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riti
al behaviour of random anisotropy magnetsMaxym Dudka, Reinhard Folk, Yurij Holovat
hAbstra
t. An in
uen
e of a lo
al anisotropy of random orientation ona ferromagneti
 phase transition is studied. To this end a model of arandom anisotropy magnet is analysed by means of a �eld theoreti
alrenormalization group approa
h. The one-loop result of Aharony aboutabsen
e of a 2nd order phase transition for isotropi
 distribution of ran-dom anisotropy axis at spa
e dimension d < 4 is 
orroborated.
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1 ðÒÅ�ÒÉÎÔ1. Introdu
tionEven a weak stru
tural disorder may have a 
ru
ial in
uen
e on the 
rit-i
al behaviour of di�erent materials, in parti
ular magnets. It 
an alternot only non-universal thermodynami
 
hara
teristi
s of a magnet butlead to a 
hange of the universality 
lass or modify the low-temperaturephase behaviour leading to e.g. spin-glass phase. Here, one should dis-
riminate between random site, random-�eld and random anisotropymagnets. A weak quen
hed disorder preserves 2nd order phase transitionin three dimensional (d = 3) random site magnets [1℄ but 
an destroythis transition in random �eld systems [2℄ for d < 4. Situation is not so
lear for the random-anisotropy magnets.Typi
al examples of random-anisotropy magnets are amorphous rare-earth { transition metal alloys [3℄. Some of these systems order magneti-
ally and to des
ribe this ordering it has been proposed [4℄ to 
onsider aregular latti
e of magneti
 ions, ea
h of them being a subje
t to a lo
alanisotropy �eld of random orientation. The Hamiltonian of a randomanisotropy model (RAM) reads [4℄:H = �XR;R0 JR;R0 ~SR~SR0 �D0XR (^xR~SR)2; (1)where ~SR is an m-
omponent ve
tor on a latti
e site R, JR;R0 is anex
hange intera
tion, D0 is an anisotropy strength, and xR is an unitve
tor pointing in the lo
al (quen
hed) random dire
tion of an uniaxialanisotropy. Note that randomness is present in the Hamiltonian (1) onlyfor m > 1: at m = 1 the se
ond term equals 
onstant and leads to a shiftin free energy of resulting regular (Ising) model.The model was investigated by variety of te
hniques in
luding mean{�eld theory [5℄, 
omputer simulations [6℄, 1=m{expansion [7℄, renormal-ization group "{expansion [8{10℄. Limiting 
ase of an in�nite anisotropywas a subje
t of a detailed study as well [12,13℄. However the questionabout the nature of low{temperature phase in RAM is not 
ompletely
lear up to now. Among possible low{temperature phases there are dis-
ussed ferromagneti
 ordering [5,6℄, spin{glass phase [6,7℄, quasi long{range ordering [14℄.Note that nature of ordering is 
onne
ted with a distribution of arandom variables ^xR in (1). For the isotropi
 distribution argumentssimilar to those applied by Imry and Ma [15℄ for a random-�eld Isingmodel bring about absen
e of a the ferromagneti
 order for spa
e di-mensions d < 4 [10,11℄. Whereas anisotropi
 distributions may lead to aferromagneti
 order [16℄.

ICMP{00{10E 2To get a 
orre
t des
ription of 
riti
al behaviour it is standard now torely on a renormalization group (RG) results. Appli
ation of Wilson RGte
hnique to RAM with the isotropi
 distribution of a lo
al anisotropyaxis lead Aharony [8℄ to 
onje
ture about possible "runaway" solutions ofre
ursion equations. Su
h behaviour was interpreted as a smeared tran-sition. However this result was obtained in the �rst order of "{expansionand remains to be 
on�rmed within a more re�ned analysis. Here, weapply a �eld theoreti
al RG te
hnique and study RG equations in twoloop approximation in order to 
he
k the 
onje
ture of Aharony [8℄. Thepaper is organized as follows: in the Se
tion 2 we des
ribe the modeland obtain the RG fun
tions within massive �eld theory s
heme. Fixedpoints and their stability are analysed in the Se
tion 3 by means of an"{expansion to order "2 and by resummation of a d = 3 series. Se
tion4 summarizes our results.2. The model and the renormalizationFor a given 
on�guration of quen
hed random variables ^xR in (1) thepartition fun
tion of RAMmay be written in a form of fun
tional integralof a Gibbs distribution with the e�e
tive Hamiltonian:H(^xR; ~�) = �Z ddR�12 hr0j~�j2+j~r~�j2i�D1(^xR~�)2+v0j~�j4+ : : :o ; (2)where D1 is proportional to D0, r0 and v0 are de�ned by D0 and familiarbare 
ouplings of an m-ve
tor model, and ~� � ~�R is a m-dimensionalve
tor. The 
ase of isotropi
 distribution of a lo
al anisotropy axis we
onsider here 
orresponds to the situation when the random ve
tor ^xRpoints with equal probability in any dire
tion of m-dimensional hyper-spa
e. In order to deal with quen
hed averaging one introdu
es n repli
asof the Hamiltonian (2) and ends with the following e�e
tive Hamiltonian[8℄: Heff = �Z ddR(12h�02j~'j2+j~r~'j2i+ u0j~'j4+v0 nX�=1 j~��j4+w0 nX�;�=1 mXi;j=1��i ��j ��i ��j9=;; (3)where �0 is bare mass and bare 
ouplings u0 > 0, v0 > 0, w0 < 0.Furthermore, u0, w0 are related to appropriate 
umulants of the random



3 ðÒÅ�ÒÉÎÔve
tor ^xR distribution fun
tion and their ratio equals w0=u0 = �m. Notethat the symmetry of u0 and v0 terms 
orresponds to the random sitem-ve
tor model [17℄. However the u0-term has an opposite sign.In order to study long-distan
e properties of the Hamiltonian (3), weuse the �eld-theoreti
al RG approa
h. We apply the massive �eld theoryrenormalization s
heme [18℄ performing renormalization at �xed spa
edimension d and zero external momenta. For the �-fun
tions in two-loopapproximation in repli
a limit n = 0 we get:�u = �"(u�16 �8u2+2 (m+2)uv+2vw+2 (m+1)uw+3w2�+19 h44u3+24 (m+2) vu2+2 (3m+6)uv2+2(6m+24)uvw+2 (12m+12)wu2+(3m+45)uw2+2 (m+8) vw2+4v2w+(3m+ 9)w3ii1 + 29h2u3+2(m+2)vu2+(m+2)uv2+m+32 w2u+2(m+2)uvw+2 (m+1)u2wii2); (4)�v = �" v(1� 16 [(m+8) v+12u+2 (m+5)w℄ + 19h24(m+5)uv+2(5m+22) v2+84u2+(14m+58)wv+4(9m+33)uw+(17m+67)w2ii1 + 29h2u2+2(m+2)uv+(m+2)v2+m+32 w2+2(m+2)vw+2 (m+1)uwii2); (5)�w = �"w(1� 16 [(m+4)w+12u+4v℄ + 19h84u2+(5m+27)w2+4 (6m+15)uw + 2 (5m+22) vw + 4 (3m+18)uv +2 (m+ 6) v2ii1+29h(m+2)v2+2 (m+2)uv+2u2+m+32 w2+2 (m+2)vw+2 (m+1)uwii2): (6)Here, u; v; w are renormalized 
ouplings and i1; i2 are two-loop integrals[19℄. For the spa
e dimension d = 3 they equal i1 = 1=6, i2 = �2=27
ICMP{00{10E 4[20℄. Zeroes of the �-fun
tions determine the 
oordinates of �xed points(FPs). The stable FP is de�ned as the FP where the stability matrixBij = ��ui�uj , ui = fu; v; wg possess eigenvalues with positive real parts.3. Fixed points and their stability."-expansion. As it was mentioned in the introdu
tion the only known RGresults for RAM with isotropi
 distribution of the lo
al anisotropy axisare those obtained in the �rst order in " [8℄. They 
an be reprodu
edfrom formulas (4) { (6) putting two loop 
ontributions equal to zero.In parti
ular we get eight FPs with 
oordinates given in the Table 1(in order to re
over results of [8℄ we extra
t value of one-loop integral� 1=" from 
onventionally normalized 
ouplings: see note [19℄). In the�rst order of "-expansion all FPs with u > 0; v > 0; w < 0 appearto be unstable for " > 0 ex
ept of the "polymer" O(n = 0) FP IIIwhi
h is stable for all m. However presen
e of a stable FP is not asuÆ
ient 
ondition for the 2nd order phase transition. The FP shouldbe a

esible from the initial values of 
ouplings and it is not the 
ase forthe lo
ation of FPs shown in �gure 1. Indeed starting from the regionof initial 
onditions (denoted by 
ross the �gure) for zero value of v onemeets a separatrix joining unstable FPs I and VI and will never rea
hthe stable FP III. As far as both FPs I and VI are strongly unstablewith respe
t to w FP III is not a

esible for arbitrary positive v either.Finally one ends up with the 
on
lusion about absen
e of the 2nd orderphase transition in the model as runaway solutions of the RG equationsshow. u� v� w�I. 0 0 0II. 0 6m+8 "+ 18 3m+14(m+8)3 "2 0III. 68 "+ 63128 "2 0 0IV. � 3(4�m)8(m�1) "+uIV "2 32(m�1) "+vIV "2 0V. 6x+12x++m+4"+uV "2 0 612x++m+4 "+wV "2VI. 6x�12x�+m+4 "+uV I"2 0 612x�+m+4"+wV I"2VII. 6y+12y+�4z+m+4"+uV II"2 � 6z12y+�4z+m+4"+vV II"2 612y+�4z+m+4"+wV II"2VIII. 6y�12y��4z+m+4"+uV III"2 � 6z12y��4z+m+4"+vV III"2 612y��4z+m+4"+wV III"2Table 1. Fixed points in "-expansion. Here,x�=(m�2�p(m�2)2+48)=8,y�=(m�2�2mz�p(m�2�2mz)2+4(12�8z))=8,z=(m+6)=(m+8). These
ond order 
ontributions ui; vi; wi are given in the Appendix.



5 ðÒÅ�ÒÉÎÔSe
ond-order 
ontributions in " to the FP 
oordinates are displayedin the Table 1 as well. The main question of interest here is whetherthe above des
ribed pi
ture of the runaway solution is not an artifa
t ofan "-expansion. To shed light on this question below we will use a morere�ned analysis of FPs and their stability.d = 3 series. Another way to analyse series for the RG fun
tions (4){ (6) is to 
onsider them dire
tly for the dimension of interest d = 3[18℄. As it is known series of this type are asymptoti
 at best and a re-summation pro
edure is to be applied in order to obtain reliable data ontheir basis. Here, we will make use of Pad�e{Borel resumation te
hniques[21℄ �rst writing the RG fun
tions as resovent series [22℄ in one auxiliaryvariable and then performing resummation. Numeri
al values of the FPsare given in the Table 2. Resummed two-loop results qualitatively 
on-�rm the pi
ture obtained in the �rst order in "-expansion: stability ofthe FPs does not 
hange after resummation. This supports a 
onje
tureof Aharony [8℄ about absen
e of a

esible stable FP for the RAM withisotropi
 distribution of the lo
al anisotropy axis.However the applied pro
edure of resummation fails to give a 
orre
tdes
ription of �{fun
tions for large negative w. In parti
ular in the regionof 
ouplings in the vi
inity of FP VI we get real values of the �-fun
tionsand solution for m = 2 only. This is 
aused by appearan
e of poles inintegral representations of the resummed �-fun
tions. To deal with thepoles one 
an take the prin
ipal values of 
orresponding integrals butwe will ex
lude su
h 
ases from our analysis. Studying the evolution ofFPs upon appli
ation of the resummation pro
edure we have found onemore FP, whi
h is not present in the "-expansion analysis. This one we
onsider as an artifa
t of the resummation pro
edure and do not displayit in the Table 2. In the other FPs we re
over the two-loop results forO(m) (FP II), polymer O(n = 0) (FP III) and diluted m-ve
tor (FP IV)models. FP VIII 
ontains all three 
ouplings but is both unstable andnon a

esible from the initial values of 
ouplings.4. Con
lusionsIn this paper we applied a �eld theoreti
al RG approa
h to analyse 
rit-i
al behaviour of RAM with isotropi
 distribution of a lo
al anisotropyaxis. The origin of a low temperature phase in this model is not 
om-pletely 
lear. General arguments based on an estimate of the energy forformation of magneti
 domains [15℄ lead to 
on
lusion about absen
eof ferromagneti
 order for d < 4 [10,11℄. However these arguments donot take into a

ount entropy whi
h may be important for disordered
ICMP{00{10E 6m u� v� w�I 8m 0 0 0II 2 0 0.9107 03 0 0.8102 04 0 0.7275 0III 8m 1.1857 0 0IV 2 -0.0322 0.9454 03 0.1733 0.6460 04 0.2867 0.4851 0VI 2 1.4650 0 -1.6278VIII 2 0.7517 0.7072 -0.39843 0.8031 0.5463 -0.33054 0.8349 0.4545 -0.2888Table 2. Resummed values of the �xed points in two-loop approximationfor d = 3.systems [13℄.In the RG analysis absen
e of a ferromagneti
 se
ond order phasetransition 
orresponds to la
k of stable FP of the RG transformation.However in the 
ase of RAM with isotropi
 distribution of a lo
al ani-sotropy axis the s
enario di�ers. Our two loop 
al
ulation bring aboutpresen
e of a O(n = 0) symetri
 FP whi
h is stable for any value of m.However, this FP is not a

esible for the initial values of 
ouplings. We
he
ked lo
ation of the FP up to the se
ond order in "{expansion and bymeans of a �xed d = 3 te
hnique re�ned by Pad�e{Borel resummation.Our analysis supports 
onje
ture of Aharony based on linear in " resultsabout runaway soultions of RG equations for the RAM with isotropi
distribution of a lo
al anisotropy axis.It is worth to mention here that anisotropi
 distribution of a lo
alanisotropy axis may lead to ferromagnetism by a se
ond order phasetransition s
enario [16℄. Analysis of e�e
tive and asymptoti
 
riti
al be-haviour in this 
ase will be a subje
t of a separate study.Yu. H. a
knowledges helpful dis
ussions with Mykola Shpot. Thiswork has been supported in part by "�Osterrei
his
he Nationalbank Ju-bil�aumsfonds" through the grant No 7694.



7 ðÒÅ�ÒÉÎÔAppendixIn this Appendix, we perform the "{expansion for the RAM with iso-tropi
 distribution of a lo
al anisotropy axis. A pro
edure allowing toobtain the "{expansion from the RG fun
tions written in massive s
hemefor a �xed d is well known. To this end one should substitute loop in-tegrals by their expansions in " and pro
eed in a 
ommon way (see e.g.[23℄). In parti
ular, substituting integrals i1; i2 in (4){(6) by their expan-sions i1 ' 1=2 + "=4 + : : :, i2 ' �"=8 + : : : [24℄ we get the expressionsfor the �xed point 
oordinates given in the Table 1 with the a

ura
y"2. We do not display there the se
ond order 
ontributions ui; vi; wi asfun
tions of m, be
ause they are too 
umbersome. Instead in the Table3 we list their numeri
al values for m = 2; 3; 4.m uIV uV uV I uV II uV III vIV2 -3.8906 0.2517 0.3525 -0.0242 -0.6352 3.25783 -0.6665 0.2581 -8.6484 -0.4935 -0.5566 0.83464 -0.2292 0.2654 27165.9534 -1.0550 -0.5558 0.5vV II vV III wV wV I wV II wV III2 -6.4311 0.8791 0.1889 -0.3313 4.7905 1.25833 -7.8255 0.2024 0.1441 12.3348 5.6388 1.29624 -9.6584 -0.1118 0.1105 -39381.2980 6.6343 1.2650Table 3. Numeri
al values of 
oeÆ
ients at the 
ontributions � "2 to the�xed points 
oordinates for some m.Referen
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Figure 1. Fixed points of the RAM with isotropi
 distribution of a lo
alanisotropy axis. The only fixed points lo
ated in the o
tant u > 0; v >0; w < 0 are shown. Filled box shows the stable �xed point, 
ross denotestypi
al initial values of 
ouplings.

ICMP{00{10E 10



ðÒÅ�ÒÉÎÔÉ ¶ÎÓÔÉÔÕÔÕ Æ�ÚÉËÉ ËÏÎÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍ îáî õËÒÁ§ÎÉÒÏÚ�Ï×ÓÀÄÖÕÀÔØÓÑ ÓÅÒÅÄ ÎÁÕËÏ×ÉÈ ÔÁ �ÎÆÏÒÍÁ��ÊÎÉÈ ÕÓÔÁÎÏ×. ÷ÏÎÉÔÁËÏÖ ÄÏÓÔÕ�Î� �Ï ÅÌÅËÔÒÏÎÎ�Ê ËÏÍ�'ÀÔÅÒÎ�Ê ÍÅÒÅÖ� ÎÁ WWW-ÓÅÒ-×ÅÒ� �ÎÓÔÉÔÕÔÕ ÚÁ ÁÄÒÅÓÏÀ http://www.i
mp.lviv.ua/The preprints of the Institute for Condensed Matter Physi
s of the Na-tional A
ademy of S
ien
es of Ukraine are distributed to s
ienti�
 andinformational institutions. They also are available by 
omputer networkfrom Institute's WWW server (http://www.i
mp.lviv.ua/)

íÁËÓÉÍ ìÅÏÎ�ÄÏ×ÉÞ äÕÄËÁòÁÊÎÇÁÒÄ æÏÌØËà�Ê ÷ÁÓÉÌØ×ÉÞ çÏÌÏ×ÁÞëÒÉÔÉÞÎÁ �Ï×ÅÄiÎËÁ ÍÁÇÎÅÔÉËi× Ú ×É�ÁÄËÏ×ÏÀÁÎiÚÏÔÒÏ�i¤ÀòÏÂÏÔÕ ÏÔÒÉÍÁÎÏ 16 ÖÏ×ÔÎÑ 2000 Ò.úÁÔ×ÅÒÄÖÅÎÏ ÄÏ ÄÒÕËÕ ÷ÞÅÎÏÀ ÒÁÄÏÀ ¶æëó îáî õËÒÁ§ÎÉòÅËÏÍÅÎÄÏ×ÁÎÏ ÄÏ ÄÒÕËÕ ÓÅÍ�ÎÁÒÏÍ ×�ÄÄ�ÌÕ ó�Åëó÷ÉÇÏÔÏ×ÌÅÎÏ �ÒÉ ¶æëó îáî õËÒÁ§ÎÉ

 õÓ� �ÒÁ×Á ÚÁÓÔÅÒÅÖÅÎ�


