
Препринти Iнституту фiзики конденсованих систем НАН України
розповсюджуються серед наукових та iнформацiйних установ. Вони
також доступнi по електроннiй комп’ютернiй мережi на WWW-сер-
верi iнституту за адресою http://www.icmp.lviv.ua/

The preprints of the Institute for Condensed Matter Physics of the Na-
tional Academy of Sciences of Ukraine are distributed to scientific and
informational institutions. They also are available by computer network
from Institute’s WWW server (http://www.icmp.lviv.ua/)

Iгор Васильович Стасюк
Тарас Степанович Мисакович

Модель Бозе-Хаббарда в границi жорстких бозонiв: вихiд

за рамки наближення середнього поля

Роботу отримано 3 вересня 2012 р.

Затверджено до друку Вченою радою IФКС НАН України

Рекомендовано до друку вiддiлом квантової статистики

Виготовлено при IФКС НАН України
c© Усi права застереженi

Нацiональна академiя наук України

���������	
� IНСТИТУТ

ФIЗИКИ

КОНДЕНСОВАНИХ

СИСТЕМ

'

&

$

%

I.V.Stasyuk, T.S.Mysakovych

HARD-CORE BOSE-HUBBARD MODEL
BEYOND MEAN FIELD APPROXIMATION

ICMP–12–07E

ЛЬВIВ



УДК: 536.764; 544.015

PACS: 03.75.Lm, 05.30.Jp

Модель Бозе-Хаббарда в границi жорстких бозонiв: вихiд
за рамки наближення середнього поля

I.В.Стасюк, Т.С.Мисакович

Анотацiя. У цiй роботi розвинуто аналiтичний пiдхiд, що дозво-
ляє дослiджувати фазовi переходи в моделi Бозе-Хаббарда в границi
жорстких бозонiв виходячи за рамки наближення середнього поля.
Виконано розклад по степенях параметра бозонного перескоку та
отримано рiвняння для бозонної концентрацiї. Побудовано фазову
дiаграму та виконано порiвняння отриманих результатiв iз набли-
женням середнього поля.

Hard-core Bose-Hubbard model beyond mean field
approximation

I.V.Stasyuk, T.S.Mysakovych

Abstract. In this work we develop the approach which allows us to
investigate the phase transitions in the hard-core Bose-Hubbard mod-
el beyond the mean-field approximation. We perform the expansion in
powers of the boson hopping parameter and obtain the equation for the
boson concentration. We build phase diagram and compare our results
with the results of the mean field approximation.
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1. Introduction

Both boson atoms and mixtures of boson and fermion atoms (e.g., 6Li-
7Li, 40K- 87Rb, 6Li- 87Rb atoms) in optical lattices are intensively inves-
tigated in last 10 years. Such systems can be described by the Bose-
Hubbard or Bose-Fermi-Hubbard model and different theoretical ap-
proaches have been used to study these models [1–11]. The existence
of Mott insulator and superfluid phases and transition between them
were observed experimentally [12]. The bosonic kinetic energy term is
usually considered in the mean-field approximation (MFA). When the
kinetic energy dominates the ground state of the system is superflu-
id (SF). There are also many generalizations of the Bose-Hubbard and
Bose-Fermi-Hubbard models, for example, extended models with long-
range direct intersite interaction between particles [13], models on su-
perlattices [14–17], two-state Bose-Hubbard models [18], inhomogeneous
version of the model [4, 19].

Besides optical lattices the Bose-Hubbard and Bose-Fermi-Hubbard-
type models can also be applied for the description of intercalation of
ions in crystals (for example, lithium intercalation in TiO2 crystals). It
is known that in such systems Li is almost fully ionized once intercalated
and reconstruction of electron spectrum at intercalation takes place [20–
22], thus ion-electron interaction can play a significant role.

In our previous work [23] we calculated bosonic Green’s function
Gq(ωn) in the random phase approximation (RPA) using the formalism
of the Hubbard operators and investigated phase transitions at finite
temperature. The divergence of Gq=0(ωn = 0) was the condition of the
transition to the superfluid phase, this condition coincides with the one
obtained in the mean field approximation at the calculation of the ther-
modynamical potential of the system. In this work we want to develope
the approximation which allows us to investigate transition to the super-
fluid phase in the Bose-Hubbard model (we consider a particular case of
hard-core bosons) beyond the mean filed approximation.

2. Method and results

The Hamiltonian of the hard-core Bose Hubbard model can be written
in the following form

H = H0 + Hint,

Hint = −
∑

ij

JijS
+
i S−

j , H0 = −
∑

i

hSz
i . (2.1)
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Here we use the pseudospin formalism and the bosonic occupation num-
ber n can be written as n = Sz + 1/2; J term in Eq. (2.1) is responsible
for nearest neighbour boson hopping. The bosonic chemical potential h
is introduced to control the number of bosons. It should be noted that
the term Hint is often treated in the mean field approximation.

In this paper calculating the bosonic Green’s function in the normal,
so-called Mott-insulator (MI), phase we want to go beyond the mean field
approximation and for this purpose we develope the following approach.

At the calculation of average pseudospin value 〈Sz〉 we perform an
expansion in powers of Hint:

exp (−βH) = exp (−βH0)σ(β), (2.2)

σ(β) = Tτ exp

(

−

∫ β

0

Hint(τ)dτ

)

, (2.3)

〈Sz〉 = 〈Szσ(β)〉c0, (2.4)

where Tτ is the imaginary time ordering operator and β = 1/T is the in-
verse temperature. The averaging 〈...〉c0 is performed over the H0 Hamil-
tonian and we take into account connected diagrams.

We take into account diagrams shown in Fig. 1; taking as skeleton
the diagrams which formally correspond to the first order of our expan-
sion in powers of Hint. It should be noted that such expansion also can
be obtained when we calculate the thermodynamical potential of the
system in the random phase approximation and the derivative of this
potential over the chemical potential h gives us the value of (−〈Sz〉).
We use the diagrammatic technique based on Wick’s theorem for the
spin operators [24]. To calculate the remaining product of the diagonal
Sz operators we perform the semi-invariant expansion. Here we have in-
troduced the unperturbed bosonic Green’s function (thin solid line with
arrow in diagram shown in Fig. 1) 〈TτS

+
i (τ)S−

j 〉0 = −2〈Sz〉K0(τ)ij ,

K(q, ωn) =
1

N

∑

ij

eiqRij

∫ β

0

dτeiωnτKij(τ),

K0(q, ωn) =
1

iωn − h
, (2.5)

with imaginary discrete Matsubara frequency iωn = i2nπT (n =
0,±1, ...). The bosonic Green’s function in random phase approximation
(thick solid line with arrow in diagram shown in Fig. 1) is equal

KRPA(q, ωn) =
1

iωn − h + 〈Sz〉Jq
. (2.6)
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Figure 1. Diagrams for average value of the pseudospin 〈Sz〉 (it is pre-
sented by the dark filled circle). Thick solid line with arrow denotes
Green’s function in random phase approximation, thin solid line with
arrow denotes unperturbed Green’s function. Wavy lines indicate the
Fourier transform of the boson hopping parameter, unfilled circles and
ovals denote the average value of 〈Sz〉0 and semi-invariants, respectively.

In this approximation we take into account chain-like diagrams at the
calculation of the correlator

〈TτS
+
m(τ)S−

n 〉 = 〈TτS
+
m(τ)S−

n σ(β)〉c0 = −2〈Sz〉KRPA(τ)mn

= 〈TτS
+
m(τ)S−

n 〉0

+
1

2

∑

ij

Jij

∫ β

0

dτ1〈TτS
+
m(τ)S−

n S+
i (τ1)S−

j (τ1)〉c0 + . . . , (2.7)

such as the diagram (5) in Figure 2. It should be noted that dia-
grammatic technique allows us to take into account non ergodic terms
which are missed if one uses equation of motion method, see [11], [25].
Semi-invariant in the zero approximation is written as 〈TτS

z(τ)Sz〉0 =
〈Sz〉20 + M(τ), M(ωn) = βδωn,0(14 − 〈Sz〉20), and 〈Sz〉0 = 1

2 tanh(βh2 ). In
Figure 2 we show the skeleton diagrams which originate from the first
order of the mentioned above expansion at the calculation of the cor-
relator 〈TτS

+(τ)S−〉. The diagram (5) in this figure corresponds to the
random phase approximation.

The diagrams (1) and (2) in Figure 2 correspond to the renormaliza-
tion of the pseudospin mean value (see Fig. 1). In this work we do not
take into account the diagrams of (3) and (4) types in Figure 2.

In analytical form we have the following expression for the average
value of 〈Sz〉:

〈Sz〉 =
1

2
tanh

(

βh

2

)

− Φβ

(

1

4
− 〈Sz〉20

)

−
1

2

∑

q

[

coth

(

β
Eq

2

)

− coth

(

β
h

2

)]

, (2.8)
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(2)
(1)

(5)(3)

(4)

Figure 2. First order diagrams for the correlator 〈TτS
+(τ)S−〉. The

diagram notation is the same as in Fig. 1.

Φ =
1

βN

∑

ωnq

J(q)KRPA(q, ωn)e−iωn(+0)

= −
1

2

∑

q

Jq coth

(

βEq

2

)

. (2.9)

Here Eq = h− Jq
1
2 tanh(βh2 ) is the bosonic energy in the random phase

approximation (as it can be seen at the calculation we used the expression
for the Green’s function (2.6) in RPA but we consider the case when the
average 〈Sz〉 in (2.6) is calculated using the Hamiltonian H0).

To investigate the transition to the superfluid phase we take into
account that mean value 〈Sz〉 = h/J0 corresponds to the MFA transi-
tion to the superfluid phase (it follows from the condition E0 = 0) and
this allows us to investigate corrections to the mean field approximation
(when we put 〈Sz〉 = h/J0 in the left side of the expression (2.8) then
we obtain equation for the h at the fixed temperature, the first term in
right-hand side of the equation (2.8) corresponds to the MFA). At h → 0
(symmetrical case, which corresponds to the upper point of the phase-
transition curve for the hard-core boson case) we obtain the following
equation

1

J0
=

β

4
−
∑

q

β3J2
q

192
−

β2

16

∑

q

Jq

1 −
βJq

4

. (2.10)

The first term in the right-hand side of the equation (2.10) corresponds
to the mean field approximation, and the second and third terms take
into account corrections in the developed here approximations.
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Figure 3. Phase diagram in the T −n plane. Lines of the transition from
the normal to the superfluid phase are shown in the mean field approxi-
mation and developed here random phase approximation for calculation
of the pseudospin average value.

Now we make some numerical estimations to check the validity of our
approximation. We consider three-dimensional case and perform direct
summation over lattice sites at the calculation of the transition tem-
perature using the equation (2.8). In Fig. 3, we plot the lines of phase
transition from the normal to superfluid (SF) phase in the mean field ap-
proximation as well as in the developed here approximation in the plane
temperature T -bosonic concentration (n = Sz + 1/2 and Sz = h/J0 on
the phase transition line), in our numerical calculations we take J0 = 6
for the case of the cubic lattice as it was done in [26] to make comparison
between our calculations and the results of Monte-Carlo studies [26]. The
upper point of the transition to the superfluid phase (in the hard-core
boson limit it is symmetrical case, n = 0) in our aproximation T c ≈ 1.07
agrees well with T c

MC ≈ 0.97± 0.04 obtained in [26]. As we can see from
Fig. 3, the results of the mean field approximation are only qualitative
(T c

MFA ≈ 1.5) and can not be applied for quantitative analysis.
In conclusion, we have developed an analytical method which allows

us to go beyond the mean field approximation at the investigation of the
transition from the normal to superfluid phase in the Bose-Hubbard mod-
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el at finite temperature. This method gives good quantitative agreement
with numerical Monte-Carlo calculations and can be used to investigate
in more details the thermodynamics of the Bose-Hubbard model.
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