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1. Introduction

The processes induced by short-lasting laser pulses in semiconductors
permanently excite the attentions of technologists in microelectronics,
experimentalists and theoretical physicists. Speaking about microelec-
tronic technologies one has to mention that microelectronics technolo-
gists in the process of the creation of faster and faster switching devices
reached “quantum limitation” on frequency when characteristics of the
elements changed drastically. It could be said the scientists arrived at a
restriction imposed by quantum uncertainty ∆E · ∆τ ∼ h̄ itself, hence
more experiments on ultrafast dynamics of semiconductors are needed
to investigate new features in behaviuor of such materials.

There are essentially two different classes of experiments for the study
of carriers dynamics [1]: luminescence and pump-probe measurements.
In both cases a pump pulse is used to generate electron-hole pairs and
bring semiconductor into the state far from thermal equilibrium. In a
luminescence experiment the radiation emitted in a direction different
from that of incident pulse due to recombination processes is analyzed
spectrally and/or temporally. Both carriers and photons dynamics are
being described quantum mechanically that allows one to investigate
spontaneous and/or stimulated emission and adsorption of the light in
semiconductors.

In a pump-probe experiment the semiconductor is excited by a pump
pulse travelling in a direction q1 and the dynamics of the carriers induced
by this excitation are studied by looking at some property related to a
delayed pulse in a direction q2. In pump-probe experiments one obtains
differential transmission/reflection spectra (DTS). Though the only val-
ues entering DTS are spectral characteristics of probe signal and change
of interband polarization , to calculate complete dynamics of the excited
semiconductor and, consequently, to verify experimental data, one has
to take into account the distribution functions of carriers and phonons as
well. Usually, light-matter interaction is considered to be classical one in
pump-probe measurements while carrier-carrier interaction is of minor
importance in comparison with carrier-phonon one, when a maximum
pair density is about 1017 ÷ 1018 cm−3. The investigation of ultrafast
dynamics of laser excited semiconductors showed [1,2,10] that no purely
empirical model with collision integrals in τ -approximation manifested
its efficiency.

Thus, the task for theoretists is to construct a reliable model that
allows to describe kinetic processes in semiconductors taking into ac-
count all processes running in the systems: effects of “memory” - the
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most important when one deals with phenomena on femptosecond scale,
quantum coherence effects, influence of the dynamical correlations, for-
mation of quasiparticle behaviour etc.

One can point out three main directions which are being followed dur-
ing investigation of quantum kinetics in semiconductors: matrix density
theory [2–6]; Green functions method [8–10]; the method of nonequilibri-
um statistical operator [11–13]. In our Introduction we touch upon main
advantages and shortcomings of all these approaches.

In the theory of density matrix one deals with the chain of coupled
equations for electron and phonon distribution functions [4,5]. In fact,
this chain of equations appears to be infinite, incorporating more and
more complex (with the increasing number of creation/annihilation op-
erators) correlation functions. This system of equations is decoupled in
the certain approximation in interaction, the obtained set of differential
equations is being solved numerically or analyzed theoretically with ap-
propriate initial conditions. Though such an approach formally admits
taking into account higher correlations, there are some weak points here.
The first one consists in the fact that it is impossible to trace the validity
of conservation laws - the main point for any kinetic equation to be quite
reliable. Another shortcoming is dealt with the lack of information about
memory phenomena: the chain of equation does not contain time con-
volution, being in fact the system of differential equations with constant
coefficients. Though taking into account higher correlations in the 4-th
Born approximation manifested its efficiency in the framework of densi-
ty matrix approach (for instance, one succeeded to obtain the solutions
for one-particle distribution function which do not contain any artefact
like negative parts and instabilities - the main problem of the 2-nd Born
approximation), it was necessary to include time retardation. In Ref. [3]
both time retardation for the electron distribution function and quasi-
particle damping in the equation for polarization were taken into con-
sideration. Temporal evolution of the electron distribution function was
calculated both in Markovian and non-Markovian approximation. In the
second case, in the electron distribution function phonon replica evolves
as time goes by, but each of them starts rather broad before sharpening
until reaching the zero-phonon shape. This could be considered as a fin-
gerprint of quantum kinetics. Another manifestation of purely quantum
phenomenon is quantum beating in interband polarization [2,10].

In the works by Kuznetsov [8,9] there were calculated relaxation times
for electron distribution function in the approximation of phonon ther-
mal bath and linear excitation as functions of excess energy and pulse
duration. However, no quasiparticle damping was included into initial
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kinetic equations, and the solution of coherent problem was taken as
a zeroth approximation that does not allow to investigate an actual
thermalization of the system. Green’s function method was improved in
Ref. [10], and kinetics of phonon was included in the chain of equations
to obtain proper nonequilibrium one-particle distribution functions - for
carriers and polarization. The equations for retarded/advanced Green
functions were solved in the diagonal Wigner-Weisskopf approximation
so that quasiparticle damping was not included into the field-dependent
off-diagonal self-energy matrixes. Investigation showed well-pronounced
quantum beats in the interband polarization - a typical feature of quan-
tum coherence phenomena.

However, neither density matrix nor Green function method can in-
corporate nonequilibrium thermodynamics relations. On the other hand,
the question how to include the initial correlations into the system, which
are of great importance in such short-lasting processes, naturally ap-
pears. An attempt to do this has been performed in [12,13] where ki-
netic equations in the 2-nd Born approximation were obtained using
the nonequilibrium statistical operator (NSO) formalism. Initial correla-
tions were introduced by means of quasiequilibrium (relevant) distribu-
tion functions. The set of abbreviated description including one-particle
densities and interaction energy was taken as a basic one. Collision inte-
gral consists of the two parts: due to collision dynamics and as a result
of initial correlations. In the state of complete equilibrium both integrals
compensate each other. It is worthy to note, that correlational contri-
bution related to nonequilibrium temperature (quasitemperature) of the
system vanishes in the Markovian approximation which indicates an ex-
istence of two typical relaxation times: τcol related to fast one-particle
effects and τcorr connected with slower many-particle interactions. How-
ever, in the evaluation of kinetic equations, Wick’s decomposition of the
creation/annihilation operators was performed, hence correlations enter
in the kinetic equations only indirectly - via mean value of interaction
energy. Another point is that it is difficult to introduce a quasiparticle
damping in the NSO method self–consistently. In Ref. [14] this problem
was partially solved in the framework of the mixed (thermodynamic and
time) Green’s functions formalism. Despite of rather formidable struc-
ture of obtained expressions it is possible to solve them numerically for
the simplest case of, say, electron–phonon relaxation.

However, the picture becomes much more complicated in the pres-
ence of the external field. Markovian picture is found to be ineffective
in such a case [1,10], and one has to deal with the system of integro–
differential equations for one-particle distribution functions of carriers,
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phonons and polarization. The principal question is an introduction of
slowly varying variable 〈Hint〉t into the basic set of dynamic variable,
since only taking into consideration of mean value of interaction energy
allows one to obtain a proper transition from essentially nonequilibri-
um behaviour to Markovian one and, consequently, ensures equilibrium
solution of the kinetic equations [12–14].

It is challenging to investigate whether introduction of interaction
energy could stabilize the solutions of kinetic equations in the second
Born approximation, or introduction of quasiparticle damping is neces-
sary. We plan to touch upon all these problems in our paper on ultrafast
kinetics in laser-excited semiconductors. The article is structured as fol-
lows: in the next Section we write down Hamiltonian, describing the
basic interactions in laser-induced semiconductor and present coherent
solutions to kinetic equations. In the third Section we construct colli-
sion integrals which are found to consist of two terms: due to collisional
dynamics and due to consideration of initial correlations in the system.
Additionally, the equation for quasitemperature will be obtained, and
generalized heat capacity will be introduced. In the 4-th Section we con-
sider some aspects related to energy balance requirement. In the Section
5 we examine a simplified version of the chain of kinetic equations in ap-
proximation of zero polarization. In fact, we deal with effective one-zone
semiconductor investigated in Ref. [12]. Special attention will be paid to
Markovian limit and transition of the system to equilibrium. The last
Section contains some numerical estimations for relaxational dynamics
of the excited two-zone semiconductor and discussion of the results.

2. Basic model of two-zone laser excited semiconduc-

tor

To describe the kinetics of laser-excited semiconductor let us introduce
a Hamiltonian of the system:

H(t) = H0 + Hf (t) + Hint, (2.1)

where

H0 =
∑

k,α

eαka†
αkaαk +

∑

q

h̄ωq

(

b†qbq +
1

2

)

(2.2)

denotes the kinetic part of the Hamiltonian in representation of sec-
ondary quantization, a†

αk and aαk, α = {c, v} mean creation and
annihilation operators of conduction (α = c) and valence electrons
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(α = v), while b†q, bq correspond to creation and annihilation opera-
tors of phonons. We shall deal with parabolic two–band semiconductor;
the energies of the electrons in the vicinity of the Γ point are to be de-
scribed by the effective mass mc of the electrons in the conduction band
and mv of the holes in the valence band:

eck =
Eg

2
+

h̄2
k

2

2mc

=
Eg

2
+ εck, evk = −Eg

2
− h̄2

k
2

2mv

= −Eg

2
− εvk.

(2.3)
Field–dependent part of Hamiltonian Hf (t) is presented in the form

Hf (t) = −
∑

α6=β,k

µαβ(k)a†
αkaβkE(t), (2.4)

that describes the interband polarization of carriers by external field
E(t) via optical matrix elements µαβ(k):

µcv(k) = e

∫

dr uck

E0r

E0
uvk + h.c. (2.5)

where denotation h.c. means Hermitian conjugation, and uαk is the lat-
tice periodic Bloch function of the band α and the crystal momentum k.
Usually, µαβ(k) are supposed to be constants, µαβ(k) ≈ d0; they define
Rabi energy h̄ωR = d0E0 of the laser pulse [9,10], where E0 is the field
amplitude.

Time profile of the external electric field could be approximated as
a leading edge of the excitation pulse with duration τp and central fre-
quency ω in the form

E(t) = E0(t) cos(ωt), E0(t) = E0 exp[−t2/τ2
p ]. (2.6)

Note that we deal with homogeneous system under uniform excitation,
the length of the wave being determined by energy 1÷3 eV (characteristic
gap-width in two-zone semiconductor) is about 10−7 m that is much more
than lattice period in several nanometers.

The last term Hint in the Hamiltonian, which is supposed to be small,
describes the carrier–phonon interaction and could be presented as

Hint =
∑

αkq

D(q)
(

bqa†
αkaαk−q + b†qa†

αk−qaαk

)

, (2.7)

where the constant of interaction D(q) could be chosen in the Fröhlich-
type form [8,10]:

D(q)2 =
2πe2

cωLO

ε∗q2
,
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h̄ωLO means the energy of a longitudinal optical phonon (in all subse-
quent calculations we shall deal with dispersionless longitudinal optical
phonons, so we put ωq = ωLO everywhere), and ε∗ denotes an effective
dielectric constant. Note, that first two terms of the Hamiltonian could
be presented in the matrix form as

H0(t) ≡ H0 + Hf (t) =
∑

αβ,k

Mαβ(k, t)a†
αkaβk,

Mαβ(k, t) =

(

eck −d0E(t)
−d0E(t) evk

)

. (2.8)

The subject of our interest are the kinetic equations for nonequilibri-
um distribution functions of carriers fαβ(k, t) and phonons n(q, t), which
can be determined as follows:

fαβ(k, t) =

(

〈a†
ck

ack〉t 〈a†
vk

ack〉t
〈a†

ckavk〉t 〈a†
vkavk〉t

)

≡
(

fc(k, t) p(k, t)
p∗(k, t) fv(k, t)

)

,

n(q, t) = 〈b†qbq〉t, (2.9)

where averaging is being performed over nonequilibrium statistical op-
erator ρ(t) and the notation for polarization p(k, t) from Ref. [9] is used.
Taking into account the evolution expression for NSO ρ(t) (von Neumann
equation)

∂ρ(t)

∂t
+

1

ih̄
[ρ(t), H(t)] = 0 (2.10)

and definition for distribution functions, one can write down the kinetic
equations in the following form [11]:

∂fαβ(k, t)

∂t
− i

h̄
[M(k, t), f(k, t)]αβ = Iαβ(k, t), (2.11)

∂n(q, t)

∂t
= Iph(q, t),

where [M(k, t), f(k, t)]αβ denotes corresponding matrix elements of the
commutator of two matrixes, while for collision integrals one can write
down the following general expressions:

Iαβ(k, t) =
1

ih̄
Tr
{

[f̂αβ(k), Hint]ρ(t)
}

,

Iph(q, t) =
1

ih̄
Tr {[n̂(q), Hint]ρ(t)} . (2.12)
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The former kinetic equation (2.11) without collision integral Iαβ(k, t)
is known as a coherent approximation1: in the Green’s functions formal-
ism [8,10] it corresponds to singular terms (coherent part) of self-energy
matrix only. Coherent kinetic equations could be written as follows:

∂fc(k, t)

∂t
= −2Im (p∗(k, t)d0E(t)) ,

∂fv(k, t)

∂t
= −

(

∂fc(k, t)

∂t

)

, (2.13)

∂p(k, t)

∂t
= − i

h̄
(eck − evk)p(k, t) +

i

h̄
d0E(t)(fc(k, t)− fv(k, t)).

Relations (2.13) are nothing but the Bloch equations which are widely
used to describe the optical response of a two–level system. A general
solution of these equations for an arbitrary form of E(t) is not known;
however, Eqs. (2.13) yield a useful integral of motion [9]:

4|p(k, t)|2 + (fc(k, t)− fv(k, t))2 = 1 (2.14)

for radius of the Bloch sphere, which makes clear that as long as there is
no relaxation, p(k, t) and fc(k, t) are generally of the same order. This is
particularly obvious in the low excitation limit (fc << 1), where (2.13)
reduces to

|p(k, t)|2 ≈ fc(k, t) ≈ 1− fv(k, t).

In the process of relaxation due to electron-phonon interaction, polar-
ization finally decreases because of the finite spectral width of the pulse.
In the last Section we perform numerical calculation in the assumption
that non-diagonal elements of distribution function, related with inter-
band polarization, damp faster then diagonal ones. This situation is well
known in quantum kinetics [11], though during pulse transmission it is
necessary to consider polarization on equal terms with diagonal elements
of distribution functions.

3. Collision integrals and equation for quasitempera-

ture

To obtain an explicit form of collision integrals (2.12) one has to con-
struct a general solution of von Neumann equation. To do this let us sup-
ply the evolution equation (2.10) with initial conditions ρ(t0) = ρrel(t0).

1It is often called as “collisionless” approximation
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Following the standard procedure [12,13], we define relevant statistical
operator ρrel(t) in generalized Gibbs form as

ρrel(t) =
1

Zrel(t)
exp{−β(t)Hint−

∑

αβ,kq

Λαβ(k, t)f̂αβ(k)−Λph(q, t)n̂(q)},

(3.1)

Zrel(t) = Tr exp{−β(t)Hint −
∑

αβ,kq

Λαβ(k, t)f̂αβ(k)− Λph(q, t)n̂(q)},

(3.2)
where Lagrange multipliers β(t), Λαβ(k, t), Λph(q, t) should be calculat-
ed from self-consistency conditions

〈a†
βkaαk〉trel = fαβ(k, t), 〈b†qbq〉trel = n(q, t), 〈Hint〉trel = 〈Hint〉t

(3.3)
and are attributed to nonequilibrium thermodynamic forces. For in-
stance, β(t) corresponds to nonequilibrium inverse temperature. Later
we shall demonstrate that generalized temperature T (t) on large time
scales determines an equilibrium background to which an electron tem-
perature tends from above and phonon temperature from below, as long
as one operates with subsystem temperatures. Hence, being initially de-
termined as Lagrange multiplier, T (t) subsequently is associated with
a generalized thermodynamic characteristic of the system; besides, T (t)
tends to its equilibrium value Teq when t → ∞. Note, that we included
Hint into the basic set of abbreviated description variables. In Green’s
functions formalism it corresponds to introduction of temperature and
mixed Green’s functions [14] when Keldysh contour goes along both time
and thermodynamic axes. The advantage of NSO method consists in the
direct introduction of generalized temperature T (t) while in the mixed
Green’s function formalism one can talk only about initial value of cor-
relation function. It is a common problem how to introduce generalized
temperature in the framework of Green’s functions method.

Now we are in a position to obtain an iterative solution to von
Neumann equation (2.10). In the second Born approximation one can
present NSO ρ(t) in the following form, neglecting higher orders in in-
teraction [12]:

ρ(t) = ρrel(t)−
t
∫

t0

dt′ U0(t, t
′)

1

ih̄
[ρrel(t

′), H0(t
′) + Hint]U

+
0 (t, t). (3.4)

According to the definition (2.12), collision integrals in the second Born
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approximations could be written as follows [12,13]:

Iαβ(k, t)=− 1

h̄2

t
∫

t0

dt′Tr{
[

U+
0 (t, t′)

[

a†
αkaβk, Hint

]

U0(t, t
′), Hint

]

ρrel(t
′)}

(3.5)

+
1

h̄2

t
∫

t0

dt′Tr
{

U+
0 (t, t′)

[

a†
αkaβk, Hint

]

U0(t, t
′) [ρrel(t

′), H0(t
′)]
}

,

Iph(q, t) = − 1

h̄2

t
∫

t0

dt′Tr
{[

U+
0 (t, t′)

[

b†qbq, Hint

]

U0(t, t
′), Hint

]

ρrel(t
′)
}

(3.6)

+
1

h̄2

t
∫

t0

dt′Tr
{

U+
0 (t, t′)

[

b†qbq, Hint

]

U0(t, t
′) [ρrel(t

′), H0(t
′)]
}

.

In Eqns.(3.5)-(3.6) U0(t, t
′) = exp+

{

− i
h̄

t
∫

t′
H0(τ) dτ

}

denotes an evo-

lution operator with time-ordered exponent. The action of U+
0 (t, t′),

U0(t, t
′) on corresponding operators could be calculated explicitly on-

ly for bosons:

U+
0 (t, t)bqU0(t, t

′) = exp[−iωq(t− t′)]bq,

U+
0 (t, t)b†qU0(t, t

′) = exp[iωq(t− t′)]bq, (3.7)

while for fermions the problem does not have an analytical solution. We
present corresponding transformations in a symbolic matrix form via
time–ordered exponent:

U+
0 (t, t′)aαkU0(t, t

′) = exp+



− i

h̄

t
∫

t′

M(k, t′′) dt′′





αβ

aβk, (3.8)

U+
0 (t, t′)a†

αkU0(t, t
′) = exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′





αβ

a†
βk, (3.9)

Up to a factor iθ(t − t′), the time-ordered exponents in (3.8)-(3.9),
determined by single particle energy matrix M(k, t) from Eqn.(2.8) are
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nothing but retarded Gr(k; t, t′) and advanced Ga(k; t, t′) Green’s func-
tions, respectively [10,11]. We will keep the generalized matrix notations
for further convenience.

Thus, prior to solving of kinetic equations, one has to solve the
Green’s function problem 2. Formally, kinetic kernels (3.8) could be found
from relation

∂Aαβ(k, t)

∂t
= − i

h̄

∑

γ

Mαγ(k, t)Aγβ(k, t) (3.10)

and written down in the following way:

exp+



− i

h̄

t
∫

t′

M(k, t′′) dt′′





αβ

=
∑

γ

Aαγ(k, t)[A(k, t′)]−1
γβ , (3.11)

where M(k, t) denotes single particle elements (2.8).
In general case of time-dependent perturbation, the system of

equations (3.10) could be solved only numerically [10]; only lin-
ear in field amplitude approximation admits analytical solution,
and this case is considered in Appendix A. However, since we
are about to verify the results of [10], we restrict ourselves to
unperturbed Wigner-Weisskopf approximation for matrix exponents

exp+

[

− i
h̄

t
∫

t′
M(k, t′′) dt′′

]

αβ

, exp−

[

i
h̄

t
∫

t′
M(k, t′′) dt′′

]

αβ

, taking into

consideration in our numerical calculations only the diagonal elements.
Off-diagonal elements, vanishing in the limit of zero field, give the main
contribution in the energy domain ∆ = h̄ω − eck − evk, which is close
to an excess energy region and could be neglected in the problem of the
relaxation to equilibrium. Note that our approach does not impose any
limitation on the strength of E(t); the only requirement for the electric
field is not to cause damages in crystal lattice.

Now we are in a position to calculate the first terms in (3.5)-(3.6). We
call them “collisional” contributions in total collision integrals Iαβ(k, t),
Iph(q, t), in order to distinguish them from “correlational” ones, appear-
ing because of taking into consideration initial correlations in the system.
Using Wick’s decomposition of the operators, we have:

I
(coll)
αβ (k, t) = − 1

h̄2

t
∫

t0

dt′
∑

q

D(q)2

{

exp[−iωLO(t− t′)]×

2We shall use a term “Green’s function” to denote time-ordered exponents (3.8)
when appropriate.
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× exp+



− i

h̄

t
∫

t′

M(k − q, t′′) dt′′



 ·

{N+(q) (I − f(k − q)) · f(k)−N−(q)f(k − q) · (I − f(k))}t′ ·

exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′



+ h.c.

}

αβ

− (k←→ k − q) , (3.12)

I
(coll)
ph (q, t) = − 1

h̄2

t
∫

t0

dt′D(q2)
∑

k

Tr

{

exp[−iωLO(t− t′)]

× exp+



− i

h̄

t
∫

t′

M(k − q, t′′) dt′′



 ·

{N+(q) (I − f(k − q)) · f(k)−N−(q)f(k − q) · (I − f(k))}t′ ·

exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′



+ h.c.

}

. (3.13)

Here we denote N−(q, t) = n(q, t), N+(q, t) = 1 + n(q, t), use the
symbol · for matrix product and Tr for trace over zone indexes, while I is

a unit matrix. Though the form of I
(coll)
αβ (k, t) looks rather complicated, it

is seen that (3.12)-(3.13) have a well defined “gain–loss” structure. Taking
only diagonal elements of the time-ordered exponents (that corresponds
to Wigner-Weisskopf approximation for Green’s functions) we can write
down the following expression:

exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′





αµ

exp+





−i

h̄

t
∫

t′

M(k − q, t′′) dt′′





βν

→

exp

[

i

h̄
(eαk − eβk−q)(t− t′)

]

δαµδβν .

However, the mentioned here approximation for kinetic kernels has one
essential shortcoming: its field-free form does not obey energy balance
equations. We shall come back to this important question in the next
Section.
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Kinetic equations with collision integrals (3.12)-(3.13) turn out to be
in a closed form, since we neglect a contribution of correlation after de-
coupling of Bose and Fermi operators. Taking into account of higher cor-
relations leads to quasiparticle damping (related to the imaginary part
of self-energy operator in Green’s function method [10]). In the density
matrix approach it corresponds to consideration of equations for higher
correlation functions. Again, the question how to cut off the hierarchy of
equations with not allowing the energy disbalance arises [3,4]. Recently
the procedure of obtaining of quasiparticle damping function after the so-
lution of quantum B-B-G-K-I hierarchy has been proposed in Ref. [18].
However, this procedure seems to be quite complicated to be strictly
implemented in numerical solution of kinetic equations (in contrast to
Green’s functions method when the equation for quasiparticle damping
function γ(k, t, t′) supplements the system of kinetic equations [14].) In
the method of nonequilibrium statistical operator one encounters similar
difficulties describing formation of long-time quasiparticle behaviour of
the system. Usually quasiparticle damping factor exp[−γ(t−t′)] serves as
a fitting parameter, the system stabilizing behaviour at long times and
preventing numerical solutions of kinetic equations from non-physical
effects (electron and hole distribution functions should be in the inter-
val [0,1]). Summing up all mentioned above, we shall treat quasiparticle
damping as a result of all interaction processes in the system which did
not enter the kinetic equations explicitly, keeping in mind that, in the
first turn, quasiparticle behaviour arises from exceeding the bounds of
second Born approximation 3

Remind that we take into consideration the equation for interaction
energy 〈Hint〉t. Hence, we take into account running correlations in the
system, though we neglect correlations during Wick’s decoupling. Taking
into consideration the equation for 〈Hint〉t is known to be of essential
importance when describing relaxation toward equilibrium [13,16]; our
numerical estimations completely confirm the theory predictions.

The contribution of dynamic correlations is being determined by the
second terms in (3.5)-(3.6). We shall call them “correlational” to un-
derline their dependence on initial correlations introduced by the rel-
evant distribution function ρrel(t), Eqn.(3.1). After some algebra (see
Appendix B) we come to the explicit form of correlational constituents
of the collision integrals:

3Often one can encounter the term “collision broadening” which is found to be
equivalent to quasiparticle damping. It originates from Lorentzian shape of spectral
function while one has energy-conserving delta-function in case of zero γ.
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I
(corr)
αβ (k, t) = − 1

h̄2

t
∫

t0

dt′
∑

q

D(q)2β(t′)

{

exp[−iωLO(t− t′)]

× exp+



− i

h̄

t
∫

t′

M(k − q, t′′) dt′′



 ·

{N+(q, t′) (I − f(k − q, t′)) ·B(k, k − q, t′) · f(k, t′)

−N−(q, t′)f(k − q, t′) ·B(k, k − q, t′) · (I − f(k, t′))}

· exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′





αβ

+ h.c.

}

− (k←→ k − q) , (3.14)

where matrix B(k, k − q, t) is being defined as follows:

B(k, k − q, t) = lim
x→0

∫

dx exp[xΛph(q, t)] exp[−xΛ(k, t)]· (3.15)

(M(k, t)−M(k − q, t)− h̄ωLOI) · exp[xΛ(k − q, t)],

β(t) = 1/T (t) means generalized inverse temperature, the explicit ex-
pressions for Lagrange multipliers could be found in Appendix B, and
the equation for phonon correlational counterpart is of a similar struc-
ture, see Eqn. (3.13). To obtain a closed set of equations we have to
compose the equation for quasitemperature β(t). We proceed in the sim-
ilar manner as in the Ref. [12]. Again, we start from the self–consistency
conditions (3.3) which could be rewritten in a somewhat different form,
taking into account the work of the external field:

Tr

{

f̂αβ(k)
∂ρrel(t)

∂t

}

= Iαβ(k, t), Tr

{

n̂(q)
∂ρrel(t)

∂t

}

= Iph(q, t),

Tr

{

Ĥint

∂ρrel(t)

∂t

}

= −
∑

q

h̄ωqIph(q, t)−
∑

αk

eαkIαα(k, t)

+
∑

α6=βk

Iαβ(k, t)d0E(t). (3.16)

Note that the coherent term - the second summand [M(k, t), f(k, t)]αβ

from Eqn. (2.11) with external field does not contribute to balance equa-
tion: only the collisional dynamics determines the equation for general-
ized temperature.
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The last equation for mean interaction energy could be rewritten
as an equation for β(t), taking into account the time dependence of the
relevant statistical operator via time dependence of Lagrange multipliers.
One can write down:

dβ(t)

dt
=

1

C(t)

{

∑

αk

εα(k)Iαα(k, t) +
∑

q

h̄ωqIph(q, t)

−
∑

α6=βk

Iαβ(k, t)d0E(t)







, (3.17)

where we use denotation C(t) =
(

Ĥint, Ĥint

)

t
for nonequilibrium corre-

lation function “energy–energy” defined in a usual manner:

(

Â, B̂
)

t
=

1
∫

0

dx 〈∆Âρ̃x
rel∆B̂ρ̃−x

rel〉rel, ∆Â = Â− 〈Â〉rel. (3.18)

Again, using Wick’s decomposition we can present the following ex-
pression for the generalized heat capacity C(t) via one-particle nonequi-
librium distribution functions:

C(t) =
∑

kq

D(q)2Tr

{

N−(q, t)f(k − q, t) ·B(k, k − q, t) · (I − f(k, t))−

N+(q, t)(I − f(k − q, t)) ·B(k, k − q, t) · f(k, t) + h.c.

}

. (3.19)

As it is, we obtained the closed form of kinetic equations for the
description of the ultrafast dynamics in a laser excited semiconductor.
The collision integrals as well as equation for generalized temperature
are obtained in the closed form, being expressed through one-particle
nonequilibrium distribution functions. Kinetic equations are known to
posses two basic properties [11,12,14]:

• They have to allow equilibrium distribution function to be a solu-
tion for kinetic equations. In other words, the collision integrals are
vanishing when all distribution functions simultaneously are taken
to be zero.

• Collision integrals have to obey the energy balance requirement, as
long as no additional relaxation (like quasiparticle damping or any
phenomenological relaxation terms) is introduced in the kinetic
equations.
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In the next section we dwell our attention on balance equation, pointing
at the fact that in the absence of quasiparticle damping and without
any simplifications in kinetic kernels the collision integrals satisfy the
second basic property. In the fifth Section we will show that equilibrium
distribution functions are the solution to kinetic equations that agrees
completely with the first basic requirement.

4. Energy balance equation

As has been already said, the kinetic equations without quasiparticle
damping should obey energy balance. To verify this requirement, let us
multiply the first equation from (2.11) by single-particle energy matrix
M(k, t) and the second equation by h̄ωLO. Using definition of time-
ordered exponents (3.8)-(3.9), their symmetry properties (see Appendix
A) and taking the trace over zone indexes, one can write down the fol-
lowing expression:

d

dt
(εkin(t) + εph(t) + εint(t)) = jpol(t)E(t), (4.1)

where polarization current is defined via the time derivative of the real
part of polarization:

jpol(t) = d0
d

dt

∑

k

(fcv(k, t) + fvc(k, t)) , (4.2)

averaged kinetic energy of the carriers εkin(t) and phonons εph(t) is being
defined via the corresponding one-particle nonequilibrium distribution
functions

εkin(t) =
∑

αk

eαkfαα(k, t), εph(t) =
∑

q

h̄ωLOn(q, t), (4.3)

while for the mean value of interaction energy εint(t) one can present
after some algebra the following explicit relation:

εint(t) =
1

ih̄

t
∫

t0

dt′
∑

q

D(q)2Tr

{

exp[−iωLO(t− t′)]

× exp+



− i

h̄

t
∫

t′

M(k − q, t′′) dt′′



 ·
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{N+(q, t′) (I − f(k − q, t′)) · A(k, k − q, t′) · f(k, t′)

−N−(q, t′)f(k − q, t′) · A(k, k − q, t′) · (I − f(k, t′))}· (4.4)

exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′



− h.c.

}

,

A(k, k − q, t) = I − β(t)B(k, k − q, t).

We will show in the next section that generalized temperature T (t), con-
jugated to mean interaction energy εint(t), takes its constant value much
earlier than distribution functions become quasiequilibrium. In Marko-
vian limit εint(t) → 0, T (t) → const while collision integrals remain
finite. Basically, it agrees completely with two–time hierarchy spoken
about in Introduction. On the other hand, one can introduce a charac-
teristic time of correlation damping τmark, which is smaller than time
τasymp at which one-particle distribution functions approach their equi-
librium values. We will call τmark “a time of Markovization” (see next
Section for detailed explanations) keeping in mind that this is a time
scale at which correlational components Icorr

αβ (k, t), Icorr
ph (q, t) of colli-

sion intergals vanish [12,13].
A laser pulse diminishes with time, and the right hand side of the

Eqn.(4.1) tends to zero; thus we pass from energy balance equation to en-
ergy conservation [12,13]. At long times, when carrier distribution func-
tions tend to quasi Fermi distribution and phonon distribution func-
tion tends to quasi Bose distribution, it is possible to introduce two–
temperature formalism [19]. In cited paper the authors showed the two–
temperature model to become valid at times of thermalization, when the
kinetic energy starts to evolve in a quasi Fermian manner. 4 Contrary,
there are some doubts about validity of two–temperature model at short
times, though it does not prevent us from introduction of generalized
electron temperature Tel(t) and lattice temperature Tph(t) in a way sim-
ilar to (3.17). Namely, at the times when laser pulse has ceased one can
rewrite a balance equation (4.1) as follows:

cel(t)
dTel(t)

dt
+ cph(t)

dTph(t)

dt
= −ccorr(t)

dT (t)

dt
, (4.5)

4In order to the reader does not confuse τtherm with time of the establishing
of quasiequilibrium the authors explain: τtherm gives a time when an electron gas
exchanges energy with a cold lattice at the same rate as a Fermi-distributed electron
gas, which has the same internal energy. Hence, τtherm “is not a time, after which
Fermi distribution is established but the time at which the laser excited electron gas
behaves as a Fermi distributed electron gas.” In any case, since the authors of Ref. [19]
have already chosen a Markovian form of the kinetic equations, there is not any reason
to relate thermalization time to τmark: obviously, τmark << τtherm < τasymp.
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where we have denoted ccorr(t) = C(t)/T (t)2 for correlational contribu-
tion to the heat capacity while one can write down the following relations
for the electron and lattice generalized heat capacities:

cel(t) =
(ε̂kin, ε̂kin)t

Tel(t)2
, (ε̂kin, ε̂kin)t =

∑

αk

e2
αkfα(k, t)(1 − fα(k, t)),

(4.6)

cph(t) =
(ε̂ph, ε̂ph)t

Tph(t)2
, (ε̂ph, ε̂ph)t =

∑

q

h̄2ω2
LOn(q, t)(1 + n(q, t)).

(4.7)
Right hand side of (4.5), which is related to energy loss due to correla-
tion, tends to zero in Markovian limit, and we have the following picture:
an electron gas is cooling to T (t → ∞) = Teq from above, a lattice is
heating to the same equilibrium temperature from below. As to gener-
alized nonequilibrium temperature T (t) associated with εcorr, it forms
equilibrium background at long times. All these statements to be con-
firmed at the Section 6, when we estimate the evolution of generalized
temperatures of an effective one–zone semiconductor.

If one makes any approximation for kinetic kernels (for instance, ex-
pansion in series in external field amplitude), balance equation (4.1) will
be broken automatically. In such a case, one can only talk about balance
equation up to a certain order in E0. Since we do not have an exact
expression for kinetic kernels anyway, in subsequent numerical evalua-
tions we will operate with diagonal matrix only, which corresponds to
Wigner–Weisskopf approximation to Green’s functions.

The last remark which has to be made in this section is related to
quasiparticle damping and its influence on energy balance equation. As
has been already said, quasiparticle damping arises from going beyond
the framework of the 2-nd Born approximation. In a general case, writing
down the kinetic equations one has to compose the dynamic equation
for time–energy dependent quasiparticle damping function γ(k, t, t′) in
addition to modified kinetic kernels

exp+



− i

h̄

t
∫

t′

M(k, t′′) dt′′





αβ

−→

exp+



− i

h̄

t
∫

t′

M(k, t′′) dt′′





αβ

exp[−γ(k, t, t′)].

However, once we have introduced nonzero γ(k, t, t′), we cannot avoid
violation of energy balance. We shall not talk about this problem any
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more, referring reader to the literature [10,14,18]. The only reason to in-
troduce nonzero quasiparticle damping is dealt with necessity to stabilize
numerical solutions to kinetic equations at long time scales. However, as
will be shown in the last section, the “fee” for such a procedure is over-
heating of the system: the more pronounced, the larger value of γ taken
into consideration.

5. An effective one–zone semiconductor. Transition to

Markovian limit.

In previous sections we obtained kinetic equations in the 2-nd Born ap-
proximation taking into account running dynamic correlation with the
aid of 〈Hint〉t. Correlational component of the collision integral involves
the generalized temperature, for which we can obtain the equation (3.17).
All kinetic equations are of the closed form but rather complicated ma-
trix structure. Moreover, kinetic kernels in the general case could be
evaluated only numerically. Therefore we consider the problem of relax-
ation towards equilibrium. To get rid of the complicated matrix structure
in the expressions for collision integrals we made two approximations:

(i) we neglect off–diagonal elements in kinetic kernels;
(ii) polarization is supposed to vanish more rapidly than electron,

hole and phonon distribution functions.
Formally, it means that we neglect off-diagonal elements of Lagrange

multipliers (B.8) which, in their turn, tend to zero in zero-field limit.
In our viewpoint, such an assumption is, at least, more grounded than
approximation of phonon bath made in Ref. [10], when phonon collision
integral is considered to be zero, while carriers distribution functions as
well as polarization are essentially nonequilibrium. In our approximation,
the two-level problem decouples into effective one-zone problems. We
have the particles in conduction zone, the holes in valence zone after
laser pulse irradiations, electrons and holes interact with nonequilibrium
phonon subsystem but c-v transitions are vanishing.

With all mentioned assumptions we are in a position to rewrite the
kinetic equations and the equation for quasitemperature in the following
form:

Iαα(k, t) = − 2

h̄2

∑

q

D(q)2
t
∫

t0

dt′ cos
[

Ωαα
k,k−q,q(t− t′)

]

×
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×
(

1− β(t′)
h̄Ωαα

k,k−q,q

lnKk,k−q,q({f(t′), n(t′)})

)

×
(

fαα(k)(1− fαα(k − q))(1 + n(q))− (1− fαα(k))fαα(k − q)n(q)

)

t′

− 2

h̄2

∑

q

D(q)2
t
∫

t0

dt′ cos
[

Ωαα
k−q,k,q(t− t′)

]

×

(

1− β(t′)
h̄Ωαα

k−q,k,q

lnKαα
k−q,k,q({f(t′), n(t′)})

)

×

(

fαα(k)(1−fαα(k−q))n(q)−(1−fαα(k))fαα(k−q)(1+n(q))

)

t′
, (5.1)

Iph(q, t) =
2D(q)2

h̄2

∑

αk

t
∫

t0

dt′ cos
[

Ωαα
k,k−q,q(t− t′)

]

×
(

1− β(t′)
h̄Ωαα

k,k−q,q

lnKk,k−q,q({f(t′), n(t′)})

)

×

(

fαα(k)(1−fαα(k−q))(1+n(q))−(1−fαα(k))fαα(k−q)n(q)

)

t′
, (5.2)

where we have introduced the designations:

Ωαα
k1,k2,q =

1

h̄
(eαk1

− eαk2
− h̄ωq) , (5.3)

Kαα
k1,k2,q({f, n}) =

(1 − fαα(k1, t))fαα(k2, t)n(q, t)

fαα(k1, t)(1− fαα(k2, t))(1 + n(q, t))
. (5.4)

The system of kinetic equations has to be complemented by the equa-
tion for quasitemperature, which has the following structure after all
simplifications mentioned above:

dβ(t)

d t
= − 2

h̄C(t)

∑

αkq

D(q)2Ωαα
k,k−q,q

t
∫

t0

dt′ cos
[

Ωαα
k,k−q,q(t− t′)

]

×
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×
(

1− β(t′)
h̄Ωαα

k,k−q,q

lnKαα
k,k−q,q({f(t′), n(t′)})

)

×

(

fαα(k)(1−fαα(k−q))(1+n(q))−(1−fαα(k))fαα(k−q)n(q)

)

t′

(5.5)

with the expression for generalized heat capacity

C(t) = (Ĥint, Ĥint)t = 2
∑

αkq

D(q)2 (5.6)

×n(q)(1− fαα(k))fαα(k − q)− (1 + n(q))fαα(k)(1 − fαα(k − q))

ln

[

n(q)(1 − fαα(k))fαα(k − q)

(1 + n(q, t))fαα(k)(1 − fαα(k − q)

]

.

Since {(x − 1)/ lnx} > 0, we see from the last equation that C(t) > 0.
From the expressions for kinetic equations and the equation for gener-
alized temperature one can easily verify that equilibrium (quasiequilib-
rium) solutions satisfy Eqns.(5.1),(5.2), (5.5). Indeed, let us write down
quasiequilibrium distribution functions for electron and phonon subsys-
tems:

f0
αα(k, t) =

1

exp
{

β(t) (eαk − µα(t))
}

+ 1
,

n0(t) =
1

exp
{

β(t)h̄ωLO

}

− 1
, (5.7)

where µα(t) means nonequilibrium chemical potential of the elec-
trons/holes. It can easily be checked that

β(t)h̄Ωαα
k1,k2,q = Kαα

k1,k2,q({f0(t), n0(t)}), (5.8)

where the K-function in the right-hand side is obtained from the func-
tion (5.4) by replacing nonequilibrium distribution functions with their
quasiequilibrium correspondences. Using equation (5.7), we see that the
collision integrals (5.1) and (5.2) are equal to zero if fα(k, t) = f0

α(k, t)
and n(q, t) = n0(t). Note that in this case the right-hand side of equa-
tion (5.5) is also zero. Contrary, the collision integrals without their
correlational components do not have an equilibrium solution!

Let us consider in more details approaching of the system to the
Markovian limit. The Markovian approximation implies that the collision
integrals (5.1), (5.2), and the right-hand side of equation (5.5) depend
on the distribution functions and the quasi-temperature taken at time t.
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The Markovian approximation is inadequate for the initial stage of evo-
lution because of initial correlations and, strictly speaking, describes the
limiting long-time regime where ∂fαα(k, t)/∂t→ 0, ∂n(q, t)/∂t→ 0, and
∂β(t)/∂t → 0. Thus, on passage to the Markovian limit in the collision
integrals (5.1), (5.2), and in equation (5.5) for the quasi-temperature,
we put fαα(k, t′) ≈ fαα(k, t), n(q, t′) ≈ n(q, t), and then pass to the
limit t − t0 → ∞. The remainder integrals over t′ are calculated in the
standard way:

lim
t−t

0
→∞

t
∫

t
0

dt′ cos
[

Ω(t−t′)
]

= lim
ε→+0

0
∫

−∞

dτ eετ cos
(

Ωτ
)

= πδ(Ω). (5.9)

From the last equation one can see immediately that in Markovian
limit correlational components of the collision integrals (terms includ-
ing β(t) ) as well as right hand side of (5.5) become zeros. Indeed,
in all these expressions we face with a construction like Ωδ(Ω) ≡ 0.
Nevertheless, collisional components of Iel, Iph remain finite and have
the form of Uehling–Uhlenbeck collision integrals [7]. Equilibrium dis-
tribution functions are known to obey kinetic equations with collisions
Uehling–Uhlenbeck type integrals.

Let us to sum up all results from this section. We have shown that
only taking into consideration a correlational component of collision in-
tegrals one can guarantee the kinetic equations to have an equilibrium
solution. In Markovian limit I(corr) tends to zero, but it is a correla-
tional component, which allows system to approach this limit. When be-
haviour of the system became Markovian, generalized temperature stop
to change, but in no way it means that all collisions ceased. From this
time one is able to introduce a two–temperature model of the system and
can observe how distribution functions approach their (quasi)equilibrium
values. 5

6. Discussion

In numerical calculations we investigated both dynamics of two-zone
semiconductor during laser pulse irradiation and its relaxation to-

5During numerical studies we can talk only about approaching to quasiequilibri-
um value as long as we are not able to obtain the exact relation (5.9) numerically,
integrating the cosine function. As will be shown in the next section, introduction
of quasiparticle damping in the simplest form exp[−γ(t − t′)] can stabilize the long
time solutions and guarantee long time asymptotics to exist. However, the problem
of violation of the energy balance appears.
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ward equilibrium with additional assumption that polarization relax-
es much faster then carriers and phonon distribution functions. Both
thermal phonons approximation (phonon bath) and complete dynam-
ics of phonons have been taken into consideration. As for a complete
dynamics during laser pulse, we verified the results of the previous pa-
pers [3,10,16]. We considered γ as a fitting parameter, stabilizing the
solutions of quantum kinetic equations at long time scales.

We chose the following typical energies and time scales: the ener-
gy of longitudinal optical phonon equals h̄ωLO=36mEv, Rabi energy
h̄ωR=26.3mEv, laser pulse duration τp=50fs, the width of band gap was
equal Eg=1.8eV, excess energy ∆ = h̄ω − Eg=60mEv. Dimensionless
constant of electron-phonon interaction equals 0.069; mass ratio of holes
to electrons equals 6.86 and the initial temperature of the phonon bath
was 164K. We use values h̄ωLO and τp as characteristic energy and time
scales for obtaining of dimensionless units.

To solve the system of kinetic euqations we made use of factorization
of the kinetic kernels and borrowed from the authors of Ref. [10] the
idea how to pass from the initial integro–differential equations to the
extended set of ordinary differential equations. Details of the transition
from integro–differential equations to the extended system of ordinary
differential equations are presented in Appendix C. This extended set
was solved by applying the fifth order Runge–Kutta integration with
automatic step-size control. We chose dense enough energy grid in N =
60 points that corresponds to dim = 5N +12N3+1 ∼ 2.5×106 ordinary
differential equations.

In figure (6.1) we presented behaviour of the electron distribution
function at fixed times depending on dimensionless energy. The phonon
subsystem was chosen to be equilibrium. Complete dynamics of the sys-
tem (polarization was governed by its own kinetic equation) was allowed,
but we neglected the correlational part of collision integral and put γ = 0.
One can see as initial excitation on the excess energy ∆/h̄ωLO = 5/3
starts to relax at long times, but does not reach its equilibrium val-
ue. Quite contrary, the lower panel shows unphysical behaviour at large
times t > 20τp. We have to mention that similar behaviour, though less
pronounced, was observed even with nonequilibrium phonons.

As soon as we introduced nonzero quasiparticle damping, the be-
haviour of the system becomes regular. In figure (6.2) one can see that
even small enough γ clears away all unphysical effects at long times en-
suring relaxation toward quasiequilibrium. Running a few steps forward
we note that this long-time asymptotics is not a true equilibrium because
nonzero γ does not guarantee energy balance.
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Starting form figure (6.3) we will talk about the relaxation problem.
Namely, we start from an initially perturbed system with assumption
that polarization is negligible at time t ≥ 4τp, when the external field
tends to zero. Figure 3 demonstrates that consideration of nonequilibri-
um phonon distribution function nph(εq, t) (and even quasiequilibrium
one) prevents from unphysical behaviour, though does not ensure relax-
ing to equilibrium. It becomes quite apparent in figure (6.4a), where time
dependence of total phonon number N(t) =

∑

q nph(q, t) is presented.
We see that N(t) does not saturate unless additional relaxation mech-
anism is taken into consideration. This relaxation consists in adding to
Iph(q, t) a simple damping term (neq

ph − nph(q, t))/Tph in so-called τ ap-
proximation with finite phonon relaxation time Tph=350fs. An additional
relaxation term ensures relaxation of total phonon number to its asymp-
totic value depending on Tph. As one can see from figure (6.4b), taking
into consideration the correlational part of collision integral results in
smooth relaxation (solid line), while disregard of running correlations
leads to non-motivated flexure of dashed line at long times.

In figure (6.5) we plotted the energy dependence of nonequilibrium
phonon distribution function nph(ε, t) at fixed times with finite phonon
relaxation Tph=350fs and zero quasiparticle damping. One can observe
relaxation from initial distribution with maximum at zero energy to dis-
persionless asymptotic value at long times. A remarkable feature should
be noted: this asymptotic value differs from quasiequilibrium phonon
distribution nph(ε, t)|t>>τp

= nph(t) = 1/[exp(h̄ωLO/T (t))− 1] (marked
by horizontal dashed line) by less then 8%! In our point of view, this
small difference is induced by relatively small value of additional relax-
ation term in phonon collision integral, which, in its turn, is found to
be indispensable for relaxation to equilibrium. In fact, here we face with
dilemma: either to neglect any relaxation mechanism put “by hand” or
not to reach equilibrium asymptotics on long-time scales. Situation could
be partially improved if one composes dynamic equation for quasiparticle
damping function γ(ε, t, t′), that is, considers damping self-consistently
[14] unlike in our case of fixed γ. However, even then one cannot avoid
energy disbalance. This is not surprising, because the extra terms in the
energy balance equation are formally beyond the 2-nd Born approxima-
tion used in the derivation of the kinetic equation. In Green’s functions
method, to obtain the collision integrals which involve the quasiparti-
cle damping and are consistent with the energy conservation, one has
to calculate the T -matrices in the full collision integrals, keeping terms
of higher-order in the interactions. In NSO method, presented here, the
problem of consideration of higher order interactions seems to be even
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more difficult [12].
In any case, figure (6.5) is the best possible illustration of the fact

that Lagrange multiplier β(t) in relevant statistical operator (3.1) re-
ally means inverse generalized temperature, defining quasiequilibrium
phonon distribution. 6

The importance of running correlations could be traced from figures
(6.6) , (6.7) and (6.11). In figures (6.6)-(6.7) we presented the energy de-
pendence of fc(ε, t) at fixed times and γ = 0. There is no complete
relaxation toward equilibrium in both cases, but neglecting dynamic
correlations leads to pronounced unphysical behaviour of electron dis-
tribution functions at small energies (Fig.6), while taking of I(corr) into
account improves situation greatly (Fig.7). A similar remark concerns
the energy balance in the case of one–zone “semiconductor” disturbed
initially from equilibrium (figure (6.11)) 7. One can see that neglecting
of initial correlations leads immediately to a pronounced energy disbal-
ance, while in the case of nonzero I(corr) we keep the constant value
εkin(t) + εph(t) + εint(t) within 3-4% accuracy. (The greater accuracy is
not reachable because of non-zero quasiparticle damping which leads to
a deviation from energy balance.)

Figure 8, which describes energy disbalance, is no less interesting.
One can see that taking into account quasiparticle damping (still rela-
tively small!) leads to “overheating” of the system: generalized temper-
ature T (t) does not reach its asymptotic value whereas zero damping
and smaller phonon relaxation term assure transition to quasiequilibri-
um regime. Another interesting point is that the period of temperature
oscillation is twice shorter than inverse phonon frequency 2π/ωLO. The
other dynamic characteristics (generalized heat capacity, total phonon
number, phonon distribution function) oscillate with phonon period
Tph = 2π/ωLO. At present we do not have an answer why energy ex-
change between two subsystems gives doubled frequency of temperature
oscillation.

Figure 9 is a logical consequence of previous plots. One can see that
long-time asymptotic of phonon distribution function in case of nonze-
ro γ (circles) differs much greater from its quasiequilibrium value than
with no quasiparticle damping (squares). When γ 6= 0 the system tends

6More precisely, we have to talk about a generalized phonon temperature Tph(t),
introduced in the section 4. However, the analysis of the behaviour of the electron
and phonon generalized temperatures (see figure (6.10)) shows them to be equal to
T (t) = β(t)−1 at long time-scales.

7In fact, we reduce the basic formulae of the previous section to the case of one–
zone model. That is why we took a word “semiconductor” in inverted commas, talking
actually about a one zone metal.
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to its asymptotic characteristic but this state is not equilibrium one: col-
lision integral does not conserve the energy and semiconductor remains
overheated.

The results for two–temperature model are presented on the figure
(6.10). One can see that initially heated electron subsystem is cooling
down, lattice is heating up, while generalized temperature T (t), conju-
gated to mean interaction energy, forms an equilibrium background. A
maximum of T (t) is located at a point, which corresponds to the largest
value of 〈Ĥint〉t.

It is interesting also to investigate relaxation of the system after non-
resonant excitation when ∆ = h̄ω−Eg < 0. Numerical calculations from
Ref. [10] manifested phonon replicas in conducting zone on long-time
scales due to indirect excitation of the electrons. And, to be able to de-
scribe a complete dynamics of the system during laser pulse as well as at
long times, one has to consider a non-simplified version of total collision
integral with off-diagonal Λ in (3.14)-(3.15) and non-simplified matrix

exponents exp+

[

− i
h̄

t
∫

t′
M(k, t′′) dt′′

]

αβ

. This problem, though difficult

enough, is very promising and the results could give an answer, how
running correlations form quite complicated dynamics of two-zone semi-
conductor under short-lasting laser excitation.
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Figure 6.1. Electron distribution function at fixed times. Thermal
phonons, no quasiparticle damping.
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Figure 6.2. Electron distribution function at fixed times. Thermal
phonons, γ = 1/36.
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Figure 6.3. Electron distribution function fc(ε, t) at t = 20τpulse, γ = 0.
Dynamical correlations are taken into account in b) and c).
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Figure 6.4. Time dependence of total phonon number Nph(t): a)γ = 0,
Tph →∞; b)γ = 0, Tph = 7τpulse.
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Figure 6.5. Phonon distribution functions nph(ε, t) at fixed times. Hori-
zontal dashed line marks equasiequilibrium value.
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Figure 6.6. Electron distribution function fc(ε, t) at fixed times. No ini-
tial correlations.
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Figure 6.7. Electron distribution function fc(ε, t) at fixed times. Initial
correlations are taken into account.
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Figure 6.8. Generalized temperature T (t) in dimensionless units.

Figure 6.9. Phonon distribution functions nph(ε, t) at fixed times. Hori-
zontal dashed lines mark equasiequilibrium values.
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Figure 6.10. Generalized temperatures as functions of dimensionless
time: T (t) - green stars, Tel(t) - red circles, Tph(t) - blue triangles. Initial
correlations are taken into account, γ = 0.1
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Figure 6.11. Mean energies as functions of dimensionless time: εint(t)
- green stars, εkin(t) - red circles, εph(t) - blue triangles. Total energy
εkin(t) + εph(t) + εint(t) is marked by solid squares (when initial cor-
relations are taken into consideration) and by opened squares (with no
initial correlations). γ = 0.1.
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Appendix A

To obtain the solution for time-ordered matrix exponents (3.8)-(3.9) one
has to consider the system of differential equations (3.10). In general
case of time-dependent field the system can not be solved analytically.
To find the explicit expressions for kinetic kernels one has to neglect the
field-dependent terms in the equations of diagonal A(k, t). Then one can
obtain immediately unperturbed Wigner-Weisskopf form for diagonal
matrix elements:

exp+



− i

h̄

t
∫

t′

M(k, t′′) dt′′





cc

≈ exp

(

− i

h̄
eck(t− t′)

)

+ o(E2), (A.1)

exp+



− i

h̄

t
∫

t′

M(k, t′′) dt′′





vv

≈ exp

(

− i

h̄
evk(t− t′)

)

+ o(E2) (A.2)

with similar expressions for anti- chronologically ordered exponents:

exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′





cc

≈ exp

(

i

h̄
eck(t− t′)

)

+ o(E2), (A.3)

exp−





i

h̄

t
∫

t′

M(k, t′′) dt′′





vv

≈ exp

(

i

h̄
evk(t− t′)

)

+ o(E2). (A.4)

After substitution of the diagonal elements into the equations (3.10)
for off-diagonal ones and supposing the field amplitude to change much
slower then cosine factor in (2.6), we come to the following form of field-
dependent kinetic kernels:

exp+



− i

h̄

t
∫

t′

M(k, t′′) dt′′





cv

= exp−





i

h̄

t′
∫

t

M(k, t′′) dt′′





vc

≈ (A.5)

≈ 1

2
d0E0

[

exp

(

i

h̄
δ−k t

)

− exp

(

i

h̄
δ−k t′

)]

exp

(

i

h̄
evkt′ − i

h̄
eckt

)

+o(E3),

where δ−k = eck − evk − h̄ω denotes detuning of the system 8

8In rotating wave-approximation for external field [1,10] we neglect non resonant
strongly oscillating term with δ+

k
= eck − evk + h̄ω in favour of resonant one δ−

k
.
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Let us make some conclusions from the expressions (A.1)-(A.5). On
the first hand, the kinetic kernels possess the symmetric properties sim-
ilar to those of retarded and advanced Green’s functions. On the second
hand, one can verify all expressions for matrix kernel to factorize in t,
t′ (see Eqn.(3.11) for comparison). The last conclusion follows from the
expression for off-diagonal element (A.5): this kernel turns out to be rel-
evant in a narrow zone around excitation energy and could be omitted
when one describes low and high energy domains of distribution func-
tions.

Appendix B

Let us rewrite the last commutator in (3.5) via Kubo identity

[ρrel(t
′), H0(t

′)] = β(t′)

1
∫

0

ρ̃x
rel(t

′)[H0(t
′), Hint]ρ̃

−x
rel(t

′), (B.1)

where the symbol “tilde” denotes truncated statistical operator

ρ̃rel(t) =
1

Z̃rel(t)
exp{−

∑

αβ,kq

Λαβ(k, t)f̂αβ(k)− Λph(q, t)n̂(q)} (B.2)

without interaction part Hint [12] (remember, we have to work in the
framework of the 2-nd Born approximation). The action of operators
ρ̃x

rel(t
′), ρ̃−x

rel(t
′) can be presented in the similar matrix form like (3.8),

namely:
ρ̃x

rel(t
′)akρ̃−x

rel(t
′) = exp [xΛ(k, t′)] ak,

ρ̃x
rel(t

′)a†
kρ̃−x

rel(t
′) = exp [−xΛ(k, t′)] a†

k,

ρ̃x
rel(t

′)bqρ̃−x
rel(t

′) = exp
[

xΛph(q, t′)
]

bq,

ρ̃x
rel(t

′)b†qρ̃−x
rel(t

′) = exp
[

−xΛph(q, t′)
]

b†q, (B.3)

with the only exception that exp [xΛ(k, t′)]αβ can be evaluated explicitly
from the corresponding system of ordinary differential equations (k, t-
dependence in the right–hand side is not written for brevity):

exp [xΛ(k, t)]cc =

exp[xzc]
(

Λcc − Λvv +
√

D
)

+ exp[xzv]
(

Λvv − Λcc +
√

D
)

2
√

D
,
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exp [xΛ(k, t)]cv =
exp[xzc]− exp[xzv]√

D
Λcv,

exp [xΛ(k, t)]vc =
exp[xzc]− exp[xzv]√

D
Λvc,

exp [xΛ(k, t)]vv =

exp[xzv]
(

Λcc − Λvv +
√

D
)

+ exp[xzc]
(

Λvv − Λcc +
√

D
)

2
√

D
(B.4)

In Eqn. (B.4) zc(k, t), zv(k, t) denote eigenvalues of the quadratic form
in the exponent of relevant operator ρ̃rel(t):

zc(k, t) =
Λcc(k, t) + Λvv(k, t) +

√

D(k, t)

2
,

zv(k, t) =
Λcc(k, t) + Λvv(k, t)−

√

D(k, t)

2
,

D(k, t) = (Λcc(k, t)− Λvv(k, t))
2

+ 4|Λcv(k, t)|2. (B.5)

Lagrange multipliers Λαβ(k, t) could be eliminated due to self–
consistency conditions (3.3), which can be rewritten in the following
form:

[exp{Λ(k, t)}+ I]−1
αβ = fαβ(k, t),

[

exp{Λph(q, t)} − 1
]−1

= n(q, t).
(B.6)

The explicit form of Λ will be needed for further numerical calculations.
For phonon counterpart it is easy to write down the following relation:

Λph(q, t) = ln

(

1 + n(q, t)

n(q, t)

)

. (B.7)

To obtain more than formal matrix relation Λαβ(k, t) =
[

ln f(k, t)−1 − I
]

αβ
, we have calculated all Lagrange multipliers

explicitly taking use of (B.4)-(B.5) (again we omitted time–energy
dependence of corresponding functions):

Λcc =
1

2
ln

(

X2 −∆

4

)

+
[f ]−1

cc − [f ]−1
vv√

∆
arcthA,

Λcc =
1

2
ln

(

X2 −∆

4

)

− [f ]−1
cc − [f ]−1

vv√
∆

arcthA, (B.8)
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|Λcv|2 =
4arcth2A

∆
[f ]−1

cv [f ]−1
vc ,

where

A =

√
∆

X
, ∆ =

(

[f ]−1
cc − [f ]−1

vv

)2
+4[f ]−1

cv [f ]−1
vc , X = [f ]−1

cc +[f ]−1
vv −2.

(B.9)
As one can see, all Lagrange multipliers as well as matrix elements

are in the closed form being expressed via one-particle distribution func-
tions in a very complicated way. Noting that off-diagonal elements of
distribution functions tend to zero in field–free case (after the action
of laser pulse), one can easily reproduce a result for effective one-zone
semiconductor [12].

Appendix C

After transition from sum over wave–vectors to corresponding integrals
with subsequent substitution h̄

2k2/(2µ) −→ ek, where µ = mcmv

mc+mv

and
taking use of factorization properties (3.11) of the kinetic kernels, one
can write down the following schematic system of equations:

f(ek, t)

dt
=

=

t
∫

t0

dt′
∑

i

∫

de′k de′′k κi(ek, t)κ̄i(e
′
k, t′)Fi({f(ek, t′), f(e′k, t′), f(e′′k , t′)})

(C.1)

=
∑

i

∫

de′k de′′k κi(ek, t)Gi(ek, e′k, e′′k, t)

with supplementary variables

Gi(ek, e′k, e′′k, t) =

t
∫

t0

dt′ κ̄i(e
′
k, t′)Fi({f(ek, t′), f(e′k, t′), f(e′′k, t′)}) (C.2)

for which one gets a local differential equations

dGi(ek, e′k, e′′k, t)

d t
= κ̄i(e

′
k, t)Fi({f(ek, t), f(e′k, t), f(e′′k, t) (C.3)

with initial conditions Gi(ek, e′k, e′′k, t = t0) = 0. Summing up, we come
to the system of ordinary differential equations where energy appears
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as a parameter. Then, passing from integrals over e′k, e′′k to the integral
sums with corresponding Gaussian weights, we obtain the system of

dim = 5N2 + 12N3 + 1

equations. Here 5N equations are for one particle distribution functions
( for carriers, phonons and polarization), 12N3 equations describe dy-
namics of the auxiliary kernels (C.2), and the last equation determines
the generalized temperature T (t). Taking the energy grid dense enough
with N = 60 points we come to the system of about 2.5×106 equations
which are being solved numerically with given initial conditions.
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