâ Ëi-ßíãà.

5. Âïåðøå çàñòîñîâàíî àíàëiç íóëiâ ñòàòèñòè÷íî¨ ñóìè â êîìïëåêñíié ïëîùèíi
äëÿ äîñëiäæåííÿ êðèòè÷íî¨ ïîâåäiíêè ñïiíîâèõ ìîäåëåé íà áåçìàñøòàáíèõ
ìåðåæàõ. Çíàéäåíi êîíôîðìíî-iíâàðiàíòíi õàðàêòåðèñòèêè ðîçòàøóâàííÿ íó-
ëiâ ó âèïàäó áåçìàñøòàáíî¨ ìåðåæi âèÿâëÿþòüñÿ çàëåæíèìè âiä çíà÷åííÿì
ïàðàìåòðà λ. À ñàìå, çíà÷åííÿ êóòà êîíäåíñàöi¨ íóëiâ Ôiøåðà φ òà ïîêàçíèêà
σ ó äiàïàçîíi λ ≥ 5 âiäïîâiäàþòü ñïîñòåðåæóâàíèì íà ïîâíîìó ãðàôi, à ó
âèïàäêó 3 < λ < 5 çàäàþòüñÿ âèðàçàìè (31), (34).

6. Âèÿâëåíî, ùî äëÿ ìîäåëi Içiíãà íà âiäïàëåíié áåçìàñøòàáíié ìåðåæi ïðè λ = 5
ïîÿâëÿþòüñÿ ëîãàðèôìi÷íi ïîïðàâêè äëÿ êîîðäèíàò íóëiâ ñòàòèñòè÷íî¨ ñóìè,
ÿê ôóíêöi¨ ðîçìiðó ìåðåæi N , iç ïîêàçíèêàìè, ùî çàäîâiëüíÿþòü ñêåéëiíãîâi
ñïiââiäíîøåííÿ.

7. Òåîðåìà Ëi-ßíãà ïðî êîëî îäèíè÷íîãî ðàäióñà äëÿ ìîäåëi Içiíãà íà âiäïàëåíié
áåçìàñøòàáíié ìåðåæi ïîðóøó¹òüñÿ ó äiàïàçîíi 3 < λ < 5. ßêùî ïðè λ ≥ 5 óñi
íóëi ¹ ÷èñòî óÿâíèìè, òî ïðè 3 < λ < 5 çi ñïàäàííÿì λ êiëüêiñòü ÷èñòî óÿâíèõ
íóëiâ çìåíøó¹òüñÿ òà ç'ÿâëÿþòüñÿ íóëi iç äiéñíîþ òà óÿâíîþ ÷àñòèíîþ, ùî
ñóïåðå÷èòü óìîâàì òåîðåìè.



17

ÑÏÈÑÎÊ ÎÏÓÁËIÊÎÂÀÍÈÕ ÏÐÀÖÜ

1. Krasnytska, M. Phase transitions in the Potts model on complex networks / M.
Krasnytska, B. Berche, Yu. Holovatch // Condens. Matter Phys. � 2013. � Vol. 16,
no. 2. � P. 23602.

2. Krasnytska, M. Scaling functions and amplitude ratios for the Potts model on an
uncorrelated scale-free network / M. Krasnytska // Condens. Matter Phys. � 2014.
� Vol. 17, no. 2. � P. 23602.

3. Krasnytska, M. On the discontinuity of the speci�c heat of the Ising model on a
scale-free network / M. Krasnytska, B. Berche, Yu. Holovatch, and R. Kenna //
Condens. Matter Phys. � 2015. � Vol. 18, no. 4. � P. 44601.

4. Krasnytska, M. Violation of Lee-Yang circle theorem for Ising phase transitions on
complex networks / M. Krasnytska, B. Berche, Yu. Holovatch, and R. Kenna //
EPL. � 2015. � Vol. 111. � P. 60009.

5. Krasnytska, M. Partition function zeros for the Ising model on complete graphs
and on annealed scale-free networks / M. Krasnytska, B. Berche, Yu. Holovatch,
and R. Kenna // J. Phys. A: Math. Theor. � 2016. � Vol. 49. � P. 135001.

6. Krasnytska, M. Scaling functions and critical amplitude ratios for the Potts
model on scale-free networks / M. Krasnytska, B. Berche, Yu. Holovatch // VI
International Conference: Physics of Disordered Systems, Lviv, October 14-16,
2013. Proceedings. � Lviv: LNU, 2013. � P. 67.

7. Krasnytska, M. Critical behaviour of the Potts model on complex networks / M.
Krasnytska, B. Berche, Yu. Holovatch // Ðiçäâÿíi äèñêóñi¨ 2013, Ëüâiâ, 3-4 ñi÷íÿ,
2013. � Æóðí. ôiç. äîñëiäæ., 2013. � Òîì 17. � Ñ. 1998-6.

8. Êðàñíèöüêà, Ì. Ôàçîâi ïåðåõîäè äëÿ ìîäåëi Ïîòòñà íà ñêëàäíèõ ìåðåæàõ / Ì.
Êðàñíèöüêà, Á. Áåðø, Þ. Ãîëîâà÷ // XIII Âñåóêðà¨íñüêà øêîëà-ñåìiíàð i êîí-
êóðñ ìîëîäèõ â÷åíèõ çi ñòàòèñòè÷íî¨ ôiçèêè i òåîði¨ êîíäåíñîâàíî¨ ðå÷îâèíè,
Ëüâiâ, 5-7 ÷åðâíÿ 2013 ð. Òåçè äîïîâiäåé. � Ëüâiâ: 2013. � Ñ. 29.

9. Krasnytska, M. Scaling functions and amplitude ratios for the Potts model on
uncorrelated scale-free network / M. Krasnytska // 5-th Conference of young sci-
entists �Modern problems of theoretical physics�, Kyiv, December 24-27, 2013.
Book of Abstracts. � Kyiv: 2013. � P. 30.

10. Krasnytska, M. Lee-Yang-Fisher zeros for the Ising model on complex networks /
M. Krasnytska, B. Berche, Yu. Holovatch, and R. Kenna // The 39-th Conference



18

of the Middle European Cooperation in Statistical Physics, Coventry, April 8-10,
2014. Book of Abstracts. � Coventry: 2014. � P. 75.

11. Krasnytska, M. Lee-Yang-Fisher zeros for the Ising model on complex networks /
M. Krasnytska, B. Berche, Yu. Holovatch, and R. Kenna // Workshop �CompPhys-
2014�, Leipzig, November 27-29, 2014. Book of Abstracts. � Leipzig: 2014. � P. 10.

12. Krasnytska, M. Violation of the Lee-Yang circle theorem for the Ising model on
complex network / M. Krasnytska, B. Berche, Yu. Holovatch, and R. Kenna //
Ðiçäâÿíi äèñêóñi¨ 2015, Ëüâiâ, 12-13 ñi÷íÿ, 2015. � Æóðí. ôiç. äîñëiäæ., 2015.
� Òîì 19. � Ñ. 1998-3.

13. Êðàñíèöüêà, Ì. Íóëi ñòàòèñòè÷íî¨ ñóìè ìîäåëi Içiíãà íà áåçìàñøòàáíié ìåðåæi
/ Ì. Êðàñíèöüêà // XV Âñåóêðà¨íñüêà øêîëà-ñåìiíàð i êîíêóðñ ìîëîäèõ â÷å-
íèõ çi ñòàòèñòè÷íî¨ ôiçèêè i òåîði¨ êîíäåíñîâàíî¨ ðå÷îâèíè, Ëüâiâ, 4-5 ÷åðâíÿ
2015 ð. Òåçè äîïîâiäåé. � Ëüâiâ: 2015. � C. 29.

14. Krasnytska, M. Violation of Lee-Yang circle theorem for Ising phase transitions
on complex networks / M. Krasnytska // The 41-st Conference of the Middle
European Cooperation in Statistical Physics, Vienna, February 14-17, 2016. Book
of Abstracts. � Vienna: 2016. � P. 68.

15. Krasnytska, M. On the discontinuity of the speci�c heat of the Ising model on a
scale-free network / M. Krasnytska, B. Berche, Yu. Holovatch, and R. Kenna //
The 41-st Conference of the Middle European Cooperation in Statistical Physics,
Vienna, February 14-17, 2016. Book of Abstracts. � Vienna: 2016. � P. 68.

ÀÍÎÒÀÖIß

Êðàñíèöüêà Ì. Á. Ôàçîâi ïåðåõîäè íà ñêëàäíèõ ìåðåæàõ. � Íà ïðàâàõ
ðóêîïèñó.
Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìàòè÷íèõ

íàóê çà ñïåöiàëüíiñòþ 01.04.02 � òåîðåòè÷íà ôiçèêà, Iíñòèòóò ôiçèêè êîíäåí-

ñîâàíèõ ñèñòåì Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè, Ëüâiâ, 2016.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ êðèòè÷íî¨ ïîâåäiíêè ñïiíîâèõ
ìîäåëåé íà áåçìàñøòàáíèõ ìåðåæàõ çi ñòåïåíåâî-ñïàäíîþ ôóíêöi¹þ ðîçïîäiëó ñòó-
ïåíiâ âóçëiâ P (k) ∼ k−λ òà íà ïîâíîìó ãðàôi. Äëÿ ìîäåëi Ïîòòñà íà áåçìàñøòàáíié
ìåðåæi ó íàáëèæåííi íåîäíîðiäíîãî ñåðåäíüîãî ïîëÿ çíàéäåíî êðèòè÷íi ïîêàçíèêè,
âiäíîøåííÿ àìïëiòóä, ñêåéëiíãîâi ôóíêöi¨, ùî âèÿâëÿþòüñÿ çàëåæíèìè âiä ïîêà-
çíèêà çàãàñàííÿ ôóíêöi¨ ðîçïîäiëó λ. Òàêèì ÷èíîì, ñàìå ïîíÿòòòÿ óíiâåðñàëüíîñòi
äëÿ ìîäåëåé íà áåçìàñøòàáíèõ ìåðåæàõ çàçíà¹ çìií: λ âèÿâëÿ¹òüñÿ îäíèì iç ãëî-
áàëüíèõ ïàðàìåòðiâ, ùî âèçíà÷à¹ êëàñ óíiâåðñàëüíîñòi. Ïîðÿä iç òðàäèöiéíèì ìå-
òîäîì íåîäíîðiäíîãî ñåðåäíüîãî ïîëÿ âïåðøå ó òåîði¨ ñêëàäíèõ ìåðåæ âèêîðèñòàíî
ìåòîä àíàëiçó íóëiâ ñòàòèñòè÷íî¨ ñóìè â êîìïëåêñíié ïëîùèíi. Âèÿâëåíî íåçâè÷íó
ïîâåäiíêó ðÿäó óíiâåðñàëüíèõ õàðàêòåðèñòèê, à ñàìå, êóò êîíäåíñàöi¨ íóëiâ Ôiøåðà



19

φ òà ïîêàçíèê σ âèÿâëÿþòüñÿ λ-çàëåæíèìè. Òàêîæ âèÿâëåíî ïîðóøåííÿ òåîðåìè
Ëi-ßíãà ïðî îäèíè÷íå êîëî â äiàïàçîíi 3 < λ < 5 äëÿ ìîäåëi Içiíãà íà âiäïàëåíié
áåçìàñøòàáíié ìåðåæi.

Êëþ÷îâi ñëîâà: ñêëàäíi ìåðåæi, áåçìàñøòàáíà ìåðåæà, ôàçîâi ïåðåõîäè,

ïåðêîëÿöiÿ, ìîäåëü Içiíãà, ìîäåëü Ïîòòñà, íóëi ñòàòèñòè÷íî¨ ñóìè.

ÀÍÍÎÒÀÖÈß

Êðàñíèöêà Ì. Á. Ôàçîâûå ïåðåõîäû íà ñëîæíûõ ñåòÿõ. � Íà ïðàâàõ ðó-
êîïèñè.
Äèññåðòàöèÿ íà ñîèñêàíèå íàó÷íîé ñòåïåíè êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ

íàóê ïî ñïåöèàëüíîñòè 01.04.02 � òåîðåòè÷åñêàÿ ôèçèêà, Èíñòèòóò ôèçèêè

êîíäåíñèðîâàííûõ ñèñòåì Íàöèîíàëüíîé àêàäåìèè íàóê Óêðàèíû, Ëüâîâ, 2016.

Äèññåðòàöèîííàÿ ðîáîòà ïîñâÿùåíà èññëåäîâàíèþ êðèòè÷åñêîãî ïîâåäåíèÿ
ñïèíîâûõ ìîäåëåé íà ñëîæíûõ ñåòÿõ ñî ñïàäàþùåé ôóíêöèåé ðàñïðåäåëåíèÿ P (k) ∼
k−λ è íà ïîëíîì ãðàôå. Äëÿ ìîäåëè Ïîòòñà íà ñëîæíûõ ñåòÿõ â ïðèáëèæåíèè íå-
îäíîðîäíîãî ñðåäíåãî ïîëÿ íàéäåíû êðèòè÷åñêèå ïîêàçàòåëè, îòíîøåíèÿ àìïëèòóä,
ñêåéëèíãîâûå ôóíêöèè, êîòîðûå îêàçàëèñü çàâèñèìûìè îò ïîêàçàòåëÿ çàòóõàíèÿ
ôóíêöèè ðàñïðåäåëåíèÿ λ. Òàêèì îáðàçîì, ïîíÿòèå óíèâåðñàëüíîñòè äëÿ ìîäåëåé
íà áåçìàñøòàáíûõ ñåòÿõ èçìåíÿåòñÿ: λ îêàçûâàåòñÿ îäíèì ñ ãëîáàëüíûõ ïàðàìå-
òðîâ, êîòîðûå îïðåäåëÿþò êëàññ óíèâåðñàëüíîñòè. Íàðÿäó ñ òðàäèöèîííûì ìåòî-
äîì íåîäíîðîäíîãî ñðåäíåãî ïîëÿ âïåðâûå â òåîðèè ñëîæíûõ ñåòåé èñïîëüçîâàí
ìåòîä àíàëèçà íóëåé ñòàòèñòè÷åñêîé ñóìû â êîìïëåêñíîé ïëîñêîñòè. Îáíàðóæåíî
íåòèïè÷íîå ïîâåäåíèå äëÿ ðÿäà óíèâåðñàëüíûõ õàðàêòåðèñòèê, à èìåííî óãîë êîí-
äåíñàöèè íóëåé Ôèøåðà φ è ïîêàçàòåëü σ îêàçûâàþòñÿ çàâèñèìûìè îò ïàðàìåòðà
λ. Òàêæå îáíàðóæåíî íàðóøåíèå òåîðåìû Ëè-ßíãà îá îêðóæíîñòè åäèíè÷íîãî ðà-
äèóñà â äèàïàçîíå 3 < λ < 5 äëÿ ìîäåëè Èçèíãà íà îòòîæåííîé áåçìàñøòàáíîé
ñåòè.

Êëþ÷åâûå ñëîâà: ñëîæíûå ñåòè, áåçìàñøòàáíàÿ ñåòü, ôàçîâûå ïåðåõîäû,

ïåðêîëÿöèÿ, ìîäåëü Èçèíãà, ìîäåëü Ïîòòñà, íóëè ñòàòèñòè÷åñêîé ñóìû.

ABSTRACT

Krasnytska M. Phase transitions on complex networks. � Manuscript.
Thesis submitted for the degree of Doctor of Philosophy in physics and mathematics on

specialization 01.04.02 � theoretical physics, Institute for Condensed Matter Physics of

the National Academy of Sciences of Ukraine, Lviv, 2016.

The thesis is devoted to investigation of the critical behavior of spin models on
scale-free networks with a power-law decay of the node-degree distribution P (k) ∼ k−λ

and on complete graph. The phase diagram obtained for the q-state Potts model on



20

an uncorrelated scale-free network shows that the character of ordering and the phase
transition order depends on the number of Potts states q as well as on the value of
the decay exponent λ. In the second order phase transition regime, the set of critical
exponents, critical amplitude ratios and scaling functions are obtained by means of
the inhomogeneous mean-�eld approach. The expressions appear to be dependent on
the node-degree distribution function decay exponent λ. In that sense, the principle of
universality for spin models on scale-free networks is modi�ed: λ becomes one of the
global parameters de�ning the universality class. The non trivial behavior for the heat
capacity had been observed: in the region λ > 5 the heat capacity jump δcH depends
on λ and tends to its mean �eld value δcH = 3/2 only in the limit of large λ.

Although the critical behaviour of spin models on scale-free networks had been a
subject of intensive studies, the method of partition function complex zeros analysis
(Lee-Yang-Fisher formalism) had not been previously applied in this �eld. Recently
it has been shown that complex zeros of partition function �nd their counterparts
in vanishing of quantum coherence of many-particle quantum systems. In turn, this
opens an access to their experimental measurement and naturally attracts additional
interest to their analysis. We consider the partition function zeros for the Ising model
on the complete graph and on an annealed scale-free network in the case of complex
temperature (Fisher zeros) or complex magnetic �eld (Lee-Yang zeros). We start by
completing the available results for the partition function zeros of the Ising model on
the complete graph. In particular, we analyze the behaviour of the Lee-Yang zeros as
well as track the motion of the Fisher zeros in the real external magnetic �eld. As has
been observed before for some other models, this motion is governed by the universal
angle ψ, that encodes values of the order parameter critical exponents. We show that the
Lee-Yang zeros coordinates satisfy the unit circle theorem: all zeros are purely imaginary
in complex magnetic �eld plane.

Applying the same method to the partition function of the Ising model on an
annealed scale-free network we analyze the zeros in di�erent regions of λ in complex
temperature and complex magnetic �eld planes. In the case of an annealed scale-free
network the main observables (angle ψ, angle of Fisher zeros location φ, and �nite size
scaling exponents) depend on the node degree distribution function decay exponent λ.
In the region λ ≥ 5 we recover the results for the partition function of the Ising model
on a complete graph. For the Fisher zeros in the region 3 < λ < 5 the angle φ becomes
λ-dependent and increases with an increase of λ. It is known that Lee-Yang zeros of
the ferromagnetic Ising model on a lattice satisfy the unit circle Lee-Yang theorem. We
prove that this theorem does not hold for the Ising model on an annealed scale-free
network: in the region 3 < λ < 5 there appear zeros with real and imaginary parts and
the Lee-Yang unit circle theorem is violated.

Keywords: complex networks, scale-free networks, phase transitions, percolation,

Ising model, Potts model, partition function zeros.


